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Abstract: The aim of the present paper is to introduce some new generalized difference sequence spaces with respect to modulus function
involving strongly almost summable sequences. We give some topological properties and inclusion relations on these spaces.

INTRODUCTION

A sequence space is defined to be a linear space of real or
complex sequences. Throughout the paper N, R and C denotes
the set of non-negative integers, the set of real numbers and the
set of complex numbers respectively. Let » denote the space of
all sequences (real or complex). Let 1 and ¢ be Banach spaces
of bounded and convergent sequences x = {x,},-, with supremum

norm || x|=sup|x,|. Let T denote the shift operator on o, that is,

Tx={x}", » T*x={x,)~, and so on. A Banach limit L is defined
on 1 _as a non-negative linear functional such that L is invariant

i.e., L(S )=L(x) and L(e)=1, e=(1,1,1,...) [1].

Lorentz, called a sequence {xn} almost convergent if all Banach
limits of x, L(x), are same and this unique Banach limit is called
F-limit of x [1]. In his paper, Lorentz proved the following
criterian for almost convergent sequences.

A sequence x={x,}€l, is almost convergent with F-limit L(x)
if and only if

lim#,,, (¥) = L(x)

m—1
where, ¢ (x)= iZfon, (7° =0) uniformly in n>0.
m

11111
Jj=0

We denote the set of almost convergent sequences by f.

Several authors including Duran [2], Ganie et al. [3-7], King [8],
Lorentz [1] and many others have studied almost convergent
sequences. Maddox [9,10] has defined x to be strongly almost
convergent to a number o if

1
limfz‘x,(m - a‘ =0, uniformly in m.
L =

By [f] we denote the space of all strongly almost convergent
sequences. It is easy to see that cc f cff]c ..

The concept of paranorm is related to linear matric spaces. Itis a
generalization of that of absolute value. Let X be a linear space.
A function P:x—R is called a paranorm, if [11,12].

(p-1) p(0)20
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(p2) p(x)20VxeX

(p3) p(x)=p(x)VxeX

(p4) p(x+y)<p(x)+p(y)Vx, yeX (triangle inequality)

(p.5) if (4,) is a sequence of scalars with A —A (n—o0) and
(x,) is a sequence of vectors with p(x,-x)—>0 (">, then
p(x,4, —x2) =0 (n— ), (continuity of multiplication of vectors).
A paranorm p for which p(x)=0 implies x=0 is called total. It is

well known that the metric of any linear metric space is given
by some total paranorm [10].

The following inequality will be used throughout this paper.
Let p=(pk) be a sequence of positive real numbers with
0<p<sup,p, =H < and let p - max(1,271) - For q,p cC. We
have that (Equation 1) [9,11].

la, +b [*<D{a, " +|b "} 1)
Nanda defined the following [13,14]:
Lf.p]= {x : limlzn:‘th —a|™ = 0 uniformly in m},

noMe

L, Pl = {x imo

k=1

P . .
Xon| © = Ouniformly in m},

[f.pl. = {x:sup%i‘th"% < oo}.

The difference sequence spaces,

X(A)={x=(x,):ArxeX},

where X=1 , C and C, were studied by Kizmaz [15].

It was further generalized by Ganie et al. [5], Et and Colak [16],
Sengonul [17] and many others.

Further, it was Tripathy et al. [ 18] generalized the above notions
and unified these as follows:
Ay, = {xea):(A;"xk) € Z},

Where
m < ! n
Alx, = 2(_1 ) [}J Xetmu>

u=0
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and
Alx, =x,VkeN.

Recently, M. Et [19] defined the following:

Lf.p)(A") = {x =(x,): lilr]n%i[f(‘A'x,M - amn =0, uniformly in m},

.
A'X

, SO (PR
[/ P1(A) {x (st [/

k=1

)TA = 0, uniformly in m},

Lf,pl (A= {x =(x,): sup%i[f(‘ A'x,,, )ka < oo, uniformly in m}
n k=1

Following Maddox [20]and Ruckle [21], a modulus function g
is a function from [0,”) to [0,”) such that

(1) g(x)=0 if and only if x=0,

(ii) g(x+y)<g(x)+g(y) Vx,y20

(iii) g is increasing,

(iv) g if continuous from right at x=0.

Maddox [10] introduced and studied the following sets:
fo=1ixe wllimlzn: | x,.,,, |= Ouniformly in m}
n n

k=1

f={xew:x—lec f, for someinl e C}
of sequences that are strongly almost convergent to zero and
strongly almost convergent.

Let p=(p,) be a sequence of positive real numbers with
0<mSSLk1pm:M and H=max(1, M).

MAIN RESULTS:

In the present paper, we define the spaces [/.g. PI(A)).[f>g. pl,(A})
and [f,g,pl,(A)) as follows:

[f.g plA)= {x =(x,): 1im%i[g(‘Aj,xk+m 706‘)}”/‘ =0, uniformly in m},
n k=1

[f,g,plo(An:{x: (stim-3 [ (A

=]

)Tk =0, uniformly in m},

/.. PL(A)) = {x w3 [ (A,
n k=1

)Tk < oo, uniformly in m},

Where (p,) is any bounded sequence of positive real numbers.

Theorem 1: Let (p,) be any bounded sequence and g be
any modulus function. Then [/,g,p)(4)).[/,.g, p1y(4;) and
[f..g,pl,(A:) are linear space over the set of complex numbers.

Proof: We shall prove the result for [f,g, p],(A7) and the others
follows on similar lines. Letx, y [ £, g, p],(A7) - Now for a,8eC
, we can find positive numbers Aa,BP such that |a|<4, and
| BI< B, . Since fis subadditive and A; is linear

T

A BYiim

)

li[g(\AZ (X + BYiin)

n=

n

<3 (v,

k=1

)+2(lA

)

<) 23 [ fal|a7.,

k=1

© JGRCS 2015, All Rights Reserved

+D(Bﬁ)”%i[g(\a

)Tk —0

As n—oo, uniformly in m. This proves that [f, p],(A?) is linear
and the result follows. O

.
A X

Theorem 2: Let g be any modulus function. Then
Lf.g.p)A) €S 8. pl.(A) and [ f, g, ply(A)) <[ f . 8, PL.(A).

Proof: We shall prove the result for [ £, g, pl(Al) <[/, g, pl.(A}) and

the second shall be proved on similar lines. Let xe[f,g, p)(A]) .
Now, by definition of g, we have

S Tfln) " =23 e
<23 e(xe, 1)) +§k§[g(m)]%

n o =

Al

nXsm

A =L L)) |

Thus, for any number L, there exists a positive integer K, such
that |ZL|<K,, we have

%g[g(‘A;th )]hk = %Z‘[g(‘A;x“m -L+ mek

<23 (|, 1) + 2{K, ] D

n = k=1

Since, xe[f,g, pl(A}), we have and the proof of the result follows.

Theorem 3:[ 1, ¢ p] (A7) is a paranormed space with

1

hy(x)= s;l})(%i[g( AT )}pk ]7.

k=1

Proof: From Theorem 2, for each ¥elf & rL(a,) , () exists.
Also, it is trivial that by () =1 () g A:xkﬂi(i for x=0.
Since, h(0)=0, we have (=0 gor x=0. Since, M ~ for M=>1,
therefore, by Minkowski’s inequality and by definition of g for
each n that

1

i8S
)
18 ]‘1’{}1 ([

k=1

[ ! i[g(‘A;ka +A Vi

nio

|-

A

< [ii[g( o Xeim )+ g(‘Alrzyk+m

n=

)

which shows that #,(x) is sub-additive. Further, let o be any

complex number. Therefore, we have by definition of g, we have

) =sup{ 13 e in )| | <5000,

ma \ M 51

< [l Zn: |:g (‘A;ka

=

where, Sa is an integer such that a<Sa. Now, let 0—0 for any
fixed x with #,(x)=0. By definition of g for |«|<1, we have for
n>N(¢) that (Equation 2)

L3 (el | <o @)

n=
As g is continuous, we have, for 1<n<N and by choosing a so
small that (Equation 3)

Vel

p
A X

)" <= 3)

.
A X

24



Ab Hamid Ganie, Mobin Ahmad and Neyaz Ahmad Sheikh, Journal of Global Research in Computer Science, 6(11), November 2015

Consequently, (2) and (3) gives that 4,(ax) >0 as a—0.0

Theorem 4: Let X be any of the spaces [f,g], [f,g], and [f,g],.
Then, X(A,")< X(A))is strict. In general, x(A/)c x(a)) for all
j=1,2,...,r-1 and the inclusion is strict.

Proof: We give the proof for the space [f, g] and others can
be proved similarly. So, let ¢ xc[7, g, p1 (o) - Then, we have

sup 37 5 )] <=
Since, g is increasing function, we have
r2leloin)]= 2

<, 2l Il

)

-1 r-1
An xk+m_An Xeemel

)]

.
A X

r -1
ALXy, A X

3|

2l
<oo,
Thus, [f,g], (A7) c[f,g).(A)) . Continuing in this way, we shall
get [f,gl.(A)c[f.g).(a)) for j=1,2,....r-1. The inclusion is
strict. For this, we consider x=(k") and is in [f,g],(A;) but does
not belong to [f.¢l.(A;") for f(x)=x and n=1. ( if x=(k"), then
Arx, =(-1yr! and Alx, =(—1)’*'r!(k+%l] forall ¥eN) O
Theorem 5: [/.g.p)(A,") <[f.g. pl(4})
Proof: The proof is obvious from Theorem 4 above.
Theorem 6: Let g, g, and g, be any modulus functions. Then,
()18 Pl (&) < Lf - 8081 PL(4)) -

(D) [, g, p1(A) LS 220 PLAL) SIS 2 + 820 Pl (AL) -

Proof: Let € be given small positive number and choose & with
0< 8<1 such that g(t)< & for 0<t< 5. We put y,., = ;(|a)x,,|) and
consider

SLe0ia)]" = Xleln)]" «Sleti)]"

where the first summation is over y,,, <6 and second summation
is over yk+m> 6. As g is continuous, we have (Equation 4)

Z[g(ym, )] <ne” (4)

and for y,, > 8, we use the fact that
1w gy S,
n 0 o

Now, by definition of g, we have fory,, > & that
B <20(1 M'
g5 g() s

Thus (Equation 5),
1 o VAT R,
STt <o) ) 1 ©

k=1

Consequently, we see from (4) and (5) that
/>, Pl(A) €L g0gy, Pl (A)) -

To prove (ii), we have from (1) that

(e <DL s+ 2 )

Let xe[/.g.p)(&)NLf.&.pL(4,). Consequently, by adding
above inequality form k=1 to k=n, we have and the result
follows. O

’ ’
AL X A X

.
AL X
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Theorem 7: Let g, g, and g, be any modulus functions. Then,
LS5, PI(A) LS5 8081, pI(A,)

[f>&,PIA) NS, &, PNA) LS, 8 + 855 PI(A)

[f.&,pl.(A) <[f,gog,. pl.(A})

[f>2,PL(A) NS, g5 P1.(A) LS, g + 855 P1.(A))

Proof: The follows as a routine verification as of the Theorem

6.

Theorem 8: The spaces [f.g pl(A).[f5. g p](A)) and
[f..g,pl,(A:) are not solid in general.

Proof: To show that the spaces [f g, pl(A").[f..g. pl(A7) and
[f..g,pl, (A7) arenotsolid in general, we consider the following
example.

k and g(x)=x with r=1=n. Then,
@)=k elfrg.pL(A) but (ax)elf..g.pl.(A;) when o =(-1)"

for all kN . Hence is result follows. O

Let p=1 for all

From above Theorem, we have the following corollary.

Corollary 9: The spaces
[f..g pl.(A]) are not perfect.

Theorem 10: The spaces [f,g,pl(A))[f..g pl(s;) and
[f..g,pl, (A7) are not symmetric in general.

[f.gPNAD LS8 Pl (4, and

Proof : To show that the spaces [f,g,pl(A)).[f, g, p],(A])
and [f,,g,p],(A)) are not perfect in general, to show this,

let us consider p,=1 for all k and g(x)=x with n=1. Then,
(x)=(k)elf..g pL.(A) Let the re-arrangement of (x,) be (y,)

where (y,) is defined as follows,

(o) = {3153, X5, X5, X5, %,6, X0, X, 5, X, %, 6, X%, %,9,%,0,..}.

Then, (y,)e[f,.g,r].(A;) and this proves the result. O
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