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Abstract: We have defined a new Polynomial Operator
-k
A0 = FO i)
k=0

Where, (6 @) = (Z) x(x + ka)*~1(1 — x — ka)"*
which is an extended form of Bernstein Polynomials and we have tested the convergence of this our polynomial.
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I. INTRODUCTION

If f(x) is a function defined [0,1], the Bernstein polynomial B{l(x) of f is given as [1] Equations (1-8).

f n
Bn(x):;f(k/n)P&k(X) )
Where,
Pnyk(x)z(:jxk(l—x)""‘ )

By Abel’s formula [2, 3]

n

(X+y+na)" =Z(rk]j X(x+ka) *(y+(n-K)a)"™* (3

k=0

If weput y =1 —x —na, we obtain

1= kz@ X(X+ka) (1= x—ka)"™* @
=
Thus defining
b, (X, @) = [EJ X(X+Ka)* (1= x—ker)"™ ©)
We have
kzn;pk (@) =1 ©

We now define the Polynomial Operator as;
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Where, p,(x; ) is defined in Equation (5) and moreover when a = 0, Equation (5) and Equation (7) reduces
to Equation (2) and Equation (1) respectively.

One question arises about the rapidity of convergence of B£ (x) to f(x). Ananswer to this question has been

given in different directons. One direction is that in which f(x) is supposed to be at least twice differentiable
in a point x of [0,1].
Voronowskaja [4-9] proved that

f(x)-B (x)

n

limn

nN—o0

= —%x(l—x)f"(x) ©)

In particular, iff"(x) # 0, difference f(x) — B{l(x) is exactly of order n*

In this paper, we shall check the convergence of our newly defined polynomial and we shall prove the
corresponding result of Voronowskaja for our new polynomial operator (7). In fact we state our results as
follows of

Theorem A
For a function f(x) bounded on [0,1], then the relation
limA (f,x)=f(x),for a=a, =0(/n),

n—w

holds at each point of continuity x of f ; and the relation holds uniformly on [0,1] if f(x) is continuous in
this interval

Theorem B
Let f(x) be bounded Lebesgue integrable function with its first derivative in [0,1] and suppose that the second
derivative f"(x) exists at a certain point x of [0,1], then for @ = a,, = 0(1/n)

limn[ f(x)-A (f,x)] :—%[x(l—x) ()]

n—o0

Il. LEMMAS

We first like to prove the lemma which would be useful for the proof of our theorem Equation (9-13)
Lemma 9
For all values of x € |0,1] and for @« = a,, = 0(1/n), we have

n
kak (X, a) < L
0 1-(n-1) )
Lemma 10
For all values of x € |0,1] and for & = a,, = 0o(1/n), we have

0 _ X+ 2 oc (n—2)c® x
kZz(;k(k ~Dp (a)<n(n _1)){{1—(n—2) p +{1—(n—3) oc}3i|
Lemma 11

For all values of x € |0,1] and for « = a,, = 0o(1/n), we have
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S i

k=0

Before giving the proof of lemma we would like to illustrate some function which are helpful in the proof.
The function:

S(\'/,n,x, y) :i(Ej (X+ka)k+\771(y+(n_k)a)nfk ©)

satisfies the reduction formula
S(v,n,x,y)=xS(V-1n,X,y)+naS (V,n—1x+a,y)(10)

by repeated use of reduction formula Equation (10) and Equation (3) we get

S(l,n,X, y):Z(Ejk!ak(x+y+na)n—k (11)
k=0

as XS(0,n, X, y) = (x+y+na)"

Since k= f0°° e~tt*dt and so using binomial expansion we obtain

S(l,n,x,y)=je‘t(x+y+na+ta)”dt (12)
0
Similarly;
"N
S(2.n,xy)= (k](x+ka)k!ak8(1,n—k,x+ka,y)
k=0
reduces to

S(2,n,x,y)= Ie“dtje‘sds[x(x +y+na+ta+se) dt na"s(x+y+na+ta+sa) (1)
0 0

I1l. PROOF OF LEMMAS

Proof of lemma 9

i kpe (x; @) = i k (’;) x(x + ka)*1(1 — x — ka)**
k=0 k

=0
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n
n—1 k=114 _ ~ _ n-k
nxkz:(k_l)(x+ka) 1—-x-ka)
=1
=mxS(n—-1x+al-—x—a)

= nxf et (1+t o)V idt
0
= nxf e~tem-Dtxgy
0
= nxf e te(txgt
0

— nxf e t(+u—nc) gp
0

_ nx
- (1-(n—-1)x)

Proof of lemma 10 Equation (14)
n n
Z k(k — 1)py(x; @) = Z (k= 1) () xCx + ka) (1 - x = ka)"*
k=0 k=0
= n(n - 1x T, (} - g) (x + ka)"1(1 = x — ka)™*
=nn—1xS2,n—-2,x+2a,1—x—2a)

=n(n - 1)xf e‘tdtf e Sds[(x+20)(1+tx+s0)" 2+ (n—2) x?s(l+tox+s o) 3]
0

0
=n(n—Dx(x+2 oc)f e'tdt{f e S(1+t o« +s x)""2ds}
0 0

+nn—1)n-2) «?x fooo e‘tdt{f;0 e Ss(1+t « +s )" 3ds}]
=L+ 1, (14)

Iy =n(n—Dx(x+2 “)J e_tdt{j e S(1+t x +s )" 2ds}
0 0

nn—Dx(x +2 oc)f e'tdt{f e Se(-2)(txts) gy
0 0

n(n - 1)x(x +2 (x)f e—te(n—Z)tocdt{j e—se(n—Z)So(dS}
0 0

n(n— Dx(x + 2 x) f‘x’ e_t{l—noc+2cx}dt{J°°e_s{1—no<+z°<}ds}
0 0

_n(n—Dx(x+2x)

 {1-(n-2)«}?

I = n(n—1)(n - 2) oczxf

0

[ee]

e'tdt{f e Ss(1 4t « +s x)"3ds}]
0

=n(n—1)(n—2)o<2xj

e—tdtj Se—se(n—3)(to<+so<)ds
0 0
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(oo}

e—te(n—S)tocdtf Se—se(n—3)socds
0

[oe]

e—t{l—no<+3cx}dtf Se—s{l—ntx+30<}ds
0

=n(n—1)(n—2)oc2xf
0

=n(n—1)(n—2)oc2xf00
_nn-Dn-2) «? x0
 A-(m-3) P

Substituting the values of I,and I, in (3.1), we get
n
z k(k — Dp(a) <n(n — 1)x[
k=0

x+2x n—2) <2 x
{1-n-2)c}2 {1-(n—-3)«p

Proof of Lemma 11

i - x>2 Pi(x; @) = lzi[k(k — 1) - (2nx = Dk + n2x?]py (x; @)
=" =

x _ X426 (n-2)c?x\  (2nx-1)
- {(n 1) ({1_(11_2)0(}2 + {1_(11_3)0(}3) o T nx} by lemmas 9 and 10

IA

IA

@ fora=a,=o0 (%) and for sufficiently large n

IV.PROOF OF THE THEOREMS

Proof of Theorem A

0~ F0l <Y 7 () - reo| s
k=0

Now splitting above inequality into two parts corresponding to those values for which

|S—x| < § and those for which |S—x| >4 , we get

< > |f(§)—f(x)|pk(x:a)

e—x|<6
+ 3 G - felna
Lok
= I;+1, (say) e (15)

If now the function f bounded , say |f(u)| <M and in0 < u < 1 and x a point of continuity , for a givene> 0, 3 a
number 6> 0, 3: |x, —x;| <& implies [f(x;) — f(x,)| < € and therefore Equation (15-23).
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LS2M ) Gy (60)

L)

%j(—-x) P (x; @)

k=0
by lemma 2.3 and the fact x(1 — x) < - on [0,1]

IA

IA

2n82

On substituting the values of I; & I, in (15) we get

An(f) = Ol <5 +
for &= (%)1/2 , We get
[A.(f,x) — f(x)] < e forlarge n (16)

2né82

Finally, if f(x) is continuous in the closed interval [0, 1] then (16) holds with an & independent of x , therefore
A, (f,x) = f(x) uniformily, hence the proof of the theorem.

Proof of Theorem B

In view of Taylor’s theorem we can write
FE) =f@+(E-2) 0+ E-02f ) +nC =01 (7)

where n(h) is bounded |n(h)| < H for all h and converges to zero with h.
Multiplying egn. (17) py (x; @)and on summing, we get
n

N & o
L Pr(X;

Zf(x)pk(x @) +Z(——x)f P @) +3 Z(——x)Zf"(x)pk(x @) +Z(——x) 1= P )

—15+16+17+18 (say) (18)
Now first we evaluate Is:
Is=>F(X)p (X ) =T (X) (19)
k=0
=) f@p ) =) (45)
Then e
n(k (n 1)Xoc .
I, = ——x |f - f 20
6 kz;‘(n Xj 0P (o) =3 2y T () 0

Now we evaluate I,
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n 2 X(1—
I, = %Z(E_XJ f "(X)pk(x o)L —= ( ) ——=1"(X) by lemma Equation 11 (21)
ko\ N 2n

in the last we evaluate I

n 2

= (5=2) 0 -0

k=0
it can be estimated easily. Let €> 0 be arbitrary § > 0 such that |[n(h)| < € for |h| < §
thus breaking up the sum I into two parts corresponding to those values of Sfor which

|§—x| < § , and those for which |§—x| )
2

k
l<e > (G-x) pxo+H D pxa
|&)-x[<o &)=
=lo+1, (say) (22)
| << |{x(1 — )} s fora=a, = o(1/n) and the fact that x(1 — x) < 41
I, =H Z pr(x; 0‘)

)2
Butif=n"f 0<p<1n2
then for @ = a,, = 0(1/n) we have

€
Li,=H Z Pk X a) < HCn™V < o for each v > 0, the constant C depends onlyonv & 8

(&)
n
This follows that for sufficiently large n
gl < = (23)
Hence from Equation (7), Equations (18-21) and Equation (23), we have
(n—1x ( )
A(fx)—f()+[wf() —— ']+ (e/n)

and therefore, finally for @ = a,, = o(1/n)we get
limyyseo . [FG0) = An(f,20] = =2 [x(1 = x)f ()]
wheree - 0 &a - 0asn - o
which completes the proof of the theorem [4-8].

V. CONCLUSION

The convergence of our newly defined polynomial operator has been checked successfully in this paper and we have
tested the asymptotic behavior of our polynomial and thus we have extended the result of Voronowskaja [9].
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