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Abstract:  The sextic non-homogeneous equation with four unknowns represented by the Diophantine 

equation wzkyx 5233 )3(2   is analyzed for its patterns of non-zero distinct integral solutions 

are illustrated.  Various interesting relations between the solutions and special numbers, namely 

polygonal numbers, Pyramidal numbers, Jacobsthal numbers, Jacobsthal-Lucas number, Pronic 

numbers, Star numbers are exhibited. 
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 NOTATIONS 

            nmt ,      : Polygonal number of rank n with size m 

          mnCP ,    : Centred polygonal number of rank n  

           nKy      : Kynea  number of rank n 

          
m

nCP      : Centred pyramidal number of rank n  

        6,,4 nF       : Four dimensional figurative number of rank n whose generating polygon is 

hexagon 

         7,,4 nF      : Four dimensional figurative number of rank n whose generating polygon is 

heptagon 

           nS        : Star number of rank n 

            nPr      : Pronic number of rank n   

            nj       : Jacobsthal lucas number of rank n 

            nJ       : Jacobsthal number of rank n       

 

       

I. INTRODUCTION        
    The theory of Diophantine equations offers a rich variety of fascinating problems 

         [1-4].  Particularly, in [5-6], sextic equations with 3 unknowns are studied for their integral solutions.  

      

 

        [7-9] analyze sextic equations with 4 unknowns for their non-zero integer solutions.  This     

         communication analyses  another sextic equation with 4 unknowns given by    wzkyx 5233 )3(2   
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       . Various interesting properties among theProperties among the values of x,y,z,w are presented. 

           

        

II. METHOD OF ANALYSIS 

The equation under consideration is  

                               
wzkyx 5233 )3(2 

                                                                               
(1) 

where k is a given non-zero integers 

 

A.Case:1 

 

                 Introduction of the transformations 

 

,vux 
    

,vuy 
    uw s 222                                                                                         

(2) 

 

In (1) leads to  

 

 
225222 2)3(3  szkvu

                                                                                                 
(3) 

Let 
22 3baz                                                                                                                               

(4) 

 

Using (4) in (3) and applying the method of factorization, define 

)322()3)(3(3 5 ss ibiaikviu 
 

Equating real and imaginary parts, we get 

)9305)(22(3)4530)(322( 53244235 bbabakabbaaku ssss 
          

(5) 

)9305)(322()4530)(22( 53244235 bbabakabbaakv ssss 
            

(6) 

Using (5) and (6) in (2), we have  

 

)7(

)}9305)(1(3)4530)(3{(2),(

)9305(2)4530(2),(

)9305)(3(2)4530)(1(2),(

5324423523

5324242352

5324142351

























bbabakabbaakbaw

bbabakabbaabay

bbabakabbaakbax

s

ss

ss

 

    

Thus (7) and (4) represent the non-trivial integral solutions of (1).  

 

B.Properties: 

 

  ]764590)[1()1,2()1( 121416 sss
s jJjkx  

                 
)])1((9))1(3(30))1((5)[3( 1

1
13

13
15

15








  s
s

s
s

s
s jJjk

 
 

1]2Pr1862424(5)[3{(2),1()2( ,4
26

6,,47,,4
23  

nnnnn
s tCPFFknw  

                     
]16Pr166)36()[1(3 ,4

27108
,4 nnnnnn tCPCPCPtk 
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)2(mod0)2,2()3( nny  

 

For illustration and clear understanding, substituting s=1 in (7), the corresponding non-zero distinct 

integral solutions to (1) are given by 

 

)9305)(62()4530)(22(),( 53244235 bbabakabbaakbax 
  

)9305(4)4530(4),( 53244235 bbabakabbaabay 
 

22 3),( babaz 
 

)9305)(33()4530)(3[(4),( 53244235 bbabakabbaakbaw 
 

 

C.Properties: 

)]13(45)1)1((301)[62()2,1()2,1()1( ,4
1

12  
 n

n
nn

nn Jjkykyx  

                                      
)]3(9))1((305(2)[66( 2

2
2 nn

n
n

n Jkyjk 
 

]16135)(30)[62()2,1()2,1()2( 412   nnn
nn Jjkykyx   

                                       
)]3(9)3530(2)[66( 22 nnn

n Jkyjk 
 

]24483))()[(3(4)1,()3( ,4,3
4286

,4 nnnnnn ttCPCPCPtknw   

                    
]93382624)[33(4 ,4,3

611
7,,4  nnnnn ttCPCPFk

 

]1515)(5)[3[(6),1(),1(),1()4( ,14
16

,20,4  nnnn tCPttknwnynx  

                    
]13266)23()[33( ,4,3

24916
,4 nnnnnn ttCPCPCPtk 

   
D.Case:2 

 

 Consider the transformations 

vux   ,       
vuy 

,                     uw                                                                            (8) 

Using (8) in (1), we have 

         
5222 )3(3 zkvu 

                                                                                                      (9) 

 

Employing the factorization method, define  

                
5)3)(3(3 biaikviu 

 
Equating real and imaginary parts, one has 

)9305(3)4530( 53244235 bbabaabbaaku 

)9305()4530( 53244235 bbabakabbaav 
 

 

 

Thus, the non-zero distinct integral solutions to (1) are given by  

)9305)(3()4530)(1(),( 53244235 bbabakabbaakbax 

)9305)(3()4530)(1(),( 53244235 bbabakabbaakbay 

22 3),( babaz 
 

)9305(3)4530(),( 53244235 bbabaabbaakbaw 
 

E.Properties: 
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]222226)2()[1()1,()1( ,4,3
9283

,4 nnnnnn ttCPCPCPtknx   

                    
]93126)2()[3( ,4,3

8
,12,4  nnnnn ttCPttk

 
 

 

 

 

]224426))(2[(2)1,()1,()2( ,4,3
9283

,4 nnnnnn ttCPCPCPtnynx   

                                  
]9305))(10[(2 ,4

6
,3,4  nnnn tCPttk

   

]130)5382([),1(),1()3( ,4,4,3,22,4  nnnnn tttttnwny  

                                   
]51026)6([ ,4,3

61211
,4 nnnnnn ttCPCPCPtk 

 

]23466)2([3)1,()1,()1,()4( ,4,3
28312

,4 nnnnnn ttCPCPCPtknwnynx   

                                                
]93126))([(9 ,4,3

8
,12,4  nnnnn ttCPtt

   

]16122266)()[1(),1()5( ,4,3,12,23
1728

,4  nnnnnnnn ttttCPCPStknx

 

                     
]51027))(6)[(3( ,4,3

69
,4 nnnnn ttCPCPtk 

 
 

F.Case:3 

 Write (9) as  

 

1*)3(3 5222 zkvu 
                                                                                                        

(10) 

Write 1 as  

4

)31)(31(
1

ii 
                                                                                                                 

(11) 

Substituting (4) and (11) in (10) and employing the factorization method, define 

5)3)(3(
2

)31(
3 biaik

i
viu 


  

 

Equating real and imaginary parts, we get 

)]9305)(1(3)4530)(3[(
2

1 53244235 bbabakabbaaku 

)]9305)(3()4530)(1[(
2

1 53244235 bbabakabbaakv 
 

 

 

Thus, taking a=2A, b=2B  the non zero distinct integral solutions to (1) are given by  

 

)]9305)(3()4530)(1[(2),( 532442355 BBABAKABBAAkBAx 

)]9305()4530[(2),( 532442356 BBABAKABBAABAy 
 

)3(2),( 222 BABAz 

)]9305)(1(3)4530)(3[(2),( 532442354 BBABAKABBAAkBAw 
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It is to be noted that one may get integral solutions to (1) when k takes odd values. 

 

G.Properties: 

 

 ]130)326(45)[1{(2),1()1( ,4,4
9

6,,4
5

nnnn ttCPFknx  

                    
]}510)265223()[3( ,4,3,4,3

316
,4 nnnnnnn ttttCPCPtk 

   

]224426)2({[2)1,()2( ,4,3
9283

,4
6

nnnnnn ttCPCPCPtny   

                     
]}935101030[ ,4,3

9
6,,4  nnnn ttCPFk

   

 )13030)(15)(3{(2),1()3( ,4
6

,8,4
4

nnnn tCPttknw  

                      
]}16326)(6)[1(3 ,4,3

279
,4 nnnnn ttCPCPtk 

  

]157)826(9)[93{(2),1(),1(),1()4( ,4,3
313

7,,4
4  nnnnn ttCPCpFknwnynx

  

                                                                                         

]}12246))(())()[(99( ,4,3
23

,18,4,20
6

nnnnnnn ttCPtttCPk 

  

 

H.Case:4 

 

Instead of (11) we write 1 as  

     49

)341)(341(
1

ii 


 
Following the procedure as presented in pattern 4 the corresponding non- zero distinct integral 

solutions to (1) are obtained as  

)]9305)(1511()4530)(115[(7),( 532442254 BBABAkABBAAkBAx 

)]9305)(913()4530)(133[(7),( 532442254 BBABAkABBAAkBAy 
 

)3(7),( 222 BABAz 

)]9305)(14(3)4530)(12[(7),( 532442254 BBABAkABBAAkBAw 
 

I.Properties: 

 

 )224466)6()(115[(7)1,()1( ,4,3
8283

,4
4

nnnnnn ttCPCPCPtknx  

                      
]14)918612(5)[1511( ,4,3,24

8
4,,4  nnnnn ttCPCPFk

 

 ]1)43(15)(15)[133{(7),1()2( ,4,3
10

,6,4
4

nnnnn ttCPCPtkny  

                         
]}16326)(6)[913( ,4,3

29
,4 nnnnn ttCPCPtk 

 

)2,2()3( nnz  is a perfect square. 

]15162624[9){12[(7),1()4( ,4,3
313

7,,4
4

nnnnn ttCPCPFknw                            

]]510)1024(3)[41(3}6]612[5 ,4,3,4,3,8
6

,4,3 nnnnnnnnn tttttCPkttS 
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J.Case:5 

 

Consider the transformations 

vux  ,                 
vuy 

,                         
ussw )463( 2 

                                  

(12) 

 

Repeating the process as in pattern 1, the non-zero distinct integral solutions to (1) are obtained as  

 

 )4530)(13(),( 4235 abbaaskskbax
      

                         )9305)(333( 5324 bbabakssk   

 )4530)(13(),( 4235 abbaaskskbay
 

                
)9305)(333( 5324 bbabakssk 

 
22 3),( babaz 

 

 )4530)(3){(463(),( 42352 abbaaskssbaw
     

                 
)9305)(1(3 5324 bbabaks 

 
Where s =2,3,4………… 

 

K.Properties: 

]115)18262424(5)[13(),1()1( ,4,3,17
26

5,,48,,4  nnnnnn tttCPFFsksknx

 

                   
]510]9182)[(3)[333( ,4,3,4,3

9
,4 nnnnnn ttttCPtkssk 

 

]1)43(15)(15)[13(),1()2( ,4,3
10

,6,4  nnnnn ttCPCPtksskny  

                     
]510)1024)(3)[(333( ,4,3,4,3,8

6
nnnnnn tttttCPskks 

 

 ]222226)2()[3){(463()1,()3( ,4,3
9283

,4
2

nnnnnn ttCPCPCPtskssnw

 

                      
]}935101030)[1(3 ,4,3

9
6,,4  nnnn ttCPFks

    
 

 

III. CONCLUSION 

 

       To conclude one may search for other pattern of solutions and their corresponding properties. 
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