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Abstract: Computational analysis of radiative heat and mass transfer of nanofluid over a slendering stretching sheet in 

porous medium with a non-even heat source and slip effects have been carried out in this article. The transformed 

equations of the flow model are solved by the Runge-Kutta scheme coupled with shooting method to depict the 

dimensionless velocity, temperature, and concentration at the boundary layer. Numerical computations are carried out 

and discussed for skin friction coefficient and local Nusselt number. We found an excellent agreement of the present 

results with the existed results under some special conditions. It is also found that the heat transfer performance is high 

in presence of velocity slip effect. Dimensionless skin-friction coefficient has decreased for increasing magnetic field, 

power law-index with velocity slip and wall thickness. 
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I. INTRODUCTION 

 

In Recent days one of the principal challenges for the present and future industry is to meet the energy demands of the 

globe. This ever increasing demand is the key factor for the researchers to explore nanoparticles/nanofluids. The 

enhanced thermal performance of nanofluids/nanoparticles has vital importance in industrial fields such as power 

generation, micro- manufacturing, transportation, micro-electronics, thermal therapy for cancer treatment, 

pharmaceutical processes, chemical and metallurgical sectors, etc. In automobiles the appliance of nanofluids as 

coolants permit better size as well as positioning of the radiators this require less energy for improving resistance on the 

road. Ultra high performance cooling is necessary for many industrial technologies [1-3]. 

 

Choi [4,5] was the first to introduce the word nanofluid that represent the fluid in which nanoscale particles (diameter 

<50 nm) are suspended in the base fluid. With the rapid advances in nanotechnology, many inexpensive combinations 

of liquid/particles are now available. The base fluids used are usually water, ethylene glycol and oil. Recent research on 

nanofluids showed that nanoparticles changed the fluid characteristics because thermal conductivity of these particles 

was higher than convectional fluids. Nanoparticles are of great scientific interest as they are effectively a bridge 

between bulk materials and atomic or molecular structures. 

The study of convective flow, heat and mass transfer in porous media has been an active field of research as it plays a 

crucial role in diverse applications, such as thermal insulation, extraction of crude oil and chemical catalytic reactors 

etc. Considerable work has been reported on flow and heat and mass transfer in porous media in [6–10]. 
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Magnetohydrodynamics (MHD) boundary-layer flow of nanofluid and heat transfer over a stretching surface have 

received a lot of attention in the field of several industrial, scientific, and engineering applications in recent years. The 

comprehensive references on this topic can be found in the some review papers, for example, [11-21] investigated the 

effects of thermal radiation and magnetic field on the boundary layer flow of a nanofluid over a stretching surface. The 

flow in micro/nano systems such as hard disk drive, micro-pump, micro-valve and micronozzles is in slip transition 

regime, which is characterized by slip boundary at the wall. The liquids exhibiting boundary slip find its applications in 

technological problems. Therefore many boundary layer fluid flow problems have been revisited with slip boundary 

condition and different researchers have made significant contributions. Navier [22] suggested a slip boundary 

condition in terms of shear stress. Of late, the work of Navier was extended by many authors. GadelHak [23] 

established the fact that the micro-scale level the fluid flow is dominated by fluid surface interaction which belongs to 

slip flows regime, whereas the momentum equation remains to be Navier-Stokes equation. Slip flow past a stretching 

surface was analyzed by Andersson [24]. The combined effects of slip and convective boundary conditions on 

stagnation point flow of CNT suspended nanofluid over a stretching sheet was formulated by Akbar et al. [25]. Slip 

flow effects over MHD forced convective flow over a slendering stretching was studied by Anjali Devi and Prakash 

[26]. Ramana Reddy et al. [27] studied the thermophoresis and Brownian motion effects on MHD nanofluid flow over 

a slandering stretching sheet in presence of multiple slip effects. Kiran Kumar and Varma [28] examined the MHD 

boundary layer slip flow of nanofluid through porous medium over a slendering sheet. Sulochana and Sandeep [29] 

derived the dual solutions analysis on magnetichydrodynamic forced convective flow of a nanofluid over a slendering 

stretching sheet in the presence of porous medium. Multiple slip and cross diffusion effects on MHD Carreau-Casson 

fluid over a slendering sheet in presence of non-uniform heat source and sink was proposed by Raju et al. [30]. 

Multiple slip conditions on MHD boundary layer flow and heat transfer of a nanofluid past a permeable stretching sheet 

was investigated by Ibrahim and Shankar [31]. 

 

To the authors knowledge, no effort has been made still by the researchers to analyze heat and mass transfer over 

slendering sheet with heat source or sink and radiation. Hence by exploiting the above-cited studies we made an 

attempt to fulfill this gap. The considered flow equations are remodeled to a dimensionless form with the aid of suitable 

transformations. The equations are solved with the support of Runge-Kutta based shooting methods. 

II. FORMULATION OF THE PROBLEM 

 

Consider a steady two-dimensional, incompressible, laminar, hydro magnetic flow of a nano fluid over a stretching 

sheet with non-uniform thickness in porous medium. No-slip and Navier slip conditions are taken in to account. The 

sheet is along the x-axis direction and y-axis is normal to it as shown in Fig. 1. A variable magnetic field B(x) = 

B0(x+a)
-(1-n)/2

, n≠1 is applied to the flow, where B0 is applied magnetic field strength and a is the physical parameter 

related to stretching sheet. Magnetic Reynolds number is assumed to be very small so that the induced magnetic field is 

neglected. A non-uniform permeability K(x)= K0(x+a)
1-n

, n≠1 along with the thermal radiation effect is taken into 

account. Viscous dissipation effect is neglected in this study. It is assumed that the sheet is stretched with the velocity 

uw(x)=u0(x+a)
n
 , n≠1 and the wall temperature Tw(x)= T + T0 

(x+a)
-(1-n)/2

, n≠1. Since the sheet is non-uniform it is 

assumed that
2/)1()( naxAy  , n≠1, where A is the coefficient related to stretching sheet and chosen as a small 

constant to avoid the external pressure. At m=n=1 the problem refers flat stretching sheet case. 
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Fig. 1. Physical model and coordinate system. 
 

As per the above assumptions the governing boundary layer equations are given as follows: [32,33]  
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The boundary conditions are as follows:  
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Where u and v are the velocity components along x and y directions respectively, f is the density of the fluid , vf is the 

kinematic viscosity,  is the electrical conductivity, T is the temperature of the fluid, k is the thermal conductivity,  is 

the diffusivity of the nano fluid, (cp)f is the specific heat capacitance , Qs is coefficient of heat source/sink, 1
*
 

is the dimensional velocity slip parameter and 2
*
 is dimensional temperature jump parameter, 3

*
 is dimensional 

concentration jump parameter, these are given by   2/)1(
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the ratio of specific heats, b and c respectively indicates Maxwells reflection coefficient and thermal accommodation 

coefficient. 

 

The radiative heat flux qr under Rosseland approximation has the form  
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Where * 
is the Stefan-Boltzman constant and k* is the mean absorption coefficient. The temperature differences 

within the flow are assumed to be sufficiently small such that T
4 
may be expressed as a linear function of temperature. 

Expanding T
4
 using Taylor series and neglecting order terms yields:  

434 34   TTTT  

To convert the governing equations in to set of nonlinear ordinary differential equations we now introducing the 

following similarity transformation [32]. 
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Where  yx,  is a stream function which satisfies the continuity equations (1) with  
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Using equations 6-7, equations 2-4 can be reduced in to the form  
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With the transformed boundary conditions  
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Here equations (8) and (10) are nonlinear ordinary differential equations in the domain [,). 

For numerical computation we transformed the domain [,) in to [0,) by defining F()=F(-)=F(n) and ()= (-
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parameter,  is the wall thickness parameter, 1 is the non-dimensional velocity slip parameter and 2 
is the non-

dimensional temperature jump parameter,  
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Numerical Solutions 

The non-linear ODEs (12) to (14) with corresponding boundary conditions (15) have been solved in the symbolic 

computation software MATHEMATICA using fourth-fifth order Runge-Kutta – Fehlberg method to obtain the missing 

values of F”(0),-’(0) and -’(0). The present problem involves ten parameters. Therefore, we need to be very 

selective in the choice of the values of the governing parameters. We apply the far field boundary conditions for 

similarity variables at a finite value denoted here bymax . We run our bulk computations with the value max = 5, which 

was sufficient to achieve the far field boundary conditions asymptotically for all values of the governing parameters 

considered. 

 

 

III. GRAPHICAL OUTCOMES AND DISCUSSION 

 

For numerical solutions we considered the non-dimensional parameter values as M=1.0, K=0.5, n=0.5, Pr=7.0, Sc=3.0, 

R=0.5, Q=0.1,  =0.2, 0.1 10.5, 2=0.5and 3=0.5 these values are reserved in entire study apart from the variations 

in consequent figures and tables. To ensure the accuracy of the numerical results we compared the values of f”(0) with 
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the results of Khader and Megahed [32] and Anjali Devi and Prakash [26] in Table 1. It can be noticed from this table 

that worthy agreement between results exists. A representative graphical/table results for the velocity, 

(F”(0))temperature ((0)) concentration (0), friction factor, local Nusselt number and local Sherwood number is 

presented and also discussed.  

 

 1  
   Khader and Megahed [32] Anjali and Prakash [ 26] Present 

0 0.2 0.924828 0.9248281 0.9248282 

0.2 0.25 0.733395 0.7333949 0.7333948 

0.2 0.5 0.75957 0.7595701 0.7595702 

Table 1. Comparison of the values of -f”(0) when R=M=2=3=Q=K=Sc=0 and n = 0.5. 

 

The effect of magnetic field parameter on velocity, temperature and concentration profiles of the flow for slip and 

without slip conditions are displayed in Figs. 2-4. From Fig. 2 it is noticed that for increasing the magnetic parameter 

values there is a depreciation in velocity profiles and rise in the temperature and concentration profiles of the flow. It is 

found that in the presence of slip effect the velocity boundary layer become thin with the increase in the magnetic field 

parameter. Since the fluid is electrically conducting, a raise in the value of magnetic field parameter improves the 

interaction between electric and magnetic field, which causes to boost the Lorentz’s force. This force works opposite to 

the flow and reduces the momentum boundary layer thickness and enhances the thermal and concentration boundary 

layer thickness. 
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Fig. 2. Effects of M on velocity profile. 
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Fig. 3. Effects of M on temperature profile. 
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Fig. 4. Effects of M on concentration profile. 

 

The deviation in velocity, temperature and concentration profiles due to the influence of permeability parameter K is 

shown in Figs. 5-7 for the presence of slip and no-slip conditions. As increase in the porosity parameter we can observe 

the similar type of the results as we noticed in the magnetic field parameter case. Since, with increase in an increase in 

the porosity parameter widens the holes of porous layer, these causes to reduce the momentum boundary layer 

thickness. In the order hand a raise in the porosity parameter generates and releases the internal heat energy to the flow. 

Due to this cause we observed a rise in the temperature profiles of the flow. 
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Fig. 5. Effects of K on velocity profile. 
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Fig. 6. Effects of K on temperature profile. 
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Fig. 7. Effects of K on concentration profile. 

 

Fig. 8 perceives the impact of Prandtl number Pr on the temperature profiles for presence and absence of slip condition 

cases. It is observed that temperature decreases with increase Pr. It is very interesting to find that thickness of the 

thermal boundary layer is much bigger in presence of slip conditions case compared to absence of slip condition case. 
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Fig. 8. Effects of Pr on temperature profile. 

Figs. 9 and 10 respectively present the impact of thermal radiation R and heat generation parameters Q on the 

temperature profiles of the flow for presence and absence of slip conditions. We have seen from these figures that with 

the increase in the radiation and heat generation parameters there is a raise in the temperature profiles of the flow. Since 

an increasing in the radiation parameter releases the heat energy to the flow.  
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Fig. 9. Effects of R on velocity profile. 
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Fig. 10. Effects of Q on temperature profile. 

Figs. 11 and 12 show the variation in the concentration profiles for variation in Schmidt number Sc and concentration 

jump parameters 3 
for slip and no-slip cases. We have observed that as increment in Sc and 3 results in decrement in 

mass diffusivity which results decrement in concentration boundary layers. 
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Fig. 11. Effects of Sc on concentration profile. 
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Fig. 12. Effects of 3 
on concentration profile. 

Fig. 13 displayed the effect of the temperature jump parameter 2 on temperature profiles of the flow. It is understood 

that with the increase in 2, we observed depreciation in the temperature profiles of the flow. It is the expected result 

that an increase in the temperature jump parameter strengthens the thermal accommodation coefficient, which causes to 

reduce the thermal diffusion towards the flow along with this the thermal boundary layer become thinner with the 

increase in the temperature jump parameter. 
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Fig. 13. Effects of 2 on temperature profile. 

The effect of wall thickness parameter  on velocity, temperature and concentration fields is displayed in Figs. 14-16 

for with slip and without slip conditions cases. The wall thickness parameter depreciates the velocity, temperature and 

concentration fields. This may happen due to higher values of wall thickness parameter improve the thickness of the 

boundary. 
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Fig. 14. Effects of 
 
on velocity profile. 
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Fig. 15. Effects of 
 
on temperature profile. 
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Fig. 16. Effects of 
 
on concentration profile. 
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Figs. 17-19 portrays the influence of the power law index on velocity, temperature and concentration fields of the flow 

for slip and no-slip conditions. With the increase in the power law we noticed a fall in the velocity profiles and raise in 

the temperature and concentration profiles. An increase in the power law index reduced the thickness of the sheet. This 

causes to improve the thermal conductivity and mass conductivity of the flow and reduce the momentum boundary 

layer thickness. 
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Fig. 17. Effects of n on velocity profile. 
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Fig. 18. Effects of n on temperature profile. 
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Fig. 19. Effects of n

 
on concentration profile. 

The impact of the thermophoresis Nt and Brownian motion parameter Nb on the temperature and concentration profiles 

for slip and no-slip conditions are shown in Figs. 20-23. It is observed from these figures, we noticed that, for greater 

values of both Brownian motion parameter and thermophoresis parameter, temperature and concentration profiles are 

increases. 
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Fig. 20. Effects of Nb on temperature profile. 
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Fig. 21. Effects of Nb on concentration profile. 
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Fig. 22. Effects of Nt on temperature profile. 
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Fig. 23. Effects of Nt on concentration profile. 

 

The numerical comparisons of, f”(0), ’(0)and’(0) for the different values of M, K, n, Pr, R, Q, , Nb, Nt, 2 ,3 and sc 

are shown in Tables 2 and 3. The variation in skin-friction coefficient, Nusselt number and Sherwood number for 

various parameters are investigated through Tables 2 and 3. The behavior of theses physical parameters is self-evident 

from Tables 2 and 3 and hence they are not discussed any further to keep brevity.  
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M K n Pr R Q    f”(0) -’(0)   -’(0)  
1             -0.834181 0.398791 0.908526 

2             -0.927848 0.343296 0.883731 

3             -0.997758 0.299088 0.866346 

  1           -0.884811 0.369388 0.894937 

  2           -0.965079 0.320003 0.874341 

  3           -1.02679 0.280207 0.859433 

    1         -0.841942 0.182631 0.868854 

    2         -0.84935 -0.140451 0.865783 

    3         -0.85293 -0.374399 0.897 

      7       -0.834181 0.398791 0.908526 

      8       -0.834181 0.39602 0.908356 

      10       -0.834181 0.38907 0.908713 

        1     -0.834181 0.402626 0.909694 

        2     -0.834181 0.403818 0.91184 

        3     -0.834181 0.403553 0.913226 

          0.1   -0.834181 0.402626 0.909694 

          0.2   -0.834181 0.300785 0.940196 

          0.3   -0.834181 0.16256 0.982128 

            0.1 -0.830968 0.464618 0.464618 

            0.3 -0.837381 0.497654 1.1037 

            0.5 -0.843737 0.53058 1.15836 

Table 2. Variation in the skin-friction factor, local Nusselt number and local Sherwood number at various non-dimensional parameters for slip case. 

Nb Nt Sc  2   3  
(0)f    (0)   (0)  

0.1         -0.834181 0.522961 1.23753 

0.3         -0.834181 0.440607 0.976407 

0.5         -0.834181 0.367281 0.860702 

  0.1       -0.834181 0.518833 1.089 

  0.3       -0.834181 0.445606 1.07351 

  0.5       -0.834181 0.381187 1.1183 

    3     -0.829981 0.379027 0.882156 

    5     -0.829981 0.385697 1.0599 

    10     -0.88919 0.510605 1.30746 

      0.1   -0.834181 0.570711 1.07166 

      0.3   -0.834181 0.523056 1.0723 

      0.5   -0.834181 0.481136 1.07357 

        0.1 -0.834181 0.425227 1.98953 

        0.3 -0.834181 0.461043 1.39492 

        0.5 -0.834181 0.481136 1.07357 

Table 3.Variation in the skin-friction factor, local Nusselt number and local Sherwood number at various non-dimensional parameters for slip case. 

IV. CONCLUSION  

 

Numerical simulation was carried out for dimensionless boundary layer equations of convective heat and mass transfer 

of a hydromagnetic and nanofluid past over a slendering stretching sheet with radiation and heat source. It is observed 

from the study that, an increase in the magnetic field reduces the skin-friction factor, local Nusselt number. Increases in 

power law index depreciate the momentum and enhance the thermal and concentration boundary layer thickness. An 

increase in the wall thickness causes to enhance the temperature and concentration profiles of the flow. Magnetic field 

have tendency to control the flow. Thermal boundary layer is enriched by magnetic field. Velocity power index 

parameter and dimensionless velocity slip parameter. Thinner thermal boundary layer is obtained for increasing wall 

thickness, Prandtl number and dimensionless temperature jump parameter. Thinner concentration boundary layer is 

noticed for increasing Schmidt number. 
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