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ABSTRACT: In this paper we introduce the new subclasses 53" (u,5,&,a,c) and HI' (.5, &, a,c) of n-uniformly

convex and n-uniformly starlike functions which are analytic and multivalent with negative coefficients. The object of this
paper is to study of the application of incomplete beta function @,{a,c, z) to n-uniformly convex multivalent functions

and obtain several properties of the subclasses 57 (w, 5, &, a,¢)and HI (w5, & ,a,¢) .
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I. INTRODUCTION
Let Alp) denote the class of functions f{z) of the form

flz) = 22 + Bio,@ez* (1)
which are analytic and multivalent in the unitdisk U= {z:z € C and [z|< 1}forp € N
Let T{) denote the subclass of A{p) consisting of functions of the form
flz) = 28 = Xi_,q0e2% , 0y 20 )

—_

Definition 1.1 : A function f{z) € A{p) is said to be n-uniformly starllke ofordere (—-p=a =p),n=0

D_ g}z nle

and z € U, denoted by UST (e, n.p) if and only if FEE*L ’; = — '.t‘f|

4 I-\.'z. ‘I "I

Definition 1.2 : A function F{z) £ 4{p) is said to be n-uniformly convex ofordera (—p=a <=p),n=0

and z € U, denoted by UCV{e,n.p) |fandonly|fRe [1+ ;. 1w1|l+% (=) —’.t}|

=) Friz)
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Definition 1.3 : A function f{z) £ A(p) is said to be n-uniformly close to convex of order o
(—p=a =p),n=0andzc Uif

I :Z\
Re [f . f—af) =n

ot

Ly
m
=

The incomplete beta function @ {a, c, z) is defined as

oo

k=p+1

neR®,ceER—-{0-1,-2, ..}zl

where (a)y=——=ala+1{a+2)..{a+k—1) and (a)y =1

L, (a,c) which is motivated from Carlson Shaffer operator defined by

L(a,c)f(2) = ¢yla,c,2) « flz) = 2P + Nz, = a.z¥ fFeAlp),zeU

Definition 1.4 : A function F{z) £ T{p) is said to be in the class S2*(u, 5, £, @, c) if it satisfies

h

= (p—m
(Lpla,c)f(z))’ P / s
=n oo i - - o r v ol —_
a [EIL'_,:QJC}":Z”-.‘l [Z:__L:_,:__QJC}F:__Z,I)I 1 \) P I
- o= m M TV e A W m
(Lyla,clfiz)) : . (Lpla,clfiz)) P /

Where 0 < f =p,-=f=1-1=p<0,0=8=1,n=0peN,zeU

my

Definition 1.5 : A function f{z) € T(p) is said to be in the class H*(u, 5, £ ,a,c) if and only if zf'(z) isin

™

the class 55w, 5., a,¢)
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Il. COEFFICIENT ESTIMATES

THEOREM 1. A function f(z) € T(p) and defined by f(z) = z¥ —Ei_, . 8,2% , ax =0 isinthe class

Siu,B,&, a,c) if and only if

==

Z (@)x-p (’1) k—p)1l+n)+ [k—p— 28k —m— w]ipn + £)lay

(e
k=p+l - Jie-p

Py .
=2 (p—m—pulipn +
£ (m) (p—m— wWipn + )
PROOF: A function f{z) isinthe class ST (i, 5,& , a,¢)
Therefore we have

Z{.]:Lp{-ﬂJ C}f{?}} i (p—m)
(Lpla,c) flz))™

Re

Z{L,‘J {.IQJ C}f{z}} mrl 2.'{_.JT_.;_;l {:ﬂj C}fﬂ:z}} m+l
( (Lpla,c) flz))™ - ﬁ‘!) - (

z(L,(a,c)f (z))™*2

= ~ - — — fp —
(Lpla,cifiz))™ (p—m)

Apladfzn™ ‘:p_m})

/

- z(L,(a,cif(z))m™*1 (L@ )flz) ™t
2 ( P - ,u) - ( {L'; G OF {p- m})

(Lpla,c)flz))™

Using the fact for , —m =< & < @

Re(w) = nlw—p|+§ = Re[w(1+ne)—pne®] =g

Letting
gilplacflzp™+= .
— o lpmm)
W= (Lplac)fz)™

. |-'z:L; (e flzp s (z(Lplaclf i) T
- - — — g =
" Lplacfiznm BT

— g —a11} |
2 (p—m) |

Lpla.clflzn™
Therefore from (1.2) we have

Zﬂ:J.T..p{.ﬂ, o)f ‘:_Z}} m - (p—m)
L @afn™ P

z(L,(a,c)f (z)) ™+ 2(L,(a, O)f (z)) ™
( (Lula,clflz))™ N ,u) - (

Copyright to 1JIRSET Www.ijirset.com

Lylacfiz)™ - m})

............................. (1.1)
......... (12)
(1+ne®)—pne'® —g| =0
................ (13)
3455


http://www.ijirset.com/

[JIRSET ISSN: 2319-8753

International Journal of Innovative Research in Science,
Engineering and Technology
(ISO 3297: 2007 Certified Organization)
Vol. 2, Issue 8, August 2013

= (@) (K )
(Ly(a,)f(2))™ = p) p-m _ Z L( )ﬂkzx-m

m (E)g—y M
Kopet - }m o
. - - - e — \_ﬂ = 4 - Te g —
(Lyla,c)flz))mt = (p):;}—m}zr’ m=1 Z . *J( )n:j-'c—:rn}akz“’ m-1
m ()g—p \m
k=p+1
- ‘__ } Ii"-
. ) ) o (@) p—p (kY o
z(Ly(a, c)f (2™t = (p) (p—m)zF—™ — Z —= ( ):}c —m)a,z< ™
m ey (€)g—p \m
Lk=p<+

. : . : oy = )
. ; ; me1_ i ; . _ ik —p . k—m
z(L,(a, c)fi(z)) {(p—m) (Lp (a,c)f :hz}) = | _E 1 —‘:E}k—p (m) (k —pla,z

k=p+

2(Lar@) " ~u(Ledr®) |- (Leor@)" - @-m(Laare)]

I‘E'

{ J[’TL p— 28k —m—pla,zc™

=26(3)p-m -z B

From (1.3) we have

{.ﬂjk—p k™ ra P
e (k- e

a},c -

Ef(;:‘]tp — M — 'ujlz?-i'—:'."_ + EI{ ne lT—}— (:i:l [.iu_ —p— ch{_.if —m — 'u}]ﬂkzk—?.“.

Re

(1+mne®)

—pne? —g| =0

The last inequality holds for all z € U/ . letting z — 1_ yields

- {a),—
k=pt 116} : (;m]:'i" p}ﬂ'

Re {l +n€fﬂj_meiﬂ_ﬂ

a},c .

2 —m= )+ T 7y, (e —p =28k —m = w]a
=0
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. —Eip_;% I:::Ii'h — piagl + ne'®) — (pme' + 5) [:E(f]l’tﬂ —m—p) + X ES‘::; I:;C;J[rlf —p— 2k —m —_;:jl]r:;h.]
g - _ -

et d f:llf":l —m =i +E;T=;,_:ff{|—|:§ [;'f;][k —p—2Hk—m—u)la;
=0

By mean value theorem we obtain

o (@rep (kY. L _ - )
;{Z_im (m) {k—p)1+n)+ [k —p— 28k —m— wWlipn + fla,

Py )
=2 (p—m— ul +
£ (m) (p—m—pipn+ f)
COROLLARY 1.1:- flz) € 57w, 5,&,a,¢) then
ﬂ-l-

(i 2807 ) (pmm—iizn=5)

. T P ST PEr T
L= '._,,,_':.'m—_-u'~1—i’._.—[-n—_..f—2~_L-n—r.“'.—_u._,]'\_..,r.—,.,_._.

COROLLARY 1.2:-forp =1,m =0 we have

. T,
(Elp_y 28 1—{nt+g)

k=1+p

P FE Y - - - - P £y ] —
(8) 5y L k=) (14m) +k—1-28(k—p) ] (n+5)]

COROLLARY 1.3:-forp =1,m =1 we have

.

(a),_, Q-1 4n) —[ke—1—28(k—1—p))(n+8)}

(c) Ly 2ZEuin+p)

ﬂk{

=

THEOREM 2. A function f{z) € T(p) and defined by f{z) = z¥ — Ei_,24ax2% , ax =0 isintheclass
H (w5, &,a,c)ifand only if
N {ﬂ}k—p k - - . .
Z P ( ) Hik—-pl+n)+k—p—-28k—m—l{pn+ §)la,
(€lp—p \m
k=p+1
Py B
=2 i —m—upn +
f(m) plp —m — p)(pn + £)
PROOF: A function f{z) is in the class HJ* (1,5, ¢ ,a,¢)

Therefore we have zf'(z) isin class of S7*(x,5,£ ,a,c)
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Let 9(2) = 2f'(2) =p 27 — ey k a2

z(Ly,{a, ) glzn™*t
Llacgzy™ WP -m)
z(Ly\a,c)g(z))™*1 2(L,(a,g()™1
( e g™ * ) _( Lylac)glzl™ ‘“p_m})
z(L,(a,c)glz))m™*t
L@ cglzn™ WP -m)

Be

;

= — - — — —p| +
=" 5 z:;LpthaJc}gthz}}’-“-‘i_ B z:;L;,:‘a,c}gthz}}m'i_ w—m) pI+E
L la g™ * L lacglzn™ P
............................. 2.1)

Using the factfor , —m =< & < @
Re(w) = nlw—p|+§ <= Re[w(1+ne®)—pne®| =5 (2.2)
Letting

zilpladg@y™:

: Loaogzy™ 2™
W= ElpangEn™ .\ (lpaog@iTr
2\ Lptaagmm ) dpmagmm - PT)
Therefore from (1.2) we have
z(Ly,(a,c) g(z))™1 p )
(L (a,cgznN™ pm . .
R — ——F_ - — . 1+ne®)—pne® —g| =0
¢ z(Ly(a,c)g(z))m+1 z(Ly(a,c)glz))™t (1-+ne®®) —pne A=
Leos™ *) "oy ~ ™
................ (2.3)
1 as@y = (o S O () g
‘1"1 : ‘ :'..= S - IEL- , =7
1 ws@)= ()perm 3 TR (e
k=p+

o . _ - @)y kN . 1
(Lyla,clglz))™t = (i)p{p—m}z“"-“—‘l— Z 2 ( )Hk_m}ﬂkz.c—mq

(C)y—p \m
k=p+1 D=
= .
S . : (@y-p (K, ,
z(Ly(a, c)glz))™ ! = (p)p{:,t}— m)zETm — Z =78 ( ),E.L-Uf —m)a,zFm
m s tc}k—p m
K=pt
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oo

- - - _— - - - m ‘\.ﬂ]h - 'E'- - | P—
z(L,(a, cglz) )™= (p —m) (Lp:ha, c}gtz}) = - Z ﬁ (m) kik —pla,z™

k=p+1

2(Ly(@9) " = -m) (Lo e@) |

: (LP (@)g {Z})m_l —u (Lp {a,c)g(z) :'m] _

ia)y—p

=28(P)plp—m—-wzF "+ T . TR (% )klk — p — 280k —m — W]agz*™
From (2.3) we have
- {a), .
k=p+ 1‘E}i : {mjﬁ¢& P}ﬂ Zk ™ .
Re a} {'l + ne:‘g]
26(P)plp —m—wz" " + Bi,s u—% (E )kl — p— 28 (k —m — w)]azz*™™
__anjE__ﬂ = (
The last inequality holds for all z € U/ . letting =z — 1_ yields
- 3_:# Vk(k — plag
(i m o .
Re ’g"l (1 +ne®)—pne®® —g| =0
2{{:‘: Jplp —m— ) + X7, P+l I\.'::I:_ﬂ { Jelk —p — 28k —m — w]a;
. |f'r:|,L - . |f'::|'L . . )
~ LT :Ir'li_'r'f—;ﬂ,m;_.lil+?*'s ]—{ﬂ?'s +3|[ f[ :Iﬂi":: m-— LL|+E,__3_TI: :Ih[k—:::—;flfr'c—m—_u,l]n;_.]
He @ns -
2E(C o —m—uw)+ Tipes i.rl—"-[ K[k —p — 28k —m — w)]a;
=0

By mean value theorem we obtain

Z o ﬂ(n;)h{m =P+ 4 [k —p =280 —m = @]pn + F)lax

(Cx—p

k=p+1
Py, )
=2 (p—m—wWpn +
£ (m) plp —m—p(pn + )

COROLLARY 2.1:- f{z) € H"(u, 5, & ,a,c) then
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o = (£)iey 2802 Jmlm—m—iimn+£)
o= T YT e e e -
" (o) gl ,,_,__I-c-_L-c—;.;,'L‘l—r:;—[-c—;.:—-;k-c—.*r'.—_u;]";.;r:—_.f;]
COROLLARY 2.2:-forp =1,m =0 we have
(€)yey 260-(ntf)
0y = - e ——  k=1+p
Cadg_g Lo SRl C—1001 +n) +[e—1-280 k-] in+50]

COROLLARY 2.3:-forp =1,m =1 we have

(e}, 2Euin+f)
ﬂk E . " = 15 ™
(@) _y k{(1-0) (1 4n) - [k—1-28(k—1-) ] (n+5)}

I11. GROWTH AND DISTORTION THEOREM

THEOREM 3:- If f{z) €57 (1,5, ,a,¢) then

217 — 1217+ - iy 2L)& = 0n 2 ) < IF(2)]
P O 172G m I 2
_ 2(P)p—-m—w(pm+p)

@1y (k=)L) + [k—p — 26(k—m—w)](pn+ A))

< |z|? + ||

With equality hold for

s 26[‘;}(1} —m—p)(pn+ 8)
(@, (=) +n) +[k—p—2¢(k —m — )] (pn+ H))

f@) = 27— 27

PROOF :- f(z) ST {(u,(,&,a,c)

Therefore from (1.1)

:..ﬂ\l_
Z :If{ E ){ E—p)l+n)+[k—p—28k—m— wlipn + 5)la,

=2 (1}1 p—m— ulipn + §)

m

Therefore
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i ) (), 26(E)(p—m— ) (pn+ B)
a": = \ & ’ : ’ . 1
@, CHe—p)(1+n) + [k—p—2¢(k—m—w)](pn+ F))
flz) = z¢ — Z apz®
k=p+1

F(@l = |z” - Z lag| |2* = |zP —|z|P** Z ||

k=p+1 k=p+1

. (), 2¢(2)( —m — p)(pn +6)
= |z[P — |27 - -
(@, CHE=p)A+n) +[k—p-2¢(k—m—w](pn+ 5}

Similarly

o =
F@IS 2P+ ) layl l2* <12l + 12177 ) eyl
k=p+1 k=p+1

S (O, 26(2) G —m = p)pn + )
N (@, (HE=p)(A+n) + [k —p—28(k—m— )] (pn+H))

Therefore

B 541 ::'5:';-_;; 25[1}(1} —m—u)pn+f)
A @y (N =p)(A+n) +[k=p =280k =m = )] (pn + )}

P (p 26(2) 0 —m = W) +5)
=l (@)y [1}{“_ pl(1+n)+[k—p—28(k—m— w)](pn+ )}

= |f(=)l

THEOREM 4:- If f{z) € H™ (1,5, & ,a,c) then

o loipet (ey 282 )p(0 —m = w)(pn + B)
S (@ (S)R(k—p)(1+n) + [k —p—26(k—m—w)](pn+ )

e et (©ey 26(2)plo—m—w)n + 6)
= |z[" + |z| (@), (f{(k—p)(1+n)+ [k—p—2:(k—m— )] (pn+ B}

= |r(z)]
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With equality hold for

(€, 2600 )P0 —m — W)(pn +6)
(@),_, ()k{(e=p)(1+n) + [k —p =28 (k—m = w)](pn+ £)}

fl) = 27— =7

PROOF :- f{z) E H™(u 5, & ,a,c)

Therefore from (2.1)

= (@my (K _ B __
k;—1 {:C}k—p (’m) kk—p)1+n)+ [k —p—28k —m— w](pn + §la,

=2¢(" )l —m - wipn+ 5
Therefore
i B (©)y_p 26(C)p(p—m —p)(pn + )
dy = T
@y, Gk -p) (1) + [k—p —28(k —m - )] (pn+ )}

k=p+1

o L=
L 1
F@Iz 2P = ) layl l2* 212l ~ 12177 ) eyl
k=p=+1 k=s=+1

@4y 2600 —m— W) pn + )
(@, ()elle=p)(A+n) + [k—p — 2¢(k— m— )] (pn+ B))

= |z|P — |z|

Similarly

o L=
L 1
F@IS 2P+ ) layl l2* <12l +121P7 ) eyl
k=p=+1 k=s=+1

@4y 2600 —m— W) pn + )

S @,_, (De{(e=p)A+n) + [k—p - 26(k— m— W] (pn + )}

Therefore
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(), 2600 )P0 —m —w)(pn + 6) 170
(@, (){(ke—p)(1+n) +[k—p—28(k —m — )] (pn+ )}~
() 26 )00 —m— W)pn +5)
(@, ()e{(ke=p)(1+n) + [k—p — 28(k— m— )] (pn+ B))

2I” — |27+

< |z|P + |27

THEOREM 5:- If f{z) € S (i, 5, ,a,¢) then

(e 26C )0 —m—wn +B)

(@), (){(k=p)(1+n) +[k=p—28(k —m = w)](pn + £)}
(@, 26 ) (e —m— W) pn +5)

(@, GHE=p)(A+n) + [k—p = 2:(k—m—w)](pn+ B)}

plzlF™ = |zI?

= |f(2)

SplzlT + |z

With equality hold for

(©yp 26 )0 —m—wpn+4)

e, G =P +m) + k= p =2k —m =] Gn+5)]

PROOF :- f(z) € Iu,[,&,a,¢)

Therefore from (1.1)

= {ﬂ}k—p k . ) . i
k;-i G- () Ge=p) () + [ = p = 2606 = m— W)]Gon + Pl

=2(")o-m-wen+p

Therefore
i (©)yy 26(5)p—m —p)(pn + B)
L @, (- )+ k- p— 28— m— )] (pn + 5)}
flz) = z¢ — Qpz¥®
k;—i
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a0

filz) = pzP~1 - Z ay kzF1

k=p+1

FOIzp P = ) lal k2 2 plzlP7 = 2P+ p) )l

k=p+1 k=p+1l
(@ 26() 0 —m— W) pn +5)

B S M ) PR Tt W PRSRET PRE e)

Similarly
FOIp P+ ) lalk 247 S plzP7 + 2P +2) ) ol
k=p+1 k=p+1
- , (©,, 26(C)p—m— ) @n+p)
= plzlP™ + |27 - - .
(@,_, =) (1+n)+ [k—p—2¢(k—m—w](pn+ )}
Therefore

(€, 26 )l —m—pwpn+p)

(@),_, (D){(k=p)(1+n) +[k=p—28(k —m = w)](pn + £)}
(@, 26 ) (e —m— W) pn +5)

(@, GHE=p)(1+n) + [k—p - 2:(k —m— )] (pn+ B)}

plzlF™ = |zI?

= |f(2)

SplzlT + |z

THEOREM 6:- If f{z) € H* (1,5, & ,a,c) then

. , (0),_, 28(5)p(p —m — @) (pn+ B)
plz|P™t = |z|P - -

(@),_, ()e{(e—p)(1 +n) + [k~ p 28k —m— w)](pn+ £)}
< plzr?

= (2

(@, 26(2)plp—m— w)(pn +B)
(@), ()ele—p)(A+n)+ [k—p — 28(k— m — )] (pn+ B}

__|Z|P

With equality hold for
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(€, 26(2)p(p —m — W)(pn +6)

f@)= 27—z (@,_, (C)ellk—p)(1+n) + [k —p - 26(k—m— w)](pn+ )

PROOF :- f{z) E H™(u A, & ,a,¢c)

Therefore from (2.1)

o (@pw (BN _ B __
k;—1 (Ce-n (’m) k{(k —p)(1 +n)+ [k —p—28(k —m — w)](pn + §)}a,

= 2¢ (i) plp —m — p)(pn + £)

Therefore
i B (©y_y 28 )0 —m —w)(pn + §)
by = T
T (@, (G- A+ n) + [k—p—2¢(k —m— )] (pn+ 5))

k=p+
flz) = zF — Z a,z®
k=p+1

filz) = pzP~1 - Z ap kz*1

k=p+1

F@OIzplzP = ) el k|25 2 plzPT = 2P (i 8) ) e

k=p+1 k=p+1
v—1
=plzl?

(@, 26(2)plp—m— w)(pn +B)

T o OG- P+ h—p— 22— m -G+ A}

Similarly
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PP+ ) lalk 2478 < plzPP7 + 2P (e +2) ) gl
k=p+1 k=p+1l
< plzlP?

(€, 2¢(5)plp—m—w)(pn+5)

T o MG -p A+ h-p- G- m -G+ M)

Therefore

- , (©),, 26(C)plp—m— W) @n+ )
plz|P7t — |z]? - -

(@,_, (){(k=p)(1 +n) + [k—p —2¢(k —m — )] (pn+ )
<plz

= | (2

(€, 2¢(5)plp—m—w)(pn+5)

T o MG -p A+ h—p- G- m -G+ B}

1V. RADII OF CLOSE-TO-CONVEXITY, STARLIKENESS AND CONVEXITY
THEOREM 7:- If f{z) €57 {u,5,&,a,¢c) ,then f is close to convex of order = {0 = =X 1) in
lz| <=n{pnmé,ac,x)where

nipnmé,ac,x )

_inf ’({ﬂ}k-ﬂ (,'.;) (p—oc{k—p)l+n)+[k—p—28k —m—p]l{pn + ﬂ}})ﬁ
R\ 26k (2)(p—m— W pn + )

m

I'I-' Y
PROOF:- It is sufficient to show that |f,—f -p
gF-t

‘:i p—Dc

}f‘-"xz; — pz;:—:l — Z k ﬂkzk_l
k

:.1_;—1

) N -
k=p+l
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ff': :' - oo . —u -
o —p| = B eaklal 2P < p=t o (7.1)
from (1.1)
— (@uep (kY. _. __
Z — ( ) k—-p(l+n)+[k—p— 28k —m— wl{pn + f)la,
=y (€)x—p '\m
k=p+

= Ef(i) (p—m—wipn+ )

That is
S i (4 () (= 2 wn )
S (€)x—p '\m 2&{;] (p—m—p){pn+f) o = (7.2)

Observe that (7.1) is true if

Kz Z (@), (kj{tk—pjmnw[sc—p—ch(sc—m—mpnmj}

) ::c}:l__; h Zf[fﬁ}[p —m—p)pn+ §)

- (‘:ﬂ}:-—_: (ﬁ] (p—e){(k—p) (1 +n) + [k—p - 28(k —m — @) ] (pn + 5)})ﬁ
28k(7)(p—m— p(pn + ) ‘

m

(p=k,p.k € N, which complete the proof.
THEOREM 8:- If f{z) € ST {(u,f,£,a,¢),then fis starlike of order & {0 = &t <X 1) in
|z| < p,n,m,E&,ac ) where

rnipnmé, ac, o)

1
_inf ({ﬂ}k_;, (f'-:) p—oflk—p)l+n)+[k—p—28k—m—w]ipn + ,ﬁ‘}})ﬁ
Tk ANk (k—02¢(P Jp—m —w)(pn +B)

m

PROOF:- We must show that
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zf (z)
@ F

= p—X

zf(z) — p flz) = pz? — Z ka,zF—pzfP + p Z ap,zF¥= — Z (k —pla,z¥

k=p+1 k=p+1
We have
ol PR e TS e o
Hence (8.1) holds true if
k=gt Wk —pllag| |z| ¥ = (p—o) (1 - E§=p—1|ak||z|k_p)
Or equivalently
E e 1:‘:—x|a,c| lZ| %72 =1 (8.2)

From (1.1) we have

i (@) r,( ){m pil4+n)+[k—p— Efth—m—#}]mn+ﬁ}} ‘o
m S

S ltc},c » Zcfl[ ]:p—m—y}:;m+,l5‘}

Hence by using (8.2) and (8.3) we get

(k=) ey o (@i (‘fjl {k—pa+n)+[k-—p-28k—m—wlpn + )}
(p—) |z : (©O—p \m 25(;]@1— m— ) (pn+ 8)

R

(@)is (rf) p—o{lk—p)A+n)+ [k —p— 28k —m — w)](pn + 5}
(€)e—p \m {k—D(jEf(;]{p —m—wl{pn+ 8)
1
(@, [k ( J (p—of{(k—p)(1 +n) + [k —p—2¢(k —m - u}](mw)})r
m .\k—ocﬁcf(m)[p—m—y]:pn+f5‘}
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(p=k,p,k € M), which complete the proof.
THEOREM 9:- If f(z) € 57 (u,5,&,a,¢) ,then fisconvex oforder o {0 =ot=1) in
|z| < ry{p,n,m,&,a,c o) where

nlpnmé, ac, o)

_inf ’(‘:ﬂ}k—p (r-:) plp—o){(k—p)(1+n) +[k—p—28(k —m —p)]pn + ﬁ}})“iT?’
Tk \ -y k(k—e)2¢(7 Jp — m— w(pn + §)

m

PROOF:- We know that f is convex if and only if zf' is starlike

We must show that

Where g(z) = zf (z)

glz) = pzF — Z ka,z*
k=p+1

zg'(z) = p* 2’ — Z i a, zF

=g+l

zg(z) — p glz) = pPzF — Z kla,z¥ —p?zP+ p Z kagz¢ =— Z klk —p)a,z*

k=p=1 k=p+l k=p+1
29 (2) _ ‘ — —Xipsa Kk —p) @, 2° Yy k(k—p)la,||z |F® -
9@ P —Tineka s |7 p-Ti kgl T

Therefore we have

D kk=pladiz<? < (p=0dfp = Y klagllz[<77]
=p+1

k=p+ k=p+1
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Simper e @2 FF 2L i (0)

From (1.1) we have

Z ﬂ)fc,J[ {k—p)l+n)+k—p- ’ftc—'nz—,u];ml+-5’;} s o
1}1 B s v i S

et Orms 2:(2)p—m—pwpn+p5)

Hence by using (9.1) and (9.2) we get

(ke—o) ’:a:'a-—_;(kJ{(-'f—’.t})(l+ﬂ)+[-'f—’.t}—ff(-'f—m—.M)](’F?HJFJ’J’]}

plp—oc) (€) ey \m 26(F)(p—m— ) (pn + )
1
a)_, [ k )p:j';o—-x}{[.t —p)l+n)+[k—p—28(k—m—p)](pn+ J’J’)})’*“?’
), \m

p ke(k—0)2¢(2 ) (o —m — ) (pn + B)

(p=k.p.k € M), which complete the proof.

V. CLOSURE THEOREM
THEOREM 10 :

-3 TR Ch—m) (1 n) +[h—p—28 T —m—p) 1 +500 T
Let £,(=) = 2% and () = 77 — —=(3) T el ok for kzp 41

— L

Then f(z) €5*(u,B,&,a,¢) ifandonlyif f(z) can be expressed in the form
flz)=2f(2) + X0, Aefi (2) where 4, =0 and 4, + Xz, 4, =1
PROOF: - Suppose f[::l can be expressed in the form

flz) = A + X Afi (2)

5 'iﬂ{':.—_: [} [he—pii1+n —[n—_'— fk—m—w]lp ""—u;}__:{]

PR 43
£(2 ) ip—m—pd (pn+f)

Ll MBI
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o N, @ 1y (GG ¢ e p -2k =m = D]Gn + £))
s Y a=()

(€),_.. Ef( )E:p—:rn—y)tpn+ﬂ}
k=n+p
Then
= () {(k—ed(14n) —[u—"—" 'u—r'—uv']':i:—;i"} 2y 2 I ) (B—m—p) (g Sk
E.c ntp Tk [ } ||v_i.-u- O isn+E) Il:g:-:‘: i |'l—~' (14m) —[“—*—2 l.l—r:-—.,.v-lzr—y}

Therefore f(z) €S (w,5.£,a,.¢)

Conversely, suppose that f(z) €S5™(u,5.£,a,¢)

We have
(@), (k {(k—p)(1+n) +[k—p—26(k —m —1)](pn + £))
fy = = J - -
G 26(P)p—m—w(pn+ )
We take
] (©y 26 ) —m =) pn + 5)
Ay = - iy,
@ G-+ n) + k- p - 28(k—m = )] (pn+ B))
k=p+1land Zfzpﬂlk = 1—,?11
flz)= z¢ - a,z"
k;1
_ . @y () L) () lempm2beomm]Grn) e
= z¥ _Zk=p+l ~ (w) 26(7 ) (omm—s) (o2 8
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=

=zP — i A [22 = (2] =27 |1— Al - i A fi(2)

1 k=p+1 k=p+1

oo

=Af(2)+ Z Aefi (2)

k=p+1
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