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Abstract: Influence of a non-integer order fractional derivative is studied on a MHD generalized viscous fluid model
with double convection, caused due to simultaneous effects of heat and mass transfer induced by temperature and
concentration gradients. The fluid is considered over an inclined plane moving exponentially accelerated with time
dependent of heat and mass at the boundary. Additional effects of heat generation and chemical reaction are also
considered. The idea of non-integer order Caputo time fractional derivative is used and exact solutions for temperature,
concentration and velocity in dimensionless form are developed. At the end, the graphically illustration is presented and
discussed in details for embedded parameters including fractional parameter of order < .
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. Dimensional Chemical reaction parameter
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. Dimensionless Chemical reaction parameter
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- Dimensional Heat absorption parameter
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. Non-Dimensional Heat absorption parameter
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Sc - Schmidt number

P - Pressure

Re - Reynolds number

T, - Temperature of the plate

. Temperature of the fluid far away from the plate

k - Thermal conductivity of the fluid

ﬂT . Thermal expansion coefficient

B - Volumetric coefficient of expansion with species concentration
1% . Kinematic viscosity

ol . Density of the fluid

o . Electric conductivity

Yy . Slip parameter

Nu - Nusselt number

I. INTRODUCTION

Although, the concept of fractional calculus was introduced more than 300 years ago, however, only few decades past
the fractional calculus particularly fractional differenations (derivatives with non-integer order operators) has embarked
many researchers from almost all branches of sciences, technology and engineering due to their capabilities of
including more complex natural into mathematical equations. Recently, the fractional calculus has shared much
contribution in complex dynamics. In particular, it has been proved to play a valuable role for handling viscoelasticity
of materials. The models with fractional derivative provide a better level of adequacy, preserving linearity. Fractional
differentiation is a non-local character, appropriate for modeling of complex materials and processes with memory.
Some interesting studies on fractional derivatives using different definition and related to this work are cited in [1-10],
and the references therein.

The idea of non-local operators of differenation was applied to fluid problems by many researchers [11-19], however,
in heat transfer problems, Vieru et al. [20], were the first where they used the idea of fractional derivative and studied
the free convection flow of viscous fluid. After that, various researchers reported works for example Imran et al. [21]
Shah and Khan [22] studied heat transfer analysis in a second grade fluid. Shakeel et al. [23] discussed time fractional
convection flow near a heated vertical plate. Farhad et al. [24] determined solutions for time fractional free convection
flow of Brinkman-type fluid. In another investigation, Farhad et al. [25] studied generalized Walters’-B fluid model
using Caputo-Fabrizio fractional derivatives. Nadeem et al. [26] applied the modern approach of Caputo-Fabrizio time-
fractional derivative to MHD free convection flow of generalized second-grade fluid in a porous medium. Nadeem et al.
[27,28], in two other investigations, provided comparative studies for heat transfer and heat and mass transfer heat
generation and chemical reaction for convective flow of a generalized Casson fluid respectively. However, all these
problems of heat transfer or heat and mass transfer were studied past a vertical flat plate, which is a special case of the
inclined plate problem by taking the inclination angel equal to zero along the flow direction. Moreover, the combined
phenomenon of heat and mass transfer occurs when buoyancy effects of thermal diffusion and diffusion through
chemical species produce together, which plays an important role in geophysics, aeronautics and chemical engineering,
with applications in food drying, food processing and polymer production [29]. Motivated by this, Farhad et al. [30],
examined the combined effects of heat and mass transfer on MHD free convection flow over an inclined plate
embedded in a porous medium.
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Keeping in mind the need of fractional derivatives and the generalization of classical fluid problem to generalized
fractional fluid problems, this article aims to study the combined phenomenon of heat and mass transfer of viscous
fluid over an inclined flat plate moving with exponential acceleration and with variable surface temperature and
variable surface concentration. In addition, the effects of heat generation and chemical reaction are also considered.
Magnetic field is applied in a transverse direction to the flow making the fluid as electrically conducting. Rest of the
paper is arranged in the following fashion. Mathematical formulation of the problem is given in Section 2. Exact
solutions using the fractional Laplace transform technique, for velocity, temperature and concentration fields are
obtained in Section 3. Section 4 includes the limiting cases. Graphs are plotted in Section 5 and discussed for physical
parameters of interest. Concluding remarks are given in Section 6.

Il. MATHEMATICAL FORMULATION OF THE PROBLEM

The unsteady magneto-hydrodynamic flow of viscous incompressible fluid past an exponentially accelerated isothermal
infinite inclined plan with variable temperature, variable mass diffusion in the presence of heat absorption has been

studied. The x-axis is along the plane with the inclination € to the vertical; the y-axis is taken normal to it. Initially,
the plane and the fluid are at the same temperature T_ in the stationary condition with concentration level C_ at all the

points. At timet >0, the plane is exponentially accelerated with a velocity U H (t) exp(at) and the temperature of
the plan is raised linearly with time and species concentration level near the plate is also raised linearly with timet. The
temperature and the concentration level on the plane raised or lowered toT_+ (T, —T )t and C_+(C, —C))t
respectively. We made the following assumptions: All the fluid physical properties are considered to be constant except
the influence of the body force term and applied transverse magnetic field of uniform strength B, is normal to the

plane. The fluid's conducting property is supposed to be slight and hence the magnetic Reynolds number is lesser than
unity and the induced magnetic field is small in comparison with the transverse magnetic field. It is further supposed
that there is no applied voltage, as the electric field is absent. Viscous dissipation and Joule heating in energy equation
are neglected. According to Boussinesq's approximation, the unsteady flow is governed by the following set of
equations:

ou  ou oB?
—=v—r cos@(T-T )+ cosd(C-C_)——=2u 1
a9 (T-T.)+9p cosd(C-C,) . (1)
or o°T
C, =K ¥ +Q(T, ~T) )
2
@:Daf—DKr(C—Cw) )
ot oy
with initial and boundary conditions
u=0, T=0, C=0; t=0, y>0 (4)
u(0,t) =U H(t)exp(at), T(y,t)=T, +(T,-T)t, :
C(y,t)=C_+(C,-C)t; t>0, y=0 ©
u(y,t) >0, T(y,t) >T_, C(y,t) >C_,as y >, t>0 (6)
Introducing the following dimensionless variables and parameters
2 — — J—
y*:on’ u*:i, t*:tUo | T*:T T, Cc= C-C, ’ Gr:gﬂTV(T;“ T.)
U, 1% T, -T, C,-C, U,
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3
Gm = gs.v(C, C),M O'B:/,Pr:VCp’SC:L’N:].BGTw @
u? : k D 3Kk’
into Equations (1) to (6) and dropping the star notation, we have the following initial-boundary problem
ou(y.t) _ ou(y.t)
p Y +GrcosdT (y,t) +GmcecosOC(y,t) —Mu(y,t) (8)
oT(y,t) 1 0T(y,t) S
=— ——T(y,t 9
ot Pr oy’ Pr .0 ©
oC(y,t 1 0°C(y,t) A
by _1 (f )——C(y,t) (10)
ot Sc oy Sc
with dimensionless initial and boundary conditions
u(y,t)=0, T(y,0)=0, C(y,0)=0, y>0 (12)
u(0,t) = H(t)exp(at), T(0,t)=t, C(0,t)=t, t>0 (12)
u(y,t) >0, T(y,t) >0, C(y,t) >0 as y > (13)

Here, we have to developed fractional model, replacing the time derivative in Equations (8), (9) and (10), with time-
fractional derivatives, we obtain the following fractional differential equations

Du(y,t) = 0 gy’ )+Grcos€T(y t) + GmcosOC(y,t) —Mu(y,t) (14)
1 0°T(y,t) S
DTy = ST 2y (19
oy
62C t ﬂ
DIC(y.1) = 8§y 2 C(y,t) (16)
where Du(y,t) represent the Caputo time-fractional derivative u(y,t) defined as
T j ! a@uéyr)d 0<a<l
DeU(y 1) = ( 0:) o(t-7) T an
u(y.t). -1
ot
I11. SoLUTION OF THE PROBLEM
Temperature Distribution
Applying Laplace transform to Equations (15), (12),, (13), and using initial condition, we obtain
S 10T
(q +—j (.0 =7 a(yf 9 (18)
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T‘(o,q>=q—12, T(y,q) >0 asy >0 19)

The solution of the partial differential equation (18) by using conditions in Equation (19) is

T(y,q) =—exp( y~[Pr ( j] (20)
q Pr

Taking inverse Laplace transform of Equation (20), we obtain

exp| —— X
_ak [ yPr ( Pr
T(y,t)_Herfc{ 2\&} -

j@(O,a;—Xr”){& —(t- r):ldrdx (21)

r(2-a) Pr

where ¢(ﬁ, -0, Z), is a Wright function defined in Appendix.

Temperature Field for the Ordinary Case (& =1)
By taking @ — 1, into Equation (20), we obtain the

T(y, q)—q—exp[ y[Pr (CH—JJ (22)

with inverse Laplace transform

=2 ol o

”y'”‘_ fo g o B o 5]

The Nusselt number NU , which measures the heat transfer rateat the plate, can be obtained using any of the above

} (24)

Nu - — Pl’eﬁ ;1:7E _aG a (_blt) 1 ae (0'1) (25)
(04 1,5,1

expressions for temperature, namely

aT (y,1)
oy

LTy o=

Nu=- =
o Y

L_l{af (v,a)
o

and
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1
Nu=—/Pr, | —-aG , (-bt)|, a=1 26
e{hm 1 )} a (29)

Where G, , .(d,t) isthe G —function of Lorenzo-Hartley (27)

Concentration Distribution

It is observed that, the initial-boundary value problem for concentration C(y,t) is of the same form with the problem

for temperature field. Therefore, using results from the previous section, we have

— 1 A
C(y,q) =—exp| —y~/Sc.[q* + =
(y,a) 7 p[ y q SCJ

(28)

with inverse Laplace transform for

A
N exp(—xj e
C(y,t)= jjerfc[ yﬁ} SC CD(O, a;—Xr“){(t T) —(t T):|deX a €(0,1) (29)

2% T r2-a) Sc

(g ol 252 e - )+
(vt ol 5 el 2

respectively,

C(y,t)=1 . a=1 (30)

Calculation for Velocity
Applying Laplace transform to Equations (14), (12), (13) and using initial condition andusing expressions for T (Y, Q)

and E(y,q) from Equations (22) and (28) respectively

(9" +M)u(y.q) = ouly.q) , Greosd exp(—y\/ﬁ (q” +%)]

oy’ q’
—Gmcoseexpl y/Sc (q“+sin (31)
q C

U(O,q):i, u(y,q)>0as y—>oo

(32)

where U(Y,q) is the Laplace transform of the function u(y,t) and q is the transform variable.
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The solution of the partial differential equation (31), with conditions (32), in suitable form

u(y,q) = (Pr_ci)r(:c:sfc)qz [eXp(—y q“+M )—exp(—y Prg“+$S )}+

+ (Sc—Gl)nE:‘?ied)qz [exp(—y\/m)—exp(—y Scq“ +2,)}+
-M

+L.exp(—y q“+M), ¢ _A-M
q-a

Pr-1,Sc#1

- d=
Pr-1 Sc-1 (33)

By applying inverse Laplace transform to Equation (33), using Appendix as well as convolution theorem

u(y.) =B ey, (ot -0 ) o exp( y]x

~ (Pr-1) » 2 2u/zu du
x {e“"“ 1cD(o, —a,-ur " )-e* 1<1>(0, —a,—uPrz’ )} dudz +
T T
Gmcosé . Ty y’
+ t_ a+lE _d t_ a ex —— (X
o O N et 1)

—Mul _ . —a\ —Au
x{e T(D(O, a,-ur“)-e

CD(O, —a,—uScr ™ )} dudz +

2

t 0 1
+[ex™ Lexp (—y—je“”“ ~®(0,—a,—ur *)dudr
! ! 2u+/7zu 4u T ( ) (34)
Velocity Field for Ordinary Case
By taking « — 1, into Equation (33), we obtain
U(y.t) = [expatt—o))@(y. 72+ M)dr
—%I[(t ~r)exp(mz)®(y,7;m +M)]dr
GmcoséSc !
_Wl[(t ~r)exp(m,r)®(y,7;m, + M) ]dr (35)
+%ﬂ0_7) exp(m;)d)(y\/ﬁ, m +%ﬂdr

+ %ﬂa -7) exp(mzr)d{yﬁ, m, +%H dr,

S-M A-M
m1: s m2:
Pr-1 Sc-1

,Pr=1,Sc#1
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- Fhid velocity

Fluid velocity ..

Fiid velocity

Fig. 1. Profiles of dimensionless velocity for ¢ variation versus Yy for Pr=0.3, Gr =10, Gm=8, Sc=0.1],

0= %, S= 0.6, A= 0.7, M = 0.4, a = 0.25 and different small values of time.

Fluid velocity
% o

Fluid velocity

Flid velocity

Fig. 2. Profiles of dimensionless velocity for & variation versus Y for Pr=0.3, Gr =10, Gm=8, Sc=0.],

0= %, S= 0.6, A= 0.7, M = 0.4, a=0.25 and different large values of time.
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Fluid velocity

Fluid velocity _

Fiuid velocity

(©)

Fig. 3. Profiles of dimensionless velocity for ¢¢ variation versus t for Pr =0.3, Gr =10, Gm =8, Sc =0.1,

0 :%' S= 0.6, A= 0.7, M = 0.4, a =0.25 and different values of Y.

. Fluid velocity

o Fhidyelocity .

Fig. 4. Profiles of dimensionless velocity for (90 variatién ;/ersﬁs y Afor Pr=0.3, Gr =10, Gm=8, Sc=0.1,
o= 0.4, S= 0.6, A= 0.7, M = 0.4, a = 0.25 and different values of time.
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Fluid velocity

Fluid velocity

Fluid velocity

Fig.5. Profiles of dimensionless velocityfor GM variation versus y for Pr = 0.3, Gr :10, 0= %, Sc= 0.1,
a=04,S=06, 1=0.7, M =0.4, a=0.25 and different values of time.

IV.NUMERICAL RESULTS AND DISCUSSION

This section is related to the impact of embedded parameters on the fluid velocity. Several graphs have been drawn to
see some physical aspects of the studied problem. We have studied the influence of non-integer order fractional
parameter ¢ for small and large values of time t, spatial variable y , inclination & and mass Grashof number on the
velocity of the fluid. Fig. 1 has shown the influence of non-integer parameter ¢ on the velocity of the fluid and
observed that velocity increases for decreasing the value of fractional parameter for small values of time. Increasing
time the amplitude of the fluid velocity becomes significant. On the other hand in Fig. 2 for large values of time an
opposite behavior can be seen. This is due to the physical advantage of fractional of fractional model that fluid flow can
be enhanced by adjusting the value of non-integer order fractional parameter for small and large time t. Fig. 3 is plotted
between the fluid velocity and different value of spatial variable y . It can be seen that velocity decreases by increasing
the value of spatial variable. Fig. 4 presented for the inclination of the inclined plane and found that in the absence of
inclination that is limiting case when the fluid flow over an infinite vertical plate, fluid velocity increases and flow
becomes faster and as we increased the value of inclination velocity decreases and approaches asymptotically zero.
Also, by increasing time highest peak can be significant. Finally, in Fig. 5 velocity is an increasing function of Gm for
different values of time t.

V. CONCLUSION

Fractional model for viscous fluid flow over an infinite inclined plane with heat absorption and mass transfer has been
studied. Exact solutions have been obtained by means of Laplace transform. Effect of various parameters on fluid
velocity has been studied especially the non-integer fractional parameter. Some concluding remarks of the present
analysis are:

o  For small time velocity field increases for decreasing value of ¢« .
e For large time an opposite behaviour can be seen.
e Velocity is a decreasing function of spatial variable y .

«  Fluid velocity was increased by increasing the mass Grashof number Gm.
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