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ABSTRACT: In this paper, we derive some fixed point theorems in the projective tensor product (X®,Y) of two
Banach spaces X and Y. Using two mappings T;: X®,Y — X and T,: X®,Y — ¥, we construct a self-mapping T on
X®, Y. Taking T;and T, as different contractive type mappings, we study the characteristics of the mapping T and the
existence and the uniqueness of the fixed point of 7 in the closed unit ball of X®, Y. The converse of this result is also
discussed here.
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I. INTRODUCTION
Banach’s contraction mapping principle [2] has been the source of metric fixed point theory with its wide applicability
in different branches of mathematics. Kannan, in [7], developed a substantially new contractive mapping to prove the
fixed point theorem. From this time, a number of researchers, viz., Boyd and Wong [3], Chatterjea [5] Ciric[6], Reich
[11], Rhoades [12], Saha and Dey[8] have tried to prove the fixed point theorems with different approaches using
more generalized contractive mappings. In 2011, Saha,Dey and Ganguly[9]discussed fixed point theorems for

contraction mappings with asymptotically regularity for integral setting.

In this paper, we study some fixed point theorems in the projective tensor product of two Banach spaces. Let X and Y
be two different Banachspaces and T;: X®,,Y — X and T,: X®, Y — Y be two operators.Using T;and T, we study the
existence and uniqueness of fixed point of an operator T on the spaceX®, Y.

Before discussing the main results, we first recall some basic definitions (refer to [9], [11]).

Definition 1.1Let X and Y be normed spaces. A mapping T: X — Y is called non-expansive if and only if
ITx =Tyl < llx = yllVx,y€X.

A mapping T: X — Y is called contraction if and only if [|[Tx — Ty|| < c||x — y||, where ¢ is real number with
0<c<1 forallx,y € X.

Clearly, contraction= non expansive and all such mappings are continuous.

In 1966, Browder and Petryshyn [4] investigated the asymptotically regular property for a self-map on a metric space
X, d).

Definition 1.2A mapping T: X — X is called asymptotically regular at a point x € X iff
[[T**1x — T™x|| — 0 as n — oo, where T"x denotes the n-th iterate of T at x € X.

It is proved by researchers that this property is necessary for some contractive mappings to produce fixed points.
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II. MAIN RESULTS
The following Lemma plays an important role in proving our main results.

Lemma 2.1Let X and Y be Banach spaces and X®, Y be their projective tensor product. If T: X®,Y — X®,Y is a
contraction mapping then

()Tis asymptotically regular at every u = 3, x;®y; € X®,Y
(ii) For each u = ¥; x;®y; € X®, Y, the sequence {T™(}; x;®y;)} is convergent in X®, Y, and every such sequence
has the same limit.

Proof. (i) Since T is a contraction mapping, so, there exists some constant ¢ with 0 < ¢ < 1 such that ||Tu — Tv|| <
cllu—=v|l forallu = ¥, x,®y; , v = ¥, x;®y; € X®,Y.
Now, ||IT™u — T™u|| = ||IT(T™w) — T(T*W)|| < c|IT™u — T u|| £ - < c™||Tu — ul|

—»>0asn—> (vc<1)

(ii) ”Tn+ku _ Tnu” < ||Tn+ku _ Tn+k—1u|| + ||Tn+k—1u _ Tn+k—2u|| + ot ||Tn+1u _ Tnu”

— 0 asn — oo (using (i))
Thus {T™(X; x;®y;)} is a Cauchy sequence in X®,Y, and so, it converges to some @ € X®, Y .Let {T"(X; x/®y;)} be
another Cauchy sequence in X®, Y which converges to some f € X®, Y.

lla =Bl = ” lim T"u — lim T"v” = lim|[T"u —=T™|| < c*lu—v|=0
n-oo n—oo n—oo
Thus @ = B and so, the limit of all sequences {T™(}; x;®y;)} is same.0]

Let T;: X®,Y — Xand T,:X®,Y — Y be two contraction mappings. We define T:X®,Y — X®,Y by Tu =
Tu®Tu, u € X®,Y. Let Byg v denote the closed unit ball in X®, Y.Now, we prove:

Theorem 2.2If O Ker T; N KerT,, then in Bx®yy, T has a unique fixed point at 0.

Proof. Foru,v € X®, Y, let |[T;u — Tyv|| < ¢;[lu — v|[and ||T,u — T,v|| < c;llu — v||, where 0 < ¢4,¢, < 1
ITu — Tv|| < ITiu®T,u — Tv@T,v|| < ||(Tiu — T1v)®T,v|| + |ITiu®(T,u — T,v)||
< gllu = vITyvl| + T ullcyllu — v .. ... ... (2.1)
SinceT;(0) = 0, ||Tyu — T,0]| < c;llu — 0|| = ||Tyull < cqllull.Similarly,||T,ull < ¢, llul|
So, (2.1) = |[Tu — Tv|| < ¢illu —vlle; IVl + e llulle;llu — vl
< allu — vl + llul) < cie(lull + vID? .. .. ... (2.2)
Taking v = 0 we have T(0) = T;(0)®T,(0) =0

Again, (2.2) = ||Tu|| < c;c;llull?.

So, IT?ull = IT(TWIl < ¢ lITull® < cyca(crcollull®)? = kk?[lull*, where k = c;c,
Similarly, ||T3ul| < kk2k*||ul|®, and ||T™ull < k2"~ Ylull* . ... (2.3)
Now, [IT™'u—T"ull = IT(T"w) — T(T" Wl < kT ull + 1T ull)?

- 0asn—- o (using equation(2.3)), foru € Bxg,v-

So, T is asymptotically regular at every point u € Bx®yy.

Now similar to the part (i) of the Lemma 2.1, {T™u} is a Cauchy sequence in Bx®yy and so it converges to some
P € Bxg,y- Again, lp — TP = llim, L0 T™u — T(lim,, e T™w)|| = lim,_||T™u — T™*1u|| = 0.Hence
p = T(p). Thus p is a fixed point of Tin Byg,y -
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To show the uniqueness, letq be the another fixed point of the operator Tin Bxg,v- Then q = T(q). Now by part (ii) of
Lemma 2.1, every sequence {T™u}, where u € Bxg,y converges to the pointp€ Bxg,y - So in particular, the sequence
{T™q} is also converges to p. But T"q = T""*(Tq) = T" 'q = -+ = Tq = q. Therefore, limT"q = q = p.

n—oo

Thus, the fixed point p is unique and since T(0) = 0, so, obviously, 0 is this unique fixed point.O]

Example 2.3 We have ['®,X = ['(X) (refer to [10]).Taking X = K, we consider the mappings T;:I'®,K — [*
defined by T,(¥; a;®x;) = %Zi{ainxi}n, where a; = {ain}n and T,:1'®,K — K defined by T,(¥;a;®x;) =
%Zillailllxl-l . Clearly T; and T, are contraction mappings such that T;(0) = 0and T,(0) = 0. So in Bll®yK,
T: 11®Y]K — ll®y]K defined by T(¥; a;®x;) = Gzi{ainxi}n) ® GZI-HaiH [x; |) has a unique fixed point at 0.

Theorem 2.4Let T;: X®, Y — X and T,: X®, Y — Y be two mappings satisfying

WNTyu — Tyv|l < ky(|Fiu — Tyull + ||Fov = Tyvl)), 0<k; < i, for some F:X®,Y — X defined by
FiZix®y;) = Xix; g(¥;), g € Y™ (the dual space of ¥) with || g|| = 1.

(i) T,u — Tov|| < ky(||Fou — TLull + ||Fov — Tovl]), 0<k, < i, for some F:X®,Y — X defined by
F,(Xix;®y;) = X f (xi) i, f € X" (the dual space of X) with [[f]| = 1,

where u,v € X®, Y.

(ii1) Oe Ker Ty KerT,.

Then the operator T:X®,Y — X®, Y defined by Tu = Tyu®T,u, u € XQ, Vsatisfies: ||Tu — Tv|| < c;c,([[ull +
[lvl)?, where c;c, < 1, and has a unique fixed point at 0 in Bxg, -

Proof.||Tu — Tv|| < [|Tyu — Tyvl[ITov]l + [ITyulllITzu — Tyl
< ki (IlF,u = Tyull + [[Frv = TyvlDk, || Fv — Tl
+kl|Fiu — Tyullk, (| Fou — Toull + [|Fv — Tovl])

(Full + 1Tyl AFull + 1 T2ul) + 2C1Full + (ITulDAFvll + [1T2v])

S kiky | e e N e 1 e iy | e e e 2.4

e +IE ] + Tl (U] + IT,v1) @D
Now [ITyull < KallFye = Tyull < Ky Q1P + 1Tyul) < Je (el + Tyl as IFs | < 1

1
= ||Tyul| < I —1k1 llull = cq|lull, where 1 —1k1 =c <lask, < 3
Similarly, |7, < cyl[oILIToul < o lull, where ¢, < Tand [IT,v]l < 0]
Now, 24) =
1 1
7w = Toll < gk (L + )+ e)lll® + 2lullvl + 17 = ks (=) (=) Al + wl)?
1 2
=g (lull + llvID? ... ... ... (2.5)

Proceeding as in Theorem 2.2, we can show that T is asymptotically regular at every pointian®yy, and has a unique
fixed point at Oin Bx®yy.|:|

Example 2.5 Let T:I'®,R — I'be T;(%; a;Qx;) = %Zi{ainxi}, where a; = {ain}n and T,:I'® R — R be
T, a;®x;) = izi(supnain) x; . Let g € R* be defined by

g(x;) = x;andf € (1*)*be defined by f({a;,}) = sup,a;, -

Fors = ¥, a;Qx;,t = ¥, b;Qy; € I'Q,R, ||T;s — Ty t|| = EZi{ainxi} - iZi{binyi}”
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<3| (e -3 )|« [ T
(Zi{ain}gw - zzi{afnxig (Zi{bi”}g(”) ) %Z{bi"yiom

1
2

.

1 1
< SUIFs = Tusll + [IFyt = Tatll], ky =5 <

AgainITys = Totll = |3 Zi(supna,) x: = 3 Zi(supaby,) vi|

(Z(supnain)xi Z(supna,n x,) (Z(supnbln) y; — Zi(supnbin) yi>

< 3 Z f(ain) X; — ZZ(SuPnain) X - ZZ(Supnbin) Yi l

1
= [IFys = Tysll + I1Fyt = Tyl ky =5 <3
Also T;(0) = Oand T,(0) = 0 . Therefore T:1'®,R — I*!®,R defined by T(T;a;®x;) = %GZL-{Mainxi}n, where
M= Zi(supnain) x; has a unique fixed point at Oin Bll®y]R.|:|

|

in

Modifying the conditions (i) and (ii) of Theorem 2.4, we get the following results.

Theorem 2.6Let T;: X®, Y — X and T,: X®, Y — Y be two mappings satisfying
. 1

OITu = Tyvll < ky(1Fiu = Tyl + [[Fv = Tyul)), 0 < ky <3

. 1
(DTu = Tovll < ko (1Fou = Tovl|l + [|Fov = Toul]), 0 < kp <5
(>iii) 0Oe Ker Ty KerT,.

Then the operator T as defined earliersatisfies ||Tu — Tv|| < c;c,(Jlull + ||v]|)?, where ¢;c, < 1, andhas a unique
fixed point at 0 in Bxg,v-

(1Fau = Tovl| + || Fpv — Tull)

||u||) -

Proof.||Tu — Tv| < ky(||Fyu — Tyv|| + ||Fyv — T1u||) —

< 2 (1l +
T1—k,\" 1 1-—

IIvII vl +5

2 (||F Ml + 22
1k, il

()i

vl + vl + IIuII) [lull
2

1 - kz
Zk )(IIuII +1vID? = crea(llull + IvID?
2

ka

and Cy :ﬁ
— K2

kq
where ¢; = 1 r
-

So, as in Theorem 2.2, we can show that T has a unique fixed point at Oin Bx®yy.D
Theorem 2.7Let T;: X®, Y — X and T,: X®, Y — Y be two mappings satisfying

ONTyu — Tyl < aql|Fiu — Tyull + byl|Fyv — Tyvll + cillu — vll, 2a; + 2b; + ¢, <1
(i) Tou — Tov|| < ayl|Fou — Toull + by||Fov — Tovll + collu — v, 2a, + 2b, + ¢, < 1
(iii) 0€ Ker Ty KerTy.
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Then the operator Tsatisfies ||Tu — Tv|| < ayay||ull? + 2a, B, l[ullllvll + BB lIvII?,
(where a4, a5, B1, f» depend on a4, by, ¢; and a,, b,, ¢;),and has a unique fixed point at 0 in Bx®yy.

by +c a;+c
Proof.||Tu — Tv|| < [a,]|Fiu — Tyull + by||Fyv — Tyvll + c1llu — vll] f_—bzz llvll + f_—all llulllazlIF;u — Toull +

byllF,v — Tywll + cyllu — vll]

b, + ¢,
=13 IvlilalIFyull + aq ITyull + by lIFyvll + by lITyvll + cqllull + ¢ llvll]
2
a,+c
t T4 llulllazl|Foull + ax IToull + by | Fyvll + by ITovll + collull + e, vil]
1
a;, + c1> <a2 + c2> 5 <a1 + c1> (bz + c2> <b1 + cl) (bz + cz) 5
< +2 +|l—)—=
(o) G e + 2 (F=20) (=) ol + (F=57) (F =) e
= a1, llull® + 2a, B llullllvll + B1 B lIvII?
where
_ato _atc _b1+c1 dﬁ—b2+cz
al_l_al’az_l_azll_l_bl an 2_1_b2

As in Theorem 2.2,||T™ul| < k2" ~1||ul|2", where k = a,a,.
17" = Tul| < ayeg [Tl + 200 BTl ull + BB lIT™ ull?
- 0asn - oo, foru € Bx®yy.

Thus 7 has a unique fixed point at Oin Bxg,y- O
Theorem 2.8Let T;: X®, Y — X and T,: X®, Y — Y be two mappings satisfying

OITyu — Tyvll < ay(IFu — Tyull + [IFyv — Tyvll) + by (I[Fiu — Tyvll + [[Frv — Tyull) + ¢qllu — v,
where2a; + 2b; +¢; <1

(i) Tou — Tovl|| < ay(|IFou — Toull + [[Fov — Tovll) + by (|1Fou — Tovll + [[Fov — Toul)) + cllu — vl
WhCreZaz + sz + Cy < 1

(iii) 0 Ker T; N KerT,.

Then the operator T satisfies ||[Tu — Tv|| < aya,(||ull + ||v]|)?, where a4, a, depend on a;, by, c; and a,, b,, c,, and
has a unique fixed point at O in Bx®yy.

Proof.

ITu — Tv|| < [a;(IFu — Tyull + [|Fv — Tyvll) + by (IFiu — Tyvll + [|Fv — Toul) + cqllu — vl]
a,+b,+c;

1 - al - bl

+ ¢llu —vlf]
a,+b,+c,
<1"a _p lvllla; QIF: el + 1Tyl + a AIF v+ ITelD) + by AIF I+ 1 TulD
2 2

+ b (IIFull + 1Ty vl + collull + cllvll]
a,+b,+c;

T—a —p lellaz RNl + 1T2ull) + a; RN+ 1w 1D + b (E v+ 1IT2ul)
1 1

+ by (IF2 lllull + IT2v D) + callull + c;llvll]

a, + b, + ¢,
———— vl
1 - az _b2

llullla, (IIFou — Toull + |1Fyv — Tovll) + by (|Fou — Tovll + ||Fov — Toull)
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< S a4+ el + D + e + ) (S ) lal + )
Sl Gy + B+ )l + 01D + o + ) (22 2) i + o)
— () ()l + ool + el + ||v||)||u||) = yy(lull + I1vl)?
where,a; =%< 1, a, =%< 1

So, proceeding as in Theorem 2.2, we can show that T has a unique fixed point at O in Bx®yy. O
Theorem 2.9Let T;: X®, Y — X and T,: X®, Y — Y be two mappings satisfying

. 1
DNTyu = Tyvll < by max{||Fyu — Tyull, [[Fiv — Tyvll}, 0 < by < B
(DIIT;u = Tyvll < by max{lIFyu = Tyull, IF;v = Twll}, 0 < hy <
(ii1) Oe Ker Ty KerT,.

Then the operator Tsatisfies ||[Tu — Tv|| < aya, max{||u||, [[v|}(lull + ||vI]), (where @, @, depend on h,h;), and has
a unique fixed point at O in Bx®yy.

Proof.||Tu — Tv|| < hy max{||F;u — Tyull, [|[Fyv — Tyv|}h, |Fov — TLv||
+hy||Fyu — Tyullhy max{||Fu — Toull, [|[Fv — Tyvll}
< hihy (IRl + ITov]]) max{||Fu — Tyull, |Fyv — Tyvll}
+  hihp(IFull + (ITyull) maX{lleu — Tull, [Fv — Tyvll}

2 1
i ot mae (5= ), (0 ol + =4 o)

< by (IRl + 1

S (AT
h
ot ma{ (Ul + 522 ), (Wl + 2 o1 )}
h h
= (720) (=25 maxtiul Iyl + 191D = @, max{lull 913l + 1wl
1 - hl 1 - hz
wherea; = — Lo, =
1-hy 1-hy

For v =0, ||[T(w)Il < aya,||ul|?. So, proceeding as in Theorem 2.2, we can show that T has a unique fixed point at 0
in BX@yY' O

Remark 2.10 If T; and T, are such that T;(0) = 4; # 0 € Xand T,(0) = 1, # 0 € Y, then we can take T;: X®, Y —
X such that T; (w) = Ty (u) — A; and 7~'2:X®YY — Y such that T,(u) = T,(u) — A,. Therefore T; (0) = Oand T,(0) =
0.S0T:X®,Y — X®,Y defined by(u) = T; (w)®T,(w) , and all the above Theorems are valid for 7.

Deduction 2.11 In Theorem 2.2, if we take T, to be non-expansive, then also we get analogous result.

Proof.Foru,v € X®,Y,

[ITyu — Tyv|l < kqllu — v|[,where 0 < k; < 1, and ||T,u — TLv|| < |lu — v||

ITull = ||T1u®T21111|| = ITyullIToull < kegllullllull = ke llull?
Therefore, ||T™ull < kyJIT" |2 < - < ky? Hull?" > 0asn > o if u € Bxg,v
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Now, ||IT™u — T™u|| < ||IT* 'ul| + ||IT™u|]| > 0asn - o foru € Byg,v-

So, T is asymptotically regular at every point u € Bx®yy and thus T has a unique fixed point at O in Bx®yy .0

All the Theorems 2.4-2.9 are true taking T, as a non-expansive mapping.

Now, we study the converse problem of Theorem 2.2, i.e., given a contraction mapping with some fixed point on the
space X®, Y, can we construct some contraction mappings for each of the spaces X and Y with some fixed points?
Here, we give an affirmative answer to this problem by the following result.

Theorem 2.12 Let T: X®,Y — X®, Y be a contraction mapping having the unique fixed point a®f, where « lies on
the unit sphere Sy (i.e.||a|| = 1) and B lies on the unit sphere Sy (i.e.||B|| = 1) . Then corresponding to 7, there exist
contraction mappings S; on X and S, on Y such that « and § are the fixed points of S; and S, respectively.

Proof. Since ||a|| = 1, s0 a # 0. Hence there exists some f € X* such that f(a) = ||a|land ||f|| = 1. Similarly, since
[|B]] = 1, there exists some g € Y™ such that g(B8) = ||Blland ||g]| = 1.

Now we define two linear maps F;:X®,Y — Xby F(Q;x;Qy;) =X;x;9(y;), and F:X®,Y —Y by
F(ixi®yi) = Xi f (x) yi - Then |||l < llgll, Il < Il Il

Let T;:X®,Y — X and T,:XQ®,Y — Y be defined by T;(T;x;®y) = F,(T(Z;x®y;)) and T,(T;x;®y;) =
F(TEx,®y)).

Foru, v € X®),Y,

IT,u — Tyl = [|Fy(Tw) — Fy(Tv)ll < IFIIITu — Tvll < llgllkllu — vl = kllu — vll, where 0 <k <1 (as T is a
contraction).

Therefore T, is a contraction. Similarly T, is also a contraction.

Now, we define S;: X — X be such that S; (x) = T; (x®p), x € X and

S,:Y — Ybe such that S, (y) = T,(a®y), y € Y. Then

151 () = S1 (DI < 1Ty (x®B) — Ty (' QP | < kllx®B — x'@B Il = kllx — x"[[IBIl = kllx — x|l , x,x" € X
and [|IS;(¥) = S (VO < klla®y — a®y'll = kllalllly —y'll = klly = y'll . y,y" €Y

Thus S; and S, are contraction mappings and so, have the unique fixed points in X and Y respectively. Now,S; (@) =
T, (a®B) = F1(T(a®B)) = F1(a®B) = ag(B) = allll = aand
5:(B) = T(a®B) = F(T(a®pB)) = F,(a®B) = f(a)B = llallp = B

Therefore a and £ are the unique fixed points of S; and S, respectively. [

From two contraction mappings S; and S, (with fixed points) on the Banach spaces X and Y respectively, the mapping
T on X®,Y can be constructed easily with a fixed point.

Theorem 2.13 Let S;: X — X and S,: Y — Y be two contraction mappings with the fixed points @ and f lying onSy
and Sy respectively. Then using S; and S, we can construct themappingT on X®,, Y with the unique fixed point a®pfin

Bx®yy .

Proof. Let F; and F,be two linear maps as defined in the previous theorem. We define T;: X®,Y — X by T;(u) =
S, (Fy(w)) and T,: X®,Y — Ybe defined T, (u) = S,(F,(w)) where u € X®,Y . Now
ITyu — Tyv|| = ||51(F1(u)) - 51(F1(V))” < killFiu — Fivll < kqlIFillllu = vl < kqllglllu = vl|
=killu—vll, asligll=1
where0 < k; < 1, as S is contraction.

Therefore T, is contraction. Similarly T, is also a contraction. Now
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T:X®,Y — X®,Yissuch thatTu = T, u®T,u.
T(a®p) = T, (a®B)®T,(a®F) = S1(F,(a®F))®S,(F;(a®p))
= 5, (ag(B))®S,(f (a)B)(by definition of f and g given in theorem 2.12)
= S5 (allBID®S(lallB) = $;(2)®S,(B) = a®p

Clearly, a®p € Bx®yyis the unique fixed point of Tin BX@,VY .0

III. CONCLUSION

We have discussed different fixed point theorems with different contractive type mappings on tensor product spaces.
Moreover, using a given contraction mapping (with fixed point) on the tensor product spaceX®,Y, we have
constructed some contraction mappings with fixed points for the individual spaces X and Y. However, many other
open problems can be raised regarding different types of contractive mappings on tensor product spaces. In [1], Alber
and Guerre-Delabriere defined weakly contractive maps. In [12], Rhoades extended some results on weakly contractive
maps to arbitrary Banach spaces.For a Banachspace X, and a closed convex subset K of X, a self-map T of Kis called
weakly contractive if for each x,y € K,
ITx =Tyl < llx — yll = ¢lx — ¥ID

where: [0,00) — [0,00) is continuous and non-decreasing such that i is positive on (0,), (0) =0, and
lim;_,, Y(t) = oo. If K is bounded, then the infinity condition can be omitted.

Now we can raise the following problem:
Given two weakly contractive mapsT;: X®, Y — XandT,: X®,Y — Y, can we obtain some fixed point theorems for
the mapping 7 onX®,, Y?
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