e-ISSN:2320-2459

Research & Reviews: Journal of Pure and Applied Physics p-ISSN:2347-2316

On the Changing Wigner Stability of lon Acoustic Soliton in a Four
Component Incoherent Plasma and Akhmediev Breather
Chowdhury ARY*, Chaudhuri S*, Chowdhury KR?

Department of Physics, Jadavpur University, Kolkata, India
2Department of Physics, High Energy Physics Division, Jadavpur University, Kolkata, India

Research Article

Received date: 24/02/2021 ABSTRACT

Accepted date: 23/03/2021 We have analysed a situation on a four component incoherent plasma which

Published date: 03/04/2021 shows interesting patterns in Wigner stability as the electron-ion temperature
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*For Correspondence Nonlinear Schrédinger equation is deduced with the help of Krylov-Bogoliubov-

Mitropolsky (KBM) approach. In the next stage we show how to take care of
incoherence in the density profile with the help of dynamical equation for the
correlation function <R(x,t)R(x’,t')> with the help of Wigner-Moyal transform. It
is observed that even this equation can be linearized to study the modulational
stability which is actually Wigner Stability. An interesting and new feature is that
when the ion-electron temperature ratio changes there is a change of stability.
As such we get a switch-over from bright to dark soliton. A similar phenomenon
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plasma, Akhmediev breather solution. have also seen that our NLS equation also support a very new kind of breather
soliton known as Akhmediev breather.
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INTRODUCTION

Research on electron-ion-positron plasma has gained momentum due to observational evidence from solar atmosphere!!
and pulsar magnetospherel?. We are actually referring to the viking mission and Themis experiments. The physics of collective
behaviour in such an nonlinear plasma has been analysed with the study of various types of acoustic waves. Sometimes in
natural environment or laboratory plasma high energy particles can coexists with isothermally distributed particles and as such
the resulting distribution may not be a Maxwellian one. These are actually described by kappa distribution®, which was initially
introduced by Vasylinuas!¥. These types of distributions occur as a result of external forces acting on plasma. The most general
form of such a distribution is given as:

(7x0°)y""T'(k—1/2) K6

where 0= [(2K—3) / K]V; is the effective thermal speed, T" is the standard Gamma function, 7" is the temperature. The
most important parameteris K which is the measure of the slope of the energy spectrum of the superthermal particles forming the
tail. The investigation of the lon-Acoustic Wave (IAW) has been carried out for oblique propagation by Panwar®. On the otherhand
in many situation of astrophysical significance it is found that the electrons can have two distinct temperature distribution. Such
situations have been analysed by Baboolal®™ and Shahmansouril®. On the otherhand our motivation in this paper is to study a four
component plasma in presence of superthermal electrons when there is incoherence in the plasma density distribution. Such a
phenomenon usually leads to a statistical description which have been taken care of with the help of Wigner-Moyal formulationt™.
The governing equation of the correlation function is analysed for the existence of modulational stability. It is seen that the type of
stability changes both with respect to the parameter K and the electron-ion temperature ratio. So that here we have a transition
from the bright to dark envelope soliton. Over and above we have found that the NLS equation do support a new kind of breather,
called the Akhmediev breather® which shows quite interesting behaviour with respect to plasma parameters.
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FORMULATION

We consider an unmagnetized system comprising of warm adiabatic ions, isothermal positrons and two temperature
superthermal electrons.

At equilibrium the quasineutrality condition:
Mo +1,0=n,,+n, (2)

Where n,,,n_,.n.,7,, are respectively equilibrium densities of warm ion, positrons which are isothermal and superthermal
cold electrons and hot electrons. The normalized hydrodynamics equations governing the plasma are:

%+%(niui)—0 (3)

2

Z—fzn5+7/nh—0'ni—(l—a+7)np (4)
X

2

2?—}1 +yn, — n,.—(l—0'+7)np

For inertialess cold and hot electrons the number densities are:

p (=x+1/2)
— — = 2

L (~x+1/2)
nh:[l—iJ =1+ Cup+C,1i°¢> +---
K—3/2

Similarly for inertialess isothermal positrons

n, =exp[-Ag]=1-1¢+ l% ﬂ? +-0 (7)
So, finally the Poissons’s equation can be written as:

yf—l+7 n—on+yd+r.d +yp o (©)
Ox

Where:

n=1l-oc+y

7 =G +C+ni
v, =y’Cy+Cy—nA? /2
V3 2}//13C3 +C; /ZAA

9)

here, a =T, /T,, y =ny/n,, A=T,/T,, 0 =ngy/n,, pu=T,/T,.Inthe above equation, 7, is the ion numberdensﬂy
normalized by its equmbrlum value n,,, T is the ion fluid speed normallzed by the ion-acoustic wave speed C= (T /m, )1/2
T Tl and 7: are the corresponding temperatures of the cold, hot electrons, isothermal positrons and ions. The correspondmg

_ / m,
time and space variables are normalized by a)pl.l = 4—2 Instead of the usual reductive perturbation approach we proceed
we'n

with the Krylov-Bogoliubov-Mitropolsky (KBM) approach®*?, An advantage of the KBM method is that it is conceptually more
natural that the derivative expansion method where one needs to introduce artificial multiplicity of the independent variables. The
basic assumptions of the KBM method is the annihilation of secular terms.

In the present case KBM method dictates that n,u, and ¢ are expanded as:
¢ = €¢1 (aaa*a l//) + 62¢2 (Cl, Cl*, W) tee
u=eu(a,a*,y)+eu,(a,a*y)+-- (10)
n=1+en(a,a*,y)+en,(a,a*,y)+--
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In the above expression ¢, u and n depend on x and t only through a, a* and y, where the complex amplitude %(or  *) is
assumed to be a slowly varying function of (¥, t) defined by the relations

% = €A (a,a*)+€ A, (a,a*)+---

0
a—z =eB,(a,a*)+¢ B, (a,a*)+-+-

(11)

Together with the complex conjugate of equations 11. The phase y = kx — ot , remains unchanged. The unknowns functions
B1 , B1 , A2 , etc. should be determined so as to make the equation secularity free. Substituting equations 10 and 11 in the basic
plasma equations we get in first order of €;

2

k . .
n = ?[a expliy/]+a* exp[—iy]]

ko . .
u, =?[a expliy]+a*exp[-iy]]; (12)

¢ =[aexpliy]+a*exp[-iy]]

along with the dispersion relation:

o

= = L " L " L N L .
0 os 1 15 2 15 3 a5 4 45
k

Figure 2: The plot of dispersion relation in case of o0.
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Next proceeding now to second order in €, we get:

¢, = a’a, exp[2iy ]+ b,(a,a*) expliy ]+ S, (a, a*)

n, = a’a, exp[2iy ] +iBb,(a,a*)expliy ]+ 5, (a, a*)
u, = a’a, exp|2iy ] +iBb,(a,a*) expliy ]+ 5, (a, a*)

where;

4

2y25—‘?§(3w2 +Qx)

.
—— =08
———o=10

7=12

o, = 15
: K'o—yS -4k’ o)
4K* +,
a, =0, ——— (16)
o
® ‘w
ay=—o (4’ +y)——5 (A7)

At this point one may note that the differential equation for ¢, can be written as;

_7/1(602 _k2Q)}¢z

63

ok’ o +k (0 —kK*Q) 3
oy oy

2
= exp[it//]{—fll (20-;)1{ ] + B, [ZkS —ok—-

From which one can observe that the term &P [i¥] is secular and so its coefficient should vanish and we get 4 +vgB1 =0

, Where Ve is the group velocity.

, 09 =8 o

g owk
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*b,” has been undetermined and is taken to be ‘0’. 0,, J;, J, are to be fixed by secularlty conditions arising at higher orders.
We now proceed to the terms in third order of perturbation that is terms with coefficients * e ". This leads to:

oy _ O

dy oy
a)au3 —k 9, -Qk on, =L, (23)
oy oy oy

¢,

=L (22

—5ton,— 7o, =L, (24)

Where L1 , L2, L3 are very complicated expressions given in the appendix. After the elimination of unwanted terms, if we
again impose the non-secularity condition then we get:

8B — OB,
' oa*

where the coefficients P, Q, etc. are written as:

i(A, +VB)+P( j+Q|a| a=0 (25

26
P =" —k*Q+wov,b, - 0ob, + kov,b, —koQb, (26)
0=Q2y,-3 o) - Lawokia. — w'okia, — K k*oQ
=2y, -3y @ ) 4[ WOK 03 —W OK @, owa, + a,]
S=0"-kQ
1 1 1
Now following equation set (11) we set; £ =e(x—v_t) and 7 =¢’t, and we obtain 4 :_8_a and 4, :—Za—a——A1 and
g € Ot € ot €
a—“+P£+Q\ Fa=0, Using these in equation (24) we get;
or of
.Oa 0*a
or = o0& (27)

which is the required nonlinear Schrodinger equation.

EFFECT OF INCOHERENCE AND WIGNER STABILITY

Now we consider the situation when the initial state is not fully coherent. Such a situation is governed by the correlation
function < a(x,,t)a*(x,,t) > and analyze its evolution when satisfies equation (27).

Given a wave function a(x. £}, one defines the Wigner transform
W(x,K,t)=
K= [ iR 3 <
Wla()](x,K) = I déexp[—iK<&]| a| x+=,t |ax| x+=,t
27 J— 2 2 (28)

We now we write NLS equation at *t and multiply by a*(x,) then add to the expression obtained by writing it for a*(x,) and
multiplying by a(x,), which leads to:

l§<a(xl)a ()cz)>+P£az2 a;22]<a(xl)a*(xz)>—|—Q[<a(xl)a*()cl)a"‘(xz)a(x])>]:O (29)

Now it is well known that for the Gaussian distributed state the fourth commutants decompose exactly as a sum of products
of second order ones. So in this approximation,

<a(x)a*(x)a(x)a*(x,) >=2n(x,)W(x,X,,t) (30)

where finally n(x t) is the density. Finally we get the equation:

gW(l 2)+ P[aa—l—aaxijW(1,2)+2Q[n(xl,z‘)—n(x2,t)]:0 (32)
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We will now use this equation to obtain the time evolution of Wix, K, t) defined in equation(28). This is actually the use of
Wigner-Moyal transformation for the wave envelope power spectrum density Wi(x K.t) we use now;

J J
n(x,,t) = n(er— t) Z o (6 n(x t)] (32)
‘]' x=0
with similar expression for " 2:tJ. S0 we get;
W (x.%,) = | explik EW (K ,x, ~x,,0)dK  (33)
whence one can have;
2W(K x,t)+2PK — 0 W(K,x,t)+20n(x,t)sin lzz W(x,K,t)=0 (34)
Ot oX 20X oK

with x -x,. The left and right handed arrows over the gradient operator with respect to X and K, denotes derivatives on the left
and right hand side. The stability analysis for this equation is performed by setting:

W(K,X,t)=W,(K)+eW,(K,x,t) a5
n(x,t) =n, +en,(x,t)

So that the linearized version of equation (34) becomes:

2 0X oK
As per the standard procedure we set:
W(K,X,t)=g(K)exp(gK — Q1)
n (X,t) = Gexp(gX — Q)

W, pic W, Ll d ajWO 0 35
(37)
whence we obtain from (36)

[ wleegpnley
o1 dK =0 (38)

Pyq o 2
2Pq

—00

Analysis of this equation gives the idea about the stability of the system in the incoherent state. Here W (X, K. t) plays the role
of phase space energy density. An unstable Wigner mode generate the Benjamin-Fier side bands.

RESULTS AND DISCUSSION OF THE STABILITY ANALYSIS

The linearized equation 38 is the key ingredient for the study of the stability both in case of coherent and incoherent situation.
To start with we consider the situation of Ve in different situations. For, &=0, v, is shown in Figure 4 with respect to wave-vector
k which shows that it initially increases then goes down to zero.

Here we have considered two values of 0=0.5 and 0=0.8. But if a=0.07, the situation changes drastically. This is given in
Figure 5, which shows a completely different behaviour. On the otherhand for two different values of &, the situation again is
different as seen in Figure 5.

So that we can infer that electron-ion temperature ration is very important for different dynamical scenario. In the next diagram
we have kept a=0, but have varied k, the superthermal parameter. One can clearly observe that the different values of * shows
distinct variation of Ve whereas for very large value of K it shows an exponential decay.

Next we observed the behaviour of the dispersive coefficient ‘P’ for different situations, depicted in Figures 6-8.

The Figure 6 clearly shows that the value of o has quite significant effect. Infact for a=0 the value of P has a rectangular
hyperbolic decaying nature and it ultimate reduces to zero with increasing value of wave-vector (k). While when a0 the value of
p changes from positive to negative after certain value of k.
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Figure 6: The plot of dispersive coefficient P for different values of a.

The Figure 7 shows that the parameter y also has a good impact on the dispersive coefficient. Though the nature of the P has
no such change but has slight variation in its value.

In figure 8 we have shown that the P has quite good dependence upon the superthermal parameter, k.

we study the variation of ‘Q’. For a0 and different ‘k’ the nature of Q is really widely different. So the combined effect of «
and k have a strong influence on the stability. This is shown in Figure 9.
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In Figure 10 we have kept same values of k but changed o to a zero, the nature of Q again changes.
Another interesting feature is shown in Figure 11, where the variation of ‘PQ’ is shown.

Here for non-zero a=0.07 if we change k from 3 to 8 we get a very dramatic change of P . But for a=0.0, the same values of
k shows a completely different scenario, depicted in fFgure 12. To exhibit the whole situation we have drawn a two parametric
plot in Figures 13 and 14.
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Figure 8: The plot of dispersive coefficient P for different values of k.
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Figure 9: The variation of nonlinear coefficient with k for different values of k.
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Figure 10: The variation of nonlinear coefficient with k for different values of k.
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Figure 11: The Plot of the product of dispersive and nonlinear coefficient PQ.
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Figure 12: The Plot of the product of dispersive and nonlinear coefficient PQ.
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Here we have shown the variation of PQ in (k,k) plane for a~0.0 and o0 situations. At last we come to the case of the growth
rate {(w). In Figure 15 we have collected the variation of Q, for different k and &=0.0, but in each case the y is different.
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Figure 14: The Plot of the product of dispersive and nonlinear coefficient PQ.
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Figure 15: The variation for growth rate of instability with different plasma parameters.
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One can observe that for a=~0 situation, in compare to the instability growth rate for k=5 or k=8, the for k=3 is much higher.
Thus we can say that when the superthermal parameter (k) is nearly ‘3’, the wave is quite unstable. Thus we can conclude that
the tendency of the wave to breakup into train of waveforms is higher.

One can observe that in Figure 16 the nature of growth rate though same, but the value of maximum growth rate varies when
‘K’ is varied. Figure 16 clearly shows that the instability growth rate though higher for k=3, but minimum for k=5 and moderate for
k=8. Thus in this case also we can conclude the same as in Figure 15.

In Figures 17 and 18 the plot of instability growth rate is shown for non-monochromatic situation. The growth rate (Q,,) is
plotted for three different sets of y and k. But in this case the behaviour is entirely different. Infact the instability growth rate has
a nearly exponentially increasing nature. Thus we see that unlike monochromatic case, the instability doesn’t decay or attenuate,
rather it goes on increasing. Thus when the wave interaction is non-monochromatic or incoherent, the solitary wave or the soliton
gets destroyed or we can say that an imbalance develops between the dispersive and nonlinear effects.

AKHMEDIEV BREATHER SOLUTION

We have observed a change in stability in the previous section there exist ample possibility for the formation of some more
complex structures. One such structure is breather. Of the various kinds of these, an important one is the Akhmediev breather*4,

The NLS-equation 27 reads as:
2

iV plY
ot ox

if we set v = pexp(iv) we obtain:

+0ly Py =0

0 0.02 0.04 0.08 0.08 0.1 0.12 0.14 0.16 0.18 0.2
q (modulatiomal wavenumber)

Figure 16: Another plot of instability growth rate for monochromatic case.

005 -

T
I 5
H=8_K
n < A
Mon-menachromatic S
oF oo | G e o

P

0.03 - e 7

ooz

001 [

o 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8
q (modulational wavenumber)

Figure 17: The instability growth rate for non-monochromatic case.
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Figure 18: The instability growth rate for non-monochromatic case.

p,+v . pP+2v p P+(v,) pP+Qp’ =0 39)
v,+Ppv_+2Pv.p.—Pp_+Pp(v,) +0p’ =0

whence both nonlinear are PDE and simple solution is not possible. Hence we use the Hirota method. As a result we use a
bilinear derivative D, , D, and the NLS equation breaks up into

(iD, + PD})GF = AGF
(PD; - 1) FF = 0GG* o

Where i =G/ F, ‘G’ is complex and ‘F’ is real. Thus
F=l+ef,+ fo+--

G=g,(I+eg +€g, +) (41)

80 =P exp(i]i'x - Or)

where, ® — PK* = —ng

From 1" order in € we get;
{i(D,+2&PD,)+D!}(g,+ 1) =0

[ PD} =297 |( £+ £7)=-0(g+2!)

(42)

Next we seek for solution as f1 =exp(77) and vexp(p). Here, L is a complex quantity and 77 = ox — ut . Using the above
set of equations;

{i(—ﬂ—2[€PO‘)}(1—U)+62 (1+U) =0

(43)
(Po-2 —2p0) = —Q(u+u*)

So, one gets;

L= I+evexp(ox—0r)
= p expli(Kx — Ot 44
V= po expli( )l 1+exp(ox—0t) “4)
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Figure 19: The Akhmediev Breather.

Now going to higher order of ‘¢,” one canset ‘ g,’, f, "to zero for j>2 . Thus the above equation is an exact solution and
decays with time.

Now if we set;

by = 4, (OIG(E,7)exp(iv(£)) —1] (45)

where, ‘G(¢,7) " is the displaced amplitude and V(&) the displaced phase. Thus we get;
9,G cos(v)+Q0ry G* sin(2v) —[GV ({) + P0G + Or; G*1=0

0,Gsin(v)+ QrOZG2 (ZCOS2 W+DH+ [GV' &)+ P62G + QrozG(G2 +2)cos(v)]=0

where,

ry=lim | A({,7)|

>t

(46)

Next setting, G =1/ H , we obtain

‘Z_H — O sin(2v) + O sin(v) =0 (47)
T

Thus solving we get;

H(r,4>=Q°;(TZ§§) )

V(&) is the constant of integration and
0,(r) ==0r; [ P()sin(v({))de

which finally resulted in

v? cosh(or) —ia sinh(o7)
2
cosh(or)—,[1- VT cos(V¢)

b(¢,7)=

exp(iv(S)) (49)

which is the required breather solution of NLS-equation whose pictorial representation is given by Figure 19.

CONCLUSION

. Inthis communication we have considered a four component e-p-i plasma
havingtwotemperature ions. Through the hotand cold electrons are considered to obey the Super-thermal (¥-distribution) distribution
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but the positrons are considered to obey the Maxwellian distribution. The hydrodynamics of the ions are taken into account which
are warm adiabatic in nature. The effect of magnetic field is not considered here which means the model is an unmagnetized one.
Next, using the reductive perturbation technique prescribed by Krylov-Bogoliubov-Mitropolsky the NLS-equation is obtained in order
to study the characteristics of the IAW’s in this case. The stability analysis is done in a way different from the traditional method. The
method which was prescribed by E. Wigner long beforel” 13, The application of this method took us to two different observations viz.

* (i) when the wave interaction is monochromatic or coherent.
e (ii) when the interaction is non-monochromatic or incoherent.

In the first case we observed that as usual the instability growth rate increases, reached a maximum value and ultimately drops
to zero. This supports the fact that the solitons are sustained. While in the second case/ non-monochromatic case the instability
growth rate has a nearly exponential increasing nature which states that the solitons are ultimately annihilated. At last, we have
given the pictorial/graphical representation of Akhmediev breather as one of the solution of the Nonlinear Schrédinger equation.
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