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ABSTRACT: Reversible logic has extensive applications in quantum computing, it is a unconventional form of
computing where the computational process is reversible, i.e., time-invertible. The main motivation behind the study of
this technology is aimed at implementing reversible computing where they offer what is predicted to be the only
potential way to improve the energy efficiency of computers beyond von Neumann-Landauer limit. It is relatively new
and emerging area in the field of computing that taught us to think physically about computation Quantum Computing
will be a total change in how the computer will operate and function. The reversible arithmetic circuits are efficient in
terms of number of reversible gates, garbage output and quantum cost. In this paper design Reversible Binary Adder-
Subtractor- Mux, Adder-Subtractor- TR Gate., Adder-Subtractor- Hybrid are proposed. In all the three design
approaches, the Adder and Subtractor are realized in a single unit as compared to only full adder/subtractor in the
existing design. The performance analysis is verified using number reversible gates, Garbage input/outputs and
Quantum Cost.The reversible 4-bit full adder/ subtractor design unit is compared with conventional ripple carry adder,
carry look ahead adder, carry skip adder, Manchester carry adder based on their performance with respect to area,
timing and power. Hence the proposed work is useful in low power applications where both adder and subtractor units
are required

Keywords: Reversible gates, Fredkin gate, Feynman gate, Toffoli Gate, Peres gate.

I.INTRODUCTION

Reversible logic has applications in Nanotechnology, quantum computing, Low power CMOS, Optical
computing and DNA computing, etc., one of the important applications of the reversible logic is quantum computation.
Reversible circuits are those circuits that do not lose information and reversible computation in a system can be
performed only when system comprises of reversible gates.

Most of the gates used in digital design are not reversible for example the AND, OR and EXOR gates does not
perform reversible operation. A reversible circuit/gate can generate unique output vector from each input vector, and
vice versa, that is there is a one to one mapping between the input and output vectors. Therefore, of the commonly used
gates only the NOT gate is reversible.

Energy loss is an important consideration in digital design. Part of the problem of energy dissipation is related
to non ideality of switches and materials. A set of reversible gates are needed to design reversible circuit. Several such
gates are proposed over the past decades. Reversible gates are the building blocks for reversible circuits, having the
following characteristics.

» A reversible gate has its input and output with a one to one correspondence. That is the inputs of a reversible
gate can be uniquely determined from its outputs.
A reversible logic gate must have an equal number of inputs and outputs.
The fan out of every signal including primary inputs in a reversible gate must be one.
Classical logic synthesis methods cannot be directly applied to design reversible logic circuit.
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» One of the most important features of a reversible gate is its garbage output. Every gate output that is not used
as input to other gate or as a primary output is called garbage output. Simply to say an unutilized output from a
gate is garbage.

» Each reversible gate has a cost associated with it called quantum cost. The quantum cost of a reversible gate is
the number of 2x2 reversible gates or quantum logic gates required in designing it.

I1. INTRODUCTION TO REVERSIBLE GATE

The simplest reversible gate is NOT gate and is a 1x1 gate. Controlled NOT (CNOT) gate is an example for a 2x2
gate. There are many 3x3 reversible gates such as Fredkin gate, Toffoli gate, Peres gate and TR gate. Each reversible
gate has a cost associated with it called quantum cost. The quantum cost of 1x1 reversible gates is zero, and quantum
cost of 2x2 reversible gates is one. Any reversible gate is realized by using 1x1 NOT gates and 2x2 reversible gates,
such as V and V* (V is square root of NOT gate and V" is its hermitian) and Feynman gate which is also known as
controlled NOT gate (CNOT). The V and V" quantum gates have the following property:

V xV =NOT
VXxV'=V'xV=lI
V'x V' =NOT.
The quantum cost of a reversible gate can be calculated by counting the number V, V* and CNOT gates used in
implementing it except in few cases.

2.1 NOT Gate
This is the only reversible gate among the conventional logic gates. This is a 1x1 gate with quantum cost of
zZero.
A T P=A!
~17

Fig.1 NOT gate.
2.2 Feynman Gate (CNOT gate)
This is a 2x2 gate having mapping (A, B) to (P=A, Q=A&>B) where A, B are inputs and P, Q are outputs

respectively. Since it is 2x2 gate it has a quantum cost of one.
A P=A

B i Q=A0B

Fig. 2 Feynman or CNOT gate

2.3 Toffoli Gate

“This is a 3x3 reversible gate with two of its outputs are same as inputs with the mapping (A, B, C) to (P=A,
Q=B, R= A.BDC). Where A, B, C are inputs and P, Q, R outputs respectively. Toffoli gate is one of the most popular
reversible gates and has quantum cost of 5. It requires 2V gates, 1 V* gate and 2 CNOT gates.

P=A

B G Q=B

C R=AB&C

Fig. 3 Toffoli gate
2.4 Peres Gate
Peres gate is a three input and three output (3x3) reversible gate having the mapping (A, B, C) to (P=A,
Q= AP B, KEB(A.B) C), where A, B, C are the inputs and P, Q, R are the outputs, respectively. Peres gate has the
quantum cost of 4, since it requires 2 V" gate, 1 V gate and 1 CNOT gate. Among 3x3 reversible gates, this has the
minimum quantum cost.

A P=A

B PG Q=A%B

J G| —B=AROC

Fig. 4 Peres gate
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2.5 Fredkin Gate

Fredkin gate is a 3x3 conservative reversible gate. It maps (A, B, C) to (P=A, Q= A' B+AC, R=AB+ A'C),
where A, B, C are the inputs and P, Q, R are the outputs, respectively. Fredkin gate can be implemented with a
quantum cost of 5 and it requires 2 dotted rectangles, 1 V gate and 2 CNOT gates.

A P=A
B Q=A'B+AC
F
C R=AB+A'C

Fig .5 Fredkin gate
2.6 TR Gate
TR gate has 3 inputs and 3 outputs having inputs and outputs mapping as (P = A, Q=A&> B, R=(&p . B)
C), where A, B, C are the inputs and P, Q, R are the outputs, respectively. TR gate may also be realized in a different
implementation with quantum cost of 6 or lesser than 6. Therefore it is considered that the quantum of TR gate as 6 for
the calculation of parallel Subtractor implementing by reversible gate.

=A

B TR Q=A0B

C R-(A BhIC

Fig. 6 TR gate
IHILINTRODUCTION TO REVERSIBLE GATE DESIGN

Reversible circuit/gate can generate unique output vector from each input vector, and vice versa, i.e., there is a one
to one correspondence between the input and output vectors. Thus, the number of outputs in a reversible gate or circuit
has the same as the number of inputs, and commonly used traditional NOT gate is the only reversible gate. Each
Reversible gate has a cost associated with it called Quantum cost. The Quantum cost of a Reversible gate is the number
of 2*2 Reversible gates or Quantum logic gates required in designing. One of the most important features of a
Reversible gate is its garbage output i.e., every input of the gate, which is not used as input to other gate or as a primary
output is called garbage output.

3.1 Reversible Logic Gates

A reasonable computation is one that may be written in terms of some (possibly large) Boolean expression,
and any Boolean expression may be constructed out of a fixed set of logic gates. Such a set (e.g., AND, OR and NOT)
is called universal. In fact we can get by with only two gates, such as AND and NOT or OR and NOT. Alternatively,
we may replace some of these primitive gates by others, such as the exclusive-OR (called XOR); then AND and XOR
form a universal set. Any machine, which can build up arbitrary combinations of logic gates from a universal set is then
a universal computer. Which of the above gates is reversible? Since AND, OR, and XOR are many-to-one operations,
they are not logically reversible. Before we discuss how these logic gates

Several reversible gates have been proposed over the years, e.g., the Toffoli gate, the Fredkin gate etc.
A 3-input and 3-output reversible logic gate was proposed in. It has inputs a, b, ¢ and outputs x, y and z as shown in
Fig 7. The truth table of the gate is shown in the Table 1. It can be verified from the truth table that the input pattern
corresponding to a particular output pattern can be uniquely determined. The gate can be used to invert a signal and
also to duplicate a signal. The signal duplication function can be obtained by setting input b to 0. The EX-OR function
is available at the output x of the gate. The AND function is obtained by connecting the input ¢ to 0, the output is
obtained at the terminal z. An OR gate is realized by connecting two new reversible gates.

a —| - a@hb
bRl a
c — — C@®ab

Fig. 7 Reversible gate R
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TABLE I
TRUTH TABLE FOR REVERSIBLE GATE R
b c X
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0
0
1
1
0
0
1
1

IV.REVERSIBLE ADDER/ SUBTRACTOR DESIGN

4.1 Adder circuits

Several types of adders are used in computing systems. A ripple carry adder has the simplest structure. In a
ripple carry adder, full adders connected in series generate the sum and the carry outputs based on the addend bits and
the carry input. The disadvantage of a ripple carry adder is that the carry has to propagate through all stages.

4.2 Ripple carry adders

The basic building block of a ripple carry adder is a full adder block. A full adder computes the sum bit Si and
the carry output ¢ i+1 based on addend inputs a and b and carry input c. The output expressions for a ripple carry adder
are
(1) Si =axor b xorc;

(2) Ci+1 =ab +bc +ca; (1=0,1,2,....)

A Reversible circuit/gate can generate unique output vector from each input vector, and vice versa, i.e., there
is a one to one correspondence between the input and output vectors. Thus, the number of outputs in a reversible gate
or circuit has the same as the number of inputs, and commonly used traditional NOT gate is the only reversible gate.
Each Reversible gate has a cost associated with it called Quantum cost. The Quantum cost of a Reversible gate is the
number of 2*2 Reversible gates or Quantum logic gates required in designing. One of the most important features of a
Reversible gate is its garbage output i.e., every input of the gate which is not used as input to other gate or as a primary
output is called garbage output. Minimization of the number of Reversible gates, Quantum cost and garbage
inputs/outputs are the focus of research in Reversible logic.

4.2 Proposed Reversible Adder / Subtractor unit

The design approach followed here mainly focuses on the reversible full adder and subtractor together in a
single unit. Three types of full adder/subtractor implementations have discussed and the performance of each designs
have been compared in terms of the number of reversible gates used, number of garbage inputs/outputs and the
quantum cost. A four-bit parallel adder/subtractor is built using the full adder/subtractor and half adder/subtractor units.
Four-bit parallel subtractor is designed using all the three types of adder/subtractor units.
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TABLE I
TRUTH TABLE FOR FULL ADDER/SUBTRACTOR

CTRL | A B C Carry/ | Sum /
Barrow | Difference

0 0 0 0 0 0

0 0 0 1 1 1

0 0 1 0 1 1

0 0 1 1 1 0

0 1 0 0 0 1

0 1 0 1 0 0

0 1 1 0 0 0

0 1 1 1 1 1

1 0 0 0 0 0

1 0 0 1 0 1

1 0 1 0 0 1

1 0 1 1 1 0

1 1 0 0 0 1

1 1 0 1 1 0

1 1 1 0 1 0

1 1 1 1 1 1

4.3 Half Adder — Subtractor

Reversible half adder/subtractor logic is implemented with the four reversible gates of which two are Fredkin
and two are Feynman gates. The numbers of garbage outputs are three, garbage inputs are two and quantum cost is
twelve. This implementation is as shown in figurel5. This half adder/subtractor is used in implementing four-bit
parallel reversible adder/subtractor unit.

A $ DzAQB

B j F 1
F6 F "

Fig. 8 Logic implementation of reversible Half Adder/Subtractor
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TABLE Il
TRUTH TABLE FOR HALF ADDER/SUBTRACTOR
CTRL | A | B | Carry/ Sum /
Barrow | Difference
0 0]0 0 0
0 01 1 1
0 110 0 1
0 1)1 0 0
1 0]0 0 0
1 01 0 1
1 1]0 0 1
1 1)1 1 0

4.4 Full Adder-Subtractor-Mux

This design is based on the utilization of appropriate reversible gates for each function namely, Peres gate for
adder function, TR gate for substractor function and Fredkin gate for multiplexing the Carry and Borrow line into
single line output. 3 Feynman gates are used for creating the necessary signal multiplication (buffering) of each input
signal. This design uses 8 reversible gates, 3 Feynman gates, 2 Peres gates, 2 TR gates and one Fredkin gate. As shown
in the table 1 there are 7 garbage outputs5 garbage (constant) inputs and the total quantum cost is 28. This
implementation is as shown in fig. 9.

st/ diference

g
[EIEN
B i o/
; cary/harvow
C 1B /BB
g Nz
o

Fig. 9 Logic implementation of reversible Full Adder/ Subtractor- Mux

This logic is implemented using VHDL code and simulated using Modelsim simulator. The individual gates
functionality is implemented using Behavioral style of modeling and the overall logic is implemented using structural
style of modeling.
4.5 Full Adder-Subtractor-TR gate

In this design the main functionality of addition and substraction is realized by using only TR gates. Feynman
gates are used for input signal buffering. The design utilizes 3 TR gates and 6 Feynman gates, in total 9 gates. The
garbage output in this design is 7 and the garbage inputs are 5. The quantum cost for the design is 24. Even though one
additional Feynman gate (C-NOT Gate) is used in this design, a quantum cost advantage of 4 is obtained when
compared to the Adder-Substractor-Mux design. This quantum cost advantage is mainly due to the realization of
arithmetic blocks of adder and substractor is realized with 3 TR gates as against the 5 numbers of 3x3 reversible gates
for Adder-Sustractor-Mux design. (Two Pearson gates, two TR gates and one Fredkin gate). This implementation is as
shown in fig.10.
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sum/diference
hoBaC

1 carry/borrow
AB+BC+CA /AB+BC+CA

Fig. 10 Logic implementation of reversible Full Adder-Subtractor-TR gate

This logic is implemented using VHDL code and simulated using Modelsim simulator. The individual gates
functionality is implemented using Behavioral style of modeling and the overall logic is implemented using structural
style of modeling.

4.6 Full Adder-Subtractor- Hybrid

This is an optimized implementation of adder-substractor function. The sum/difference output is realized in this
case with two Feynman gates. To realize the carry borrow line we utilized two Fredkin gates and a TR gate. This
design, in total utilizes 8 gates including the C-NOT gates for input signal multiplication. The garbage output is 5 and
garbage input in this design is 3. The quantum cost is 21. The optimization in terms of the garbage input, garbage
output and quantum cost in this case is obtained due to optimal utilization of gates. The sum/difference function in this
case is realized with just two CNOT gates. Therefore it is essential to have a design approach where, the required
functionality may be realized with simplest gates as much as possible. We could not realize the carry/borrow function
with simple 2x2 gates effectively. So, we utilized 3x3 gates for the realization. Many algorithms are available in
literature. To synthesize the reversible logics, one of the basic goals of these algorithms is to realize the required
function with simplest possible gates. This implementation is as shown in fig. 11.

. A @B @B @
B hed | ¢ |0 A@Beaﬂ 1&8/1®8
—_| sum/difference
I freBer
o e T
# o B BT o [0
C L | f AB B /[B, carry/borrow B
: i o AB+BC+CA /AB+BC+CA

ol

Fig. 11 Logic implementation of reversible Full Adder-Subtractor-Hybrid

This logic is implemented using VHDL code and simulated using Modelsim simulator. The individual gates
functionality is implemented using Behavioral style of modeling and the overall logic is implemented using structural
style of modeling.

4.7 Four-Bit reversible Parallel Adder/Subtractor unit

A four-bit reversible parallel adder/subtractor is built using the full adder/subtractor and half adder/subtractor
units. Four-bit parallel adder/subtractor is designed using all the three types of adder/subtractor units. This
implementation requires three full adder/subtractor blocks and one half adder/subtractor blocks. These implementation
is been done using VHDL code and verified for its functionality.
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Fig. 12 Logic implementation of four-bit reversible Full Adder/Subtractor
V. RESULT AND DISCUSSION

Implementations of three types of reversible full adder/subtractor are coded in VHDL and simulated using
ModelSim simulator. The functionality is verified. A comparison of the implementations based on the number of gates
used, number of garbage inputs/outputs and quantum cost of the logics is as shown in the Table IV.

Reversible four-bit parallel adder/subtractor implementations in all the three types are verified. A structural
model coding is used to build four-bit parallel adder/subtractor with three full adder/subtractor and one half
adder/subtractor blocks. The functionality is verified. A comparison of the implementations based on the number of
gates used, number of garbage inputs/outputs and quantum cost of the logics is as shown in the table V

TABLE IV
TRUTH TABLE FOR HALF ADDER/SUBTRACTOR
No. of
No. of | Garba No. of
. Garbag | Quantu
reversibl ge o m cost
e gates | output | .
s inputs
ADD_SUB_MUX 8 6 5 28
ADD_SUB_TR 9 7 5 24
ADD SUB HYB 8 5 3 21
TABLEV
TRUTH TABLE FOR HALF ADDER/SUBTRACTOR
No. of
No. of | Garba No. of
. Garbag | Quantu
reversibl ge
e m cost
e gates | output | .
s inputs
ADD_SUB _MUX 4 28 21 17 96
ADD _SUB_TR 4 31 24 17 84
ADD SUB HYB 4 28 18 11 75

Comparison of Optimization Results of reversible Full Adder/Subtractor design with Conventional Ripple carry adder,
carry look ahead adder, carry skip adder manchhester carry adder with respect to area, timing and power is shown in
Table VI.
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TABLE VI
TRUTH TABLE FOR ADDER/SUBTRACTOR CIRCUITS
10s - . Power
Used Timing Details Summary
RIPPLE CARRY
CONVENTIONA ADDER 14 12.791ns 25mwW
L ADDER CARRY LOOK AHEAD

ADDER 50 24.376ns 25mwW

CARRY SKIP ADDER 37 20.956ns 25mw

MANCHESTER CARRY ADDER 14 12.791ns TmwW
REVERSIBLE FULL ADD/SUB 6 7.937ns TmwW

VI.CONCLUSION

Successfully designed three types of reversible full adder/subtractor unit and compared their performance in

terms of number of gates used, garbage inputs/outputs and quantum cost. Many algorithms are available in literature to
realize the reversible logic; one of the basic goals of these algorithms is to realize the required function with the
simplest possible reversible gates. Out my three designs full adder-subtractor-hybrid implementation is optimized as it
utilizes appropriate gates to realize the required functions of the unit. Also four-bit reversible parallel adder/subtractor
is implemented and performance in terms of number of gates used, garbage inputs/outputs and quantum cost are
compared
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