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INTRODUCTION

Kaldor Y proposed a ordinary differential system to model business cycle, in which the gross investment depends on the level
of output and capital stock. Thereafter, this model was often discussed, see 1% and references there in. The Kalecki business
model ¥ was a few years earlier than the Kaldor one. Kalecki assumed that the saved part of profit is invested and the capital
growth is due to past investment decisions. There is a gestation period or a time lag, after which capital equipment is available for
production. In 1999, Krawiec and Szydlowski ! have formulated the Kaldor-Kalecki business cycle model based on the multiplier
dynamics which is the core of both the Kaldor (after Keynes) and Kalecki approach. However, they employed Kaleckis approach
to investment and of a time lag between investment decisions and implementation. The model is as following form:

{Y_(t) =alI(Y(®), X(1) =S¥ (@), K®)], (1)

K(@)=1(Y(®),K(®)—qK ().

Clearly, introducing noise and time delays into the business model is more reasonable. On the model, Krawiec and Szydlowski
11 have studied the stability and existence of Hopf bifurcations by analyzing the characteristic equation associated with the
model, the method cannot be applied to the stochastic model. In general, stochastic delay-differential equations exhibit much
more complicated dynamics than the responding ordinary differential equations since a time delay or noise could cause the
change of stability of an equilibrium, and hence Hopf bifurcation occurs.

It is interested to investigate the noise or time delay how to affect the dynamics of a system, and it is important to determine
the direction of the Hopf bifurcation and the stability of the bifurcating periodic solutions when a Hopf bifurcation occurs. Taking
these factors into account we introduce randomness into the model by replacing the parameters # and ¢ by 8- 8-« and
qg—q-a,E(t) . This is only a first step in introducing stochasticity into the model. Ideally we would also like to introduce stochastic
environmental variation into the other parameters such as the transmission coefficient @ and », the total rate of production of
healthy cells per unit time, but to do this would make the analysis much too difficult. In this paper, we consider the Kaldor-Kalecki
model of business cycle with noise as following

RRJSMS| Volume 1 | Issue 2 | December, 2015 1



{Y(t) =all(Y(1) = BK(O) = yY O]+ & Y (DS (1) + B (D),
K@) =1(Y(0))~ BK() = gK () + 0, K ()E(O) + o 1),

where

Y is the gross product and K the capital product of the business cycle;

a>0 measure the reaction of the system to the difference between investment and saving;

¢<(0,1) is the depreciation rate of capital stock;

LS:RxR—>RN gre investment and saving function of y and K, respectively;

* <S¢ is the multiplicative random excitation and #5() is the external random excitation directly(namely additive
random). &(r) and n(r) are independent, in possession of zero mean value and standard variance Gauss white noises. i.e.
ELE(D)] = Bln()] = 0,B[E@)E(t +1)] = 8(2), Bln(On(t +7)] = 5(2), E[E(n(t +)]=0. And (B,a,) is the intensities of the white noise.

The theory of random dynamical system provides a very powerful mathematical tool for understanding the limiting behavior
of stochastic system. Recently, it has been applied to economics and finance to help in understanding the stochastic nature of
financial model with random perturbations 271, In particular, the study of the limiting distributing of various stochastic models
in economics and finance give a good description of stationary business cycle. There seems to have been no application of it
to Kaldor-Kalecki model of business cycle. Our purpose in this paper is to investigate the stochastic bifurcation and stability for
(2) by applying the singular boundary theory, Lyapunov exponent and the invariant measure theory, the direction of the Hopf
bifurcation and the stability of bifurcating periodic solutions are also determined. We also give numerical example to simulate the
results found by using the Matlab and Mathematica software .

The structure of the paper is as follows. In Section 2, we fist outline the extended model of Kaldor-Kalecki model of business
cycle. In Section 3 and 4, the stochastic dynamical behavior is analyzed from the viewpoint of stationary measures and invariant
measure respectively. The paper is then concluded in Section 5.

PRELIMINARY

In the section, we present some preliminary results to be used in a subsequent section to establish the stochastic stability
and stochastic bifurcation. Before proving the main theorem we give some lemmas and definitions.

Throughout the rest of this paper, we assume that «, > 0,4, €(0,1) and that i(s) is C* ¢* Let (¥",K") be an equilibrium point
of system (2), I'=1(¥"), and x=y-Y',y=K-K', f(s)=1(s+Y")-I". Then system (2) can be transformed as

{)’f(l) =alf(x(0) = By(0) = yx(O]+ ax(O)S (@) + fn (D), 3)
V(O =1(x(0) = By(0) —qy() + .y (S @) + By (D),

Let the Taylor expansion of fat 0. Then we can rewrite (3) as the following equivalent system

{fc(f) = ax() + @’ () + ax’ (0) = afy() = ayx(0) + ax(OEO) + fin ), @)
P(0) = bx(t) + byx” (1) + by’ () = By(6) = qy(0) + e,y (D5 () + B @),

, _ 1, _ 1 o _1 I
where, a,=af (0),az—a5!f (0),a;,—a§f 0),5 _f(o)abz_?!f (0)»b3—§f 0).
Let ¥ =[x,y]", then by substituting the corresponding variables in Eq. (4)
Y =AY + f(V,E0),n(1)). (3)

So discussing the stability of system (2) at equilibrium point Q is equivalent to discussing the stability of system (6) at
equilibrium point 0(0,0).

Let

11
Y=PX, X=[x(t),yOT, P:[ J
where I T

2h, 2h,
T = ! T, = ! )
L g+B-arra g+ B-ay) +2q+ f-ay)a +a; —dafb, g+ f-ay+a+\(q+f-ay) +2q+B-ap)a +a —4aph
Then by substituting the corresponding variable in the equations, we obtain

X =P APX + P f(PX,&(0),n(1)),
i.e.
() = cx+bx’ erlznyrbHy2 +h,x° erlsxzerbmxyz er”y3
(/f”xw’qz;V)cf(t)+r.f7(t),2 3 i i X 6)
() = cy+byx +byxy+b,y +byx +b, X"y +byxy” + b,y
(kyyx + ky, y)S (1) + 1507(0),

+

+
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where the coefficient are denoted as following;:

1
o==(-g-p-ay+a,—k),c, =E(—q—ﬁ—a;/+al+k),

_ —qa, — pa, +aya, —aa, +2afb, + a,k
3 % >

_, _—9a,—pa, +aya,—aa, +20fb, + ak
bM - b17 - 2% >

a5 = a =3by,

_q4a; + pa, —aya, +a,a, - 20b, + a,k

by, =by, ok

2lys = Gy = 3by,

_—ha +apa,

k,
1 ok

5

_ba(—q-Bray—a +k)+afa,(g+p-ay+a +k)

ki,
k(qg+p—ay+a, +k)

k _ba(g+B-ay+a +k)+afa,(-q—P+ay—a +k)
B k(g +pB—ay+a,~k) ’

ba, —afa
ko =2% 2
22 k

>

k=\(g+B-ay) +2q+p-aya, +a’ —dapb,

Bh 2P,

=B +pB).r,= .
i =Bt o), g+p-ay+a -k q+pf-ay+a+k

Set the coordinate transformation x=rcos6,y =rsind, and by substituting the variable in (6), we obtain

7(¢,c08°0 + ¢,5in°0) + 17 (b, c05°0 + (by, + @y, )cos @ sin &

+(byy + a,,) €08 Osin’0 + by, sin°0) + 1 (b, cos*0 + (b5 + by, )cos dsin O

+(bys + bys)cos Osin’0 + (by; + by )cos’0sin 0 + b, sin*6)

+7(ky, cos’0 + (ky, +ky, ) cos @sin 0 + k,, sin*0)E(t)

+(7, cos @ + 1, sin O)n(1),

6() = (c,—c,)cosOsin O+ b, cos O+ (by, — b, )cos dsin 0 (7)
+(by, —b,,) €08 Osin’0 — by 5in 0]+ °[(By, c0s*0 + (b — by, )cos P sin O

+(by — by5)cos Osin’0 + (by, — by )cos’0sin 6 - by;5in0)]

+(ky,cos’0 + (ky, =k, ) cos Osin @ — k,, sin"0)E(1)

(1)

+ 1 (r, cos @ —r, sin ) (¢).
r

It is difficult to calculate the exact solution for system (7) today. According to the Khasminskii limit theorem, when the
intensities of the white noises (¢,a,,8,6,) is small enough, the response process {r(1),0(t)} weakly converged to the two-
dimensional Markov diffusion process 829, Through the stochastic averaging method, we obtained the It 9 stochastic differential
equation (7) the process satisfied

(8)

dr=m.dt+0c,,dW, +c,dW,,
d6=mydt+0c,dW. +0,,dW,,

where w.(t) and W, are the independent and standard Wiener processes. As for the two-dimensional diffusion process, it is
necessary to calculate its two-dimensional transition probability density. There is no general and right method for the calculation.
As for the concrete system, we could finish the calculation with some special techniques.

Under the condition o}, =07, #0, system (8) is rewritten as follows

1

= 1

dr :HM +%)r+&+%r3}ﬁ+(m +%r2jz AW, +(rus)? dW,,
r

1
1 !
o= %rde(r,us)der +(i;+ /;{,]2 aw,,
r

where

o= %(c1 +C,), thy = Sk + 5k, + 3k, + 3k, + 6k ke, — 2k, k

117222

My = %(’”12 +r22),y4 = 3k121 +3k222 +k|22 +kzzl +2k,ky + 2k K,

25

1
Hs = Z(kn +hy )ky — ki), g = klzl + kzzz + 3k122 Jr3']‘221 = 2kppky =2k, ko,
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H = 3b14 Jr3b27 +b16 +bzsa Hy = 3b24 73[717 +b25 7b15'

From the diffusion matrix, we can find that the averaging amplitude r(¢) is a one-dimensional Markov diffusing process when
oy, =03 =0, i.e. k,+ky, =0, or k, -k, =0. Thus we have the equation as following

L
dr=| g+ 22+ B B e |+ 2 | aw (10)
'8 ro 8 8 '

This is an efficient method to obtain the critical point of stochastic bifurcation through analyzing the change of stability of
the averaging amplitude 7(#) in the meaning of probability.

STOCHASTIC STABILITY

In order to detect the local stochastic stability of the stochastic averaging system, the method that we often used is to
calculate the maximum Lyapunov exponent.

Theorem 3.1 If 1, =0, 1, =0.

(iy When g +%7f—g<0, then the stochastic system (2) is stochastically stable.

(i) When g+ ‘;2 ‘%> 0, then the stochastic system (2) is stochastically unstable.

Proof. When =0, 4, =0. Then system (19 pecomes

dr:[(,u]+%)r}dt+[%r2)der. (11)

Using the solution of linear Itd stochastic differential equation, we obtain the solution of system (1) as follow

#(t) = H(0) exp[J‘O’{m(O) —@}ds + jo’a(O)dW,(s)]. (12)

where

1

— it goy=[ )
m(0) M+8 a(0) [8]

Using the theorem of qusi-non-integrable Hamiltonian system, here we define a new norm: () |I= V%(t)’ thus, the approximation
of Lyapunov exponent of the linear It stochastic differential equation is:

o (0)
1L m(O)——2 1 P
= lim =Inr2(f) = - fH_ra
A= lim 7lnr*(?) 2 2[’“8 16)
Thus we have:
When 4 +£2-# <0, thatis 1<0, thus the trivial solution of the linear Itd stochastic differential equation »=0 is stable in

the meaning of probability, i.e. the stochastic system is stable at the equilibrium point 0. In addition the linear It6 stochastic
differential equation have robustness , i.e. the trivial solution =0 of the nonlinear Itd stochastic differential equation (10) is
stable in the meaning of probability. This demonstrates that the deterministic system is steady at its equilibrium point, it may also
be steady in the meaning of probability at its equilibrium point under random excitations.

When g, +&—f—“>0, thatis 1>0. Thus the trivial solution of the linear 1t6 stochastic differential equation , =¢ is unstable in
the meaning of probability, i.e. the stochastic system is unstable at the equilibrium point © . This demonstrates that although the
deterministic system is steady at its equilibrium point, the stochastic system may be unstable in the meaning of probability at its
equilibrium under random excitations.

When 4 +%2-# =0, thatis 1=0. Whether m +%—ﬂ=0, or not can be regarded as the critical condition of bifurcation at the
equilibrium point. And whether the Hopf bifurcation ooufg occur or not are what we will discuss in the next section.

The max Lyapunov exponent based on Oseledec multiplicative ergodic theory can only be used to judge the local stability,
here we judge the global stability by the singular boundary theory. In the section, according to the singular boundary theory, we
will obtain stability of the stochastic averaging system.

Bttty <%, and

4 4

w1

Theorem 3.2 Let 1, =0,4, 20, 5 Then the stochastic system (2) is stochastically stable.

Proof. When w4, =0,4, #0, the system (19) can be rewritten as follows:
1
dr=|:(,u]+%jr+%r3:|dt+[%r2jz dw.. (13)

Thus =0 is the first kind of singular boundary of system (13). When r=+x, we can find m, =+x; thus r=+w is the second
kind of singular boundary of system (13).
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According to the singular boundary theory, we can calculate the diffusion exponent, drifting exponent and characteristic
value of boundary »=0 and the results are as follows:
a =2, B =1,

H Hr o5

“«- 2+ = \r+=Lrr
2m (r—0) " [ ! j 2(8

¢ = lim m,(r 2) ~ lim 8 8 2@t ) (14)

r—0* oy, r—0* &1’2 Hy

8

So

if ¢,>1, i.e.84*4 1 the boundary -0 is exclusively natural.
4y 2

If ¢ <L, i.e.m<%, the boundary =0 is attractively natural.
Hy

. 8u+ 1 . .
If ¢. =1, w.%:? the boundary =0 is strictly natural.
4

We can also calculate the diffusion exponent, drifting exponent and characteristic value of boundary r =+« , and the results
are as follows:

a, =2, f =3,
2m ( 0)(11,*/’,‘) 2([,”1 +%]r+%r3)’;l 2
im = > —lim -4 (15)

c, = —11 ] p
r—>+0 oy r—>-+o0 ,1-74}’2 Hy
So 8

if ¢.>-1, i.e. #2<1 the boundary r=+= is exclusively natural.

Hy
If c.<-1, ie. ﬁ>l, the boundary =+ is attractively natural.
Hy
If c.=1, i.e. ﬁ=%, the boundary » =+ is strictly natural.
Hy
As we know, if the singular boundary » =0 is attractively natural boundary and r =+ is entrance boundary, this situation is all the

solve curves enter the inner system from the right boundary and is attracted by the left boundary, the equilibrium point is global stable.
From the analysis above, we can draw a conclusion that the equilibrium point is global stable when the singular boundary
r=0 is attractively natural boundary and 7 =+% is entrance boundary. Combine the condition of local stability, the equilibrium

8/114';“2 1 &<l
2Rt .
AR and "3

Theorem 3.3 Let 4, #0,4, %20 . Then the stochastic system () is not stochastically stable.

point =0 is stable when

Proof. When 1, #0, 1, =0, the system (19 can be rewritten as follows:

dr:|:(,u] +&Jr+&+&r3}dt+(,u1+&r2jEdWr. (16)
8 ro 8 )

One can find o, #0 at r=0, so »=0 is a nonsingular boundary of system (16). Through some calculations we can find that

r=0 is a regular boundary(reachable). The other result is m, = when r=w», S0 =« is second singular boundary of (16). The

details are presented as follows:

a, =2, =3,
H Ja S B N
«- 2w+ = |r+=+=—Lrr
om (a,-B,.) [ 1 SJ 8 )
¢, =—lim m’(;)z =—lim ﬂr :—%. (17)
gt o Ja——y L Ha rz 7

So (4 3 )
if ¢.>-1, ie. &<l, the boundary r=+x is exclusively natural.

uy 2

. 1 . .
If ¢ <-1, i.e. ﬁ>5, the boundary =1+« is attractively natural.

Hy

If ¢ =1, i.e.&:%, the boundary r=+w is strictly natural.
Hy
Thus we can draw the conclusion that the trivial solution »=0 is unstable, i.e. the stochastic system is unstable at the

equilibrium point @ no matter whether the deterministic system is stable at equilibrium point ¢ or not.

STOCHASTIC BIFURCATION

In the section, We will see how the introduction of randomness change the stochastic behavior significantly from both the
dynamical and phenomenological points of view 222}
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Theorem 4.1(D-bifurcation) Let 45 =0.4, =0. Then system (2) undergoes stochastic D-bifurcation.

Proof. When 4 =0,4,=0. Then system 19 pecomes

dr{(,,,%j }m[/; zj'dW (18)

When 4, =0, equation (18) is a determinate system, and there is no bifurcation phenomenon. Here we discuss the situation
u, 20, let

m(r):(y1 +%7‘f€jr o(r)= (’L;")Er.

The continuous random dynamic system generate by (18) is
P(t)x=x+ jom((p(s)x)ds + j ‘o(p(s)x) o dI,.

where <dW, is the differential at the meaning of Statonovich, it is the unique strong solution of (18) with initial value x. And
m(0)=0,0(0)=0, SO o is a fixed point of ¢. Since m(r) is bounded and for any r=0, it satisfy the ellipticity condition: o(r)=0; it
assure that there is at most one stationary probability density. According to the 16 equation of amplitude r(#) , we obtain its FPK
equation corresponding to (18) as follows

p__0 H &’ Hy 2 19

o 6r{|:[ﬂ] 8 H”}Jrarz {[ g }p}' (19)

Let Z—f= 0, then we obtain the solution of system (19)

p)=clo <z>|exp(I 2 j (20)
*(u)

The above dynamical system (19) has two kinds of equilibrium state: fixed point and non-stationary motion. The invariant
measure of the former is g, and it’s probability density is 5,. The invariant measure of the latter is v and it's probability density
is (20). In the following, we calculate the lyapunov exponent of the two invariant measures.

Using the solution of linear Itd stochastic differential equation, we obtain the solution of system (18)

() = r(0) exp[j [ '(0)+ %‘7'(‘))} ds + j(:a‘(O)der. (21)

The lyapunov exponent with regard to # of dynamic system ¢ is defined as:

4,40 = lim i () (22)

substituting 21) into (22), note that ¢(0)=0,0'(0)=0, we obtain the lyapunov exponent of the fixed point:

2,(8,) = lim %(m 170y | +m1'(0)['ds + & (@) aw, (s))

—m(0>+a(0>hm¥

=m (0)

H M 2

8 16 (23)
For the invariant measure which regard (21) as its density, we obtain the lyapunov exponent:

=t

2, (") = lim - 1j0 [m' (") + 0 (o' (r) |ds

:I |: G )+O'(I')U (r)i| (r)dr

=— I {m(r)} p(r)dr

3
=-32\2u7m(r)’ exp [E m(r)}
Hy
__ s M o L #_H
32\/—/14 (lul 3 16) exp|:y (a4 + 3 )} (24)
Let a:;u‘:; 16 . We can obtain that the invariant measure of the fixed point is stable when « <0, but the invariant
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measure of the non-stationary motion is stable when a>0, so a=a, =0 is a point of D-bifurcation. Then system (2) undergoes

stochastic D-bifurcation.

Theorem 4.2 Let 14 =0,4, =0. Then system (2) dose not undergo stochastic P-bifurcation.

Proof. Simplify Eq. (20) , we can obtain
284+ 1y —y)
Hy

pst (r) =cr 2
where ¢ is a normalization constant, thus we have
p,(r)=o0(") r—0, (26)

_ 28w + i
Hy

where v

—H). Obviously when v<-1, thatis , +# _# o p,(r) isa s function. when _1<y<o, thatis p,+%—f—g>o,
8 16

r=0 is a maximum point of p,(r) in the state space, thus the system occur D-bifurcation when v=-1, thatis , +%_%:0, is the

critical condition of D-bifurcation at the equilibrium point. When v>0, there is no point that make p, (r) have maximum value, thus

the system does not occur P-bifurcation.

Theorem 4.3(P-bifurcation) Let x4 =0,4, <0, then system (2) undergo a P-bifurcation at the parameter value

Proof. When ,, =0,4 =0. then Eq(10) can rewrite as following

1
dr= y]+& P P ZdVK.
8 8 8

!
Let y_ [“th, ooy it G:[ﬂ)z then we consider the system (27) becomes
8’ 8’

8

dp=[ap-4¢' |dt+opodm,

), (B
g (o2 ) o)
[1+2¢2j; exp[Z[{yl +%Jz +[%T m(w)]]ds]

which is solved by

Py, (tLoy=

(27)

(28)

We now determine the domain D,(t,w), where D, (t,0):={peR:(t,0,¢) e DH(D=RxQxX) isthe (in general possibly empty) set of

initial values ¢<% for which the trajectories still exist at time ¢ and the range R, (t,0) of v,(t,®):D,(t,®) > R, (t,®).

We have
R, >0,
D, (t,w)=
(-d, (t,w),d,(t,0), t<0,
where
d,(t,w)= ! >0,

[2

R,(t,0)=D, (-t,9()w) = {

j;exp{Z(,ul +%)t+2[%)5 W\_(w)st

and

T
(-1, (t,0),1,(t,®), t>0,

R, t<0,
where

r,(tw)=d, (=, 9()w) =

T

[z J.(:exp[2(,u] +%)z+2(%)5 VK(a))]ds

We can now determine

E (#)=n 4D, 0)

and obtain
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(-d, (t,w),d, (t,w)), wm+ % >0,
E, (@)= .

{0}, m+E2<0,
8
where

0<d;(t,0)= ! - <0,

2 j(:xexp[Z[(yl +?jt+[/§}zm(w)}]ds

The ergodic invariant measures of system (27) are£®

@) For y,+%sO, the only invariant measures is u’ =,.

iy For 4 +*2 >0, we have the three invariant forward Markov measures . =6, and v;,=4,, ,» where
(i) 3 A

k, ()= [2jlexp{2(yl +%)t+2(%} W,(w)]ds] .

We have Ek’(w)=a. Solving the forward Fokkwer-planck equation

Lp, =—[[(ul+&j¢—%¢—¢3Ja<¢)j—%(¢2a(¢>)=o

=

8
yield

@ p.=3, forall (“*%}

i) for p,>0

1y

2| py+—=

[ﬂl 8]
—1

Gh=INg exp[@], $>0,

0, $<0,

and 4,(#)=gq, (-¢). where N;:r(ij(%) "
Hy

Naturally the invariant measures V., =6y ., are those corresponding to the stationary measures ¢,. Hence all invariant
measures are Markov measures.

The two families of densities (4.).., clearly undergo a P-bifurcation at the parameter value «, = % . Then system (2) undergo
a P-bifurcation

Theorem 4.4 Let g+B+ay+k=a or g+ p+ay=a+k, u,=0,u,<0.Then system (2) undergoes stochastic pitchfork bifurcation.

Proof. We determine all invariant measures(necessarily Dirac measure) of local RDS x generated by the SDE

g o

on the state space i, a=4 +%eﬂ% and U:(%]Z >0. We now calculate the Lyapunov exponent for each of these measure.

The linearized RDS y, = DY(t,0,¢)y satisfies the linearized SDE

dy, = Kﬂ, +%j73(Y(t,a), ¢))21,}dz+(%j5 2, 0dW.
hence

DY(t,0,9)x = x exv([ﬂl + %Jt + (%)z W(w)- 3L:(Y(S= o, ¢))2dSJ~

Thus, if v, =4, , isa Y-invariant measure, its Lyapunov exponent is

1
M) = }im;log I1DY(t,0,0) ||
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- [ul +%] ~3tim|,(X(s.0.4))"ds

= | _3pae
(/lﬁr 8) 3By,
provided the IC ¢ < '(P) is satisfied.

(i) For g +%em, the IC for v¢ =g, is trivially satisfied and we obtain

Ay = H
04" [w 5 ]

So "' is stable for ,u]+%<() and unstable for M+%>0.

@) For # +%>0,VZ,‘, :5‘,? is 7% measurable, hence the density p« of p“ =Ev; satisfies the Fokker-Planck equation
L, = —[[[M +%j¢—%¢—¢3jpn(¢)]—%(¢2p,1(¢))=0,

which has the unique probability density solution

H2
v K

PUH-NG exp(¢2#7j’¢>0-
y7i

4

Since
B¢ =B@*) = [ #p" @)dg <o,

the IC is satisfied. The calculation of the Lyapunov exponent is accomplished by observing that

exp[Z(y]+%)t+2(’u“sz,(a})J
8 8 v
[ u P ! ¥’
2J._mexp 2[#,+§‘J3+2(?) W (o) |ds
where

Y(t) = J”wexp[(ﬂl +%Js +(%)5 VK(w)]ds.

Hence by the ergodic thoerem

d*(Jw)’ =

1 1 y7
E(d*)? ==lim-log ¥(t) = u, + =,
(d*) 5 lim~log O=n 3
finally

/1(\/2“):—2(;11 +%j <0.
(iii) For [uﬁ%}owiﬁﬁd(l is .. measurable. Since L(d*)=L(d")

E(-d*) =E(d")' = +42

thus
i(vz“):—2(,ul +%j <.

From Theorem 4.4, the two families of densities (¢)),.,
is the same value as the transcritical case. Hence, we have a D-bifurcation of the trivial reference measure 6, at «,=0 and a
P-bifurcation of «, :%. Then system (2) undergoes stochastic pitchfork bifurcation.

NUMERICAL SIMULATIONS

In this section, we give some examples to verify the thepretical results obtained in 3 and 4. Set a=1,5=0.8,y =0.5625,¢4=0.9,
then Sys.(2) becomes

clearly undergo a P-bifurcation at the parameter value «, :% - which

{Y(z) = I(Y(£) - 0.8K(£) —0.5625Y () + o, Y (E(E) + B(e), (34)
K0 =1 (1) - 17K () + 0, K(OEWD) + By (D),

For simplicity, we assume that (o,0) is trivial equilibrium point of Sys.(34). Choose (s)=tanh(1.06255) and then
I'(0)=1.0625,1"(0) = 0,1""(0) = —2.39893 » (0,0) is asymptotically stability (Figures 1-7) .
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Figure 1. Red Represent The Simulation Of Determine System. Blue Represent The Simulation Of Stochastic System
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Figure 5. Red Represent The Simulation Of Determine System. Blue Represent The Simulation Of Stochastic System.
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Figure 6. The simulation of stochastic system.
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Figure 7. The simulation of stochastic system

CONCLUSION

In this paper, we have considered a Kaldor-Kalecki model of business cycle with noise. Although there are lots of papers
on the stability and Hopf bifurcation of Kaldor-Kalecki model of business cycle with delays, the method cannot be applied to the
present model. By using the the singular boundary theory, Lyapunov exponent and the invariant measure theory, we have studied
the a general third degree polynomial stochastic differential equation. Applying the obtained results to system @): we have found
that under certain conditions, when ** or *’ varies, the zero solution loses its stability and Hopf bifurcation occurs, that is a family
of periodic solutions bifurcate from the zero solution when oo # passes a critical. In addition, to provide a complete picture of
the equilibrium behavior of the model as a parameter capturing the behavior changes of Kaldor-Kalecki model of business cycle,
we conduct our analysis from the viewpoints of both dynamical and phenomenological bifurcations. Three numerical simulation
results are given to support the theoretical predictions.

Acknowledgements

This research was supported by the National Natural Science Foundation of China (No. 11201089) and and (N0.11301090).
Guangxi Natural Science Foundation(No. 2013GXNSFAA019014) and (No. 2013GXNSFBA019016).

REFERENCES
Kaldor N. A model of the trade cycle. Econom J 1940; 40: 78-92.
Kalecki N. A macrodynamic theory of business cycles. Ecconometrica. 1935; 3: 327-344.

Chang W and Smyth D. The existence and persistence of cycles in nonlinear model: Kaldoris 1940 model re-examined.
Rev Econ Stud 1971; 38: 37-44.

4. Grasman J and Wentzel J. Co-existence of a limit cycle and an equilibrium in Kaldors business cycle model and its
consequences. J Econ Behav Organization. 1994; 24: 369-77.

5. Ichimura S. Toward a general nonlinear macrodynamics theory of economic fluctuations. In: Kurihara K. editor. Post-
Keynesian economics. Rutgers University Press; 1954; 192-226.

6. Krawiec A and Szydlowski M. The Kaldor-Kalecki business cycle model. Ann. Oper. Res. 1999; 89: 89-100.

Szydlowski M et al. Nonlinear oscillations in business cycle model with time lags. Chaos Solitons Fractals. 2001; 12: 505-517.

8. Zhang C and Wei J. Stability and bifurcation analysis in a kind of business cycle model with delay. Chaos Solitons Fractals.
2004; 22: 883-896.
9. Szydlowski M and Krawiec A. The Kaldor-Kalecki model of business cycle as a two-dimensional dynamical system. J

Nonlinear Math Phys. 2001; 8: 266-71.

10. Ma Jand Gao Q. Stability and Hopf bifurcations in a business cycle model with delay. Appl. Math. Comput. 2009; 215:
829-834.

11. Qin X et al. Multi-parameter bifurcations of the Kaldor-Kalecki model of business cycles with delay. Nonlinear Analysis.
2010; 11: 869-887.

12. Beja A and Coldman M. On the dynamic behaviour of prices in disequilibrium. J Finace. 1980; 35: 235-248.

RRJSMS | Volume 1 | Issue 2 | December, 2015 12



13.

14.

15.

16.

17.

18.
19.

20.
21.
22,

Bohm V and Chiarella C. Maen variance preferences. expectations formation. and the dynamics of random asset prices.
Math. Finance. 2005; 15: 61-97.

Chiarella C et al. The stochastic price dynamics of speculative behaviour. Working Paper.QFRC. University of Technology.
Sydney. 2007.

Follmer H et al. Equilibrium in financial markets with heterogeneous agents: A probabilistic perspective. J. Math. Econom.
2005; 41: 1223-155.

Rheinlaender T and Steinkamp M. Astochastic version of Zeeman’s market model. Stud. Nonlinear Dynam. Econometrics.
2004; 8: 1-23.

Huang Z et al. Stochastic stability and bifurcation for the chronic state in Marchukj s model with noise. Applied Mathematical
Modelling. 2011; 35: 5842-5855.

Zhu W. Nonlinear Stochastic Dynamics and Control in Hamiltonian Formulation. Beijing: Science Press. 2003.

Khasminskii R. On the principle of averaging for Ito’ stochastic differential equations. KybernetikaPrague. 1968; 4: 260-
279.

Lin Y and Cai G. Probabilistic Structural Dynamics. Mcgraw-hill Professional Publishing. 2004.
Arnold L. Random Dynamical Systems. Springer. New york. 1998.
Namachchivaya N. Stochastic bifurcation. Applied Mathematics and Computation. 1990; 38: 101-159.

RRIJSMS | Volume 1 | Issue 2 | December, 2015 13



