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ABSTRACT: In this paper we examined the relation between digraph folding of a given pair of digraphs and
digraph folding of new digraphs generated from these given pair of digraphs by some known operations like
union, intersection, joins, Cartesian product and composition. We first redefined these known operations for
digraphs, then we defined some new maps of these digraphs and we called these maps union, intersection, join,
Cartesian and composition dimaps. In each case we obtained the necessary and sufficient conditions, if exist,for
a dimap to be digraph folding. Finally we explored the digraph folding, if there exist any, by using the adjacency
matrices.
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. INTRODUCTION

Graph folding is introduced by E.EL-Kholy and A.AL-Esway [3]. The notion of digraph folding is introduced
by E.EL-Kholy and H.Ahmed [4]. Definitions (1.1)

(1) A digraph D consists of elements, called vertices and a list of ordered pairs of these elements, called arcs.
The set of vertices is called the vertex set of D, denoted by V (D), and the list of arcs is called the arc list of D,
denoted by A (D). If v and we are vertices of D, then an arc of the form vw is said to be directed from v to w.
The digraph with no loops is called simple. Two or more arcs joining the same pair of vertices in the same
direction is called multiple arcs [5].

(2) Let D; and D, be digraphs and f: D, Dzacoritinuous function. Then f is called a digraph map if,

(i)For each vertex v eV (Dy), f(v) is a vertex in V (D).

(ii)For each arc e € A (D), dim (f(e)) < dim (e) [4].

(3) Let D; and D, be simple digraphs, we call a digraph map f: D,Dza-digeaph folding if f maps vertices to
vertices and arcs to arcs, i.e., for each ve V (D,), f(v) € V (D,) and for each ee A (D,), f(e) € A (D,)(4) If the
digraph contains loops, then the digraph folding must send loops to loops but of the same direction. Theset of
digraph folding between digraphs D; and D, is denoted by B(D;,D,) and from D into itself by (D).

(5)Let D be a diagraph without loops, with n vertices labeled 1, 2, 3,..., n. The adjacency matrix M(D) is the
nxn matrix in which the entry in row i and column j is thenumber of arcs from vertex i to vertex j [5].

A. Proposition

Let D be a connected digraph without loops with n vertices. Then a digraph folding of D into itself may be
defined, if there is any, as a digraph map f of D to an image f(D) by mapping:

(i) The multiple arcs into one of its arcs.

(if)(a) The vertex v; to the vertex v; if the numbers appearing in the adjacencymatrix in the i"and j™ rows (or
columns) are the same.

(b)The vertex v; to the vertex v; if the entries of the i" and ™" rows are zerosandif the i" and j" columns are the
same, or there exists a row k which has numbers 1 in the i and j"" columns.

(iii)(a)The arc (v;,vi) to the arc (v;,vi) if the i and j™ rows (or columns) arethesame.

Copyright to JIRCCE DOI: 10.15680/ijircce.2015. 0307140 6659



(13TRCCE)

ISSN(Online): 2320-9801
ISSN (Print): 2320-9798

International Journal of Innovative Research in Computer
and Communication Engineering

(An 1SO 3297: 2007 Certified Organization)

Vol. 3, Issue 7, July 2015

(b) The arc (v;,v;) to the arc (v;, vy) if the j™and k™ columns (or rows) are the same.
In general the arc (v;,v;) will be mapped to the arc (v, v) if vi mapped to v and v; mapped to v;, [4].

1. UNION OF DIGRAPHS

In the following we redefine the known operation, union, given for two simple graphs [3], for digraphs.
Definition (2-1)
Let D; =(V1,A;) and D, =(V,,A,) be simple digraphs .Then the simple digraphD = (V, A) where V=V;UV, and
A=A;UA; is called the union of digraphs D; and D, and is denoted by D,UD, .When D, and D, are vertex
disjoint D;UD5is denoted by, D;+D,, and is called the sum of digraphs D;and D,.
Definition (2-2)
Let D; =(V1,A1) and D, =(V,,A,) be simple digraphs .Let f: D1D; andg:3D, be digraph maps3¥ the union
dimap of the digraph maps f and g, fUg,we mean a digraph map from the digraph D;UD; into itself.f
Ug:D;,UD,D;UDysuch thatf(v) = g(v) , for all ve V; NV, , f(e)=g(e) , for all e e A; N A,defined by
f(v), ifve V; —>
(i) For each v e V; U V,, (fUg)(v) =

g(v), ifve V,

f(e) , ife eA;
(ii) For each e € AJUA,, (fUg) (e) =
gle) ,ifee A,

A. Theorem

Let D1=(V1,Al) and D2=(V2, A2) be simple connected digraphs .Let f:D1 Di-atd g:D2 D2 be digraph maps.
Then the union dimap fUg is a digraph folding if f and g are digraph foldings. In this case (fUg)(D1UD2)
=f(D1) U g(D2) The proof is almost as in [2]. Example 2.4

Let D1=(V1,Al),where V1={v1,v2,v3,v4} and Al={el,e2,e3,e4,e5}.

Let D2= (V2,A2), where V2={v1, v2, v3, v5} and A2= {el, e2, e6}, see Figurel.

!
= { =
v, Sa v I Va =g L
=N =
= e
L LI b=

SIS D

Figgre 1. D1=(V1,Al),where V1={v1,v2,v3,v4} and Al={el,e2,e3,e4,e5}
102= (V2,A2), where V2={v1, v2, v3, v5} and A2= {el, e2, e6}
=4
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Figure 2: fUg: D1UB2-B®UD?2

Now let f eD(D_1) be a digraph folding defined by f{v1}={v3} and f{el,e3}={e2,e5}, where through this paper
the omitted vertices and arcs will be mapped to themselves . Also, let g e B(D_2)be a digraph folding defined by
g{v1}={v3} and g{el}={e2} , see Figurel.The union dimapfUg: D1UD2D1UD?2 defined by (fUg){v1}={v3}

and (fUg){el,e3}= {e2,e5} is a digraph folding , see Figure2.The adjacency metrices of D1,D2 and D1UD2 are
as follows :

v Vi Voo V3o v ViV V3 Vs Vld 6 (3) 14 6
V10001 Vloooo Wiio1 o o
M(D)= 0 0 DM (D)= 0 D and M(BUR) =% 0 0 0 1 1
V:l0 0 0 1 V:lo 0 0 1 Wlo 1 0 o o

4
Valoo 1.0 0 Vslo 0 0 0 %Wlo 00 0 o

5

By using only these adjacency matrices we can define the digraph folding .Forexample ,by using the adjacency
matrix M(D;) we can easily see that the vertex v; will be mapped to the vertex v; since the first and third rows
of M(D,) have the same entries .Also the arc (vy,v4)=e; will be mapped to the arc(vs,v4)= es since the 1% and 3"
rows are the same, finally the arc (v,,v1)=e; will be mapped to the arc (v,vs)= e; since the 1% and 3™ columns
are the same. Again by using M(D,) and M(D;UD;) we can describe the digraph folding of both D, and D;UD,

1. INTERSECTION OF DIGRAPHS

A. Definition

Let D, = (V1,A)) and D, = (V,A;) be simple digraphs . Then the simple digraph D =(V,A) where V = VNV,
and A = A;NA, is called the intersection of digraphs D; and D, and is denoted by D;ND,,

B. Definition

Let D;=(V1,A;) and D, =(V,,A) be simple digraphs .Let f : DiBr#ndg:D,D, be digraph maps. If f and g agree
on V1NV, and A;NA,; then by the intersection dimap of the digraph maps f and g , f Ng,we mean a digraph
mapfNg: D;ND,D;ND,, whereV;NV, #adefined by:

(i) For all v e V1N V,, (f NG)(v) = fiwy=>g(v)

(ii) For all e € A;N A, (F Ng) (e) = fle)= g(e)
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THEOREM

Let D1=(V1,Al) and D2=(V2,A2) be simple connected digraphs .Let :D1-Bt-and g:D2 D2 be digraph maps
.Then the intersection dimapfNg is a digraph folding if f and g are digraphfolding.
Inthiscase(fNg)(D1ND2)=f(D1)Ng(D2). The proof is easy.
let D;=(Vy,As),where Vi={ Vi,V5,V3,V4,V5,Vs } and A;={e1,€,,€3,64,65,85,67,65}.Let Dy=(V,,A;), Where V,={
V1,Vs,V6,V7} and A,={ es,€e3,89,€10,€11 },S€€ Figure 3.

=
1, 1
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5 4 L TR N
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25 eﬁ e. 3
e,
A
Vs Yy
Dy

F(Dy)
Figure 3: D;=(V1,Ar),where V1={ v1,V5,V3,V4,Vs5,Ve } and Aj={e;,€,,63,64,65,66,67,65}

g vy €, v,
e

e, 11
11 es ei
D, Vs (@) g(D,) Vs

Figure 4:D,=(V,,A,), where V,={ v,Vs,Ve,V7 } and A,={ €s,€5,9,€10,€11 }
L
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Figure 5: (f N g){v1}={v5} and (f Ng){e8}={e5}

Now let feD(D,) be a digraph folding defined by f{vi,v, } = {vs,v4} andf{e;,e,,e;,es}={€4,€3,66,65}.Als0 , let
geb(D,)be a digraph folding defined by g{vi}={vs} and g{es,es}={es.en1} , see Figure 1.The intersection

dimapf Ng :D;N D,D;N D, defined by (f N g){vi}={vs} and (f Ng){es}={es} is a digraph folding, see Figure
2.The adjacency matrices#f D;,D, and D,;ND, are as follows:
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W66 66
V20 00 0 0 0 Vilo 0 1 1 W[5 %
M(D1)=V30 Lo 10 O,M(D2)=V50 O 1 Tand M (D,AD,)=V%|g ¢ 1
V4o 00 0 0 0 Vslo 0 0 0 %o 0 o
Vsto 0 0 1 0 1 Viio 0 1 0
V(O 1 0 1 0 0]

By using only these adjacency matrices we can define the digraph folding. For example, by using the adjacency
matrix M(D;ND,) we can easily see that the vertex v; will be mapped to the vertex vs, since the first and second
rows have the same entries. Also, the arc (v1,Vs)=eg can be mapped to the arc (vs,vs )=6s , since the first and
second rows are the same. Again by using M(D,) and M(D,) we can describe the digraphfoldingof both D; and
D,.

V. JOIN OF DIAGRAPHS

A. Definition
Let D, and D, be vertex dis joint diagraphs. Then we define the join digraph, D; v D5, to be the digraph in which
each vertex of D, or D; is adjacent to the vertices of D, (or D;).
B. Definition
Let D1=(V1,Al), D2=(V2,A2),D3=(V3,A3) and D4=(V4,A4) be simple digraphs. Let f: DL—»D3 and g: D2 —»
D4 be digraph maps. By a join dimap, we mean a digraph map, fvg: D1vD2 ﬂD4 defined by

f(v), ifve V,
(i) For each vertex v e V1 U V,, (fvg) (V)=

gv),ifveV,
(ii) For each arc e =(vy,v,),vie V; and Ve V, |, (fvg){e}= {f(v1),0(v2)}e AsVA,.
(iii) 1f e=(ul,vl) € Al, then (fvg){e}=(fvg){(ul,v1)}={f(ul),f(v1)}, Also if e =(u2,v2) € A2 then (fvg){e}=
(fvg){(u2,v2)}={ g(u2),9(v2)}
Note that If f{u,}= f{v:},then the image of the join dimap (fvg){e} will be a vertex of D; v D, and thus is not a
digraph folding.

THEOREM

Let D1, D2, D3and D4 be digraphs, let f:D1—»D3 and g:D2—»D4 be digraph maps .Then (fvg) e B(D1vD2,
D3vD4) is a digraph folding if f and g are digraph folding.

Proof: Suppose f and g are digraph folding.Then (fvg){ V1UV2 }= {f( V1)Ug(V2)}.But f(V1) € V(D3), g(V2) €
V(D4).Thus{f(V1)Ug(V2)} € V(D3vD4) , i.e., fvg maps vertices to vertices .Now, let e ¢ A( D1vD2 ).Then
either e e A(D1) or e e A( D2) or e is an arc joining a vertex of D1 (or D2 ) to a vertex of D2 (or D1 ).In the
first two cases and since each of f and g is a digraph folding,(fvg){e}cA(D3vD4).Now, if e=(v1,v2), vl € D1
and v2 e D2.Then(fvg){e}=(fvg){(v1,v2)}={f(v1),g(v2)}={(v3,v4)} € A(D3vD4). Thus fvg maps arcs to arcs
and hence the join digraph map is a digraph folding. The converse is guaranteed by the definition of the join
digraph.

C. Example

Let D;=(V1,A1), where Vi={v;,V,,v3,V,} and A;={e1,€;,€3,64} and D,=(V,,Az), where V;, ={vs,Ve,v7} and A, =
{es,e6}, see Figure 3.
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Figure 6: D1=(V1,Al), where V1={ v1,v2,v3,v4,v5v6 } and Al={el,e2,e3,e4,e5,e6,e7,e8}
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Figure 7: D1= (V1, Al), where V1= {v1, v2, v3, v4} and Al= {el, €2, e3, e4, e5}
D2=(V2, A2), where V2= {v1, v2, v3, v5} and A2= {el, e2, e6}

Let f eD(D_1) be defined by f{v1}={v3} and f{el,e2}={e4,e3}.Also, let g eD(D_2) be defined by g{v5}={v7}
and g{e5}={e6}.The join dimap fvg:Dlv D2 —»  D1v D2 is defined by (fvg){vl,v5}={v3,v7}and
(fvg){e1}=(fvg){(v4,v1)}={(v4,v3)}={e4} also,(fvg){e5}=(fvg){(v6,v5)}={(v6,v7)}={e6}and

(fvg) {(v5,v1)}={(v7,v3)},and so on, see Figure 4.The adjacency matrices of D1, D2 and D1vD2 are as follows:

V|6 660000

TERE V201 0100 0 0

v Vslo 0 0 Vslfo 00 0 0 00
M(D)="1 0 L O M(D)=v|1 o 1|andM(D,UD,)=Vfl1 0 1 0 0 0 0
V30000 V;l0 0 0 Vl1 11100 0
‘oo Vl1T 111101

Vit 11100 0

By using these adjacency matrices we can describe the digraph folding. The adjacency matrix M(D;) suggests
that the vertex v, can be mapped to the vertex v since the first and third columns of M(D,) have the same
entries.Also the arc (v4,v1)= €; can be mapped to the arc(vs,vz)=eq4and the arc(v,,vi)=€,can be mapped to the
arc(v,,Vs)=e; since the 1st and 3rd columns are the same.Again by using M(D,)and M(D,vD,)we can describe
the digraph folding of both D, and D,vD..

V. THE CARTESIAN PRODUCT OF DIAGRAPH
A. Definition

The Cartesian product D;xD, of two simple diagraphs is a simple diagraph with vertex set V(D;xD,)=V;xV, and
arc set A(D;1xD,)=[(AxV2)U(V1xA,)]such that two vertices (u,u,) and (vy,v,) are adjacent in D;xD.if,either
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(i) uy = vy and uy is adjacent to v, in D, , or

(ii) uy is adjacent to vy in Dy, Uy = Vs,

B. Definition

Let D1, D2, D3 and D4 be simple digraphs .Let f: D1—» D3 and g: D2—» D4 is diagraph maps. Then by
the Cartesian product dimapfxg: DIxD2 D3 x D4. |

We mean a dimap defined as follows:

()1 v=(v1,V2) € V1XV3, Vi€ V1, Voe Vp then (@) (v)=(fxg) (v1,V2)=(f(v1),0(V2)) € V3xV,

(iif the arc e={({vi}i, {vo}y),({vi}i {v2})}, where {v:}i € V(D,) and {v2}; {v2}xeV(D), then
(Fxa){e}=(Fxa){({vi}i {Vvo}p) ,({va}i{va3d} ={({Vvi}i, af{val), ({vali, g{v2})}-

(iii)1f the arc e={({vi}i{v2}i). {vi}« {v2}))}, where {vi}i ,{vi}xe V(D1) and {V,}ie V(Dy),
then(fxg){e}=(Ha){({vi{vo}), (Vi {va3) I={ (F{vidi {va}), (F{vi e {va3)}-

Note that if g{v,}=g{v.}xor f{vi}i=f{vi}the image of the arc will be a vertex

THEOREM

Let Dy, D, Dz and D, be digraphs, letf:DtBz%nd g :D,D,be digraph maps.Then(fxg) e B(D:xD,,D3xD, ) is a
digraph folding iff e B(D;,Ds) and g € B(D,,Dy) are digraph foldings.In this case (fxg)(D1xD,)=f(D;) x g(D,).
Proof:Suppose f and g are digraph folding. Then for each vertex
(V1,V2) €(D1XD2)=V1xXVy,(FXg){(V1,V2) }={(f(v1),9(v2)) }=(V3,v4) € V(D1xDy)=V3 xV,, i.e., vertices to vertices.
Now , let eeA(D; XDy) , then if e={({vi}i{v-}j).{vit{v2}))}.where {vi}; is adjacent to {vi}« in D,and
{v2}ie D, then (fxa){e}=(Pxal{({viti{val), (Vi Vo)=L (HVi}i Va3 (Hviho{v2h)} , since {va}; is adjacent
to {vi}« and f is a digraph folding,Then f{v;}i# f{vi}x. Thus (fxg){e} € A(DsxD,).By the same procedure,if
e={({vi}i {vo}),({vi}i{v-3)} . where {vi}ie V(D1) and {v.}; is adjacent to{v,}in D,then (fxg){e} ¢
A(D3xDy)i.e., fxg maps arcs to arcs and hence the Cartesian product dimap is a digraph folding.To prove the
converse suppose that (fxg) is a digraph folding and for g,is not a digraph folding.In this case f or g,will maps an
arc to a vertex,say f{(u;,v1)}={us} € V(D3).Then

(Bxa){({us}{valy), ({va} . {vo}) 3 ={(F{us} {v}y), ({va} {vo})}={({us}.{v2}y), {us}.{v2};)} € V/(D3xDy).This
contradicts the assumption and thus each of f and g must be a digraph folding.

A. Examples

(@) Let D1=(V1,A;) , where Vi={uy, u,, uz, us}, A={e1,65,63,e43and D,=(V2,Az) , where Vy = {vi,Vo,v3} , A=
{es,e6}, see Figure 4.

S(D)

Figure 8: (fxg){(Ua,Vv1),(Us,V2),(Us,V3),(U1,V1), (U2, V1), (U3, V1) }={(U2, V1), (U2,V2), (U2, V3), (Us,V3),(U2,V3), (Us,V3) }

v, € v, & Vv g v, & Y
. ) * *
D, gD)
(a)

Figure 9: (fvg){e5}= (fvg){(v6,v5)}={(v6,v7)}= {e6}
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Figure 10: (fxg){((u4,v1),(u3,v1)),((u3,v1),(u3,v2))}= {((u2,v3),(u3,v3)),((u3,v3),(u3,v2))}
(1. %) (2g.02)
_;f:g___ () = 3
(3] |
(rq.n._;}"-. S )

 (pn) o

ChedDxDh) = (0 keglDy)

Figure 11: (fxg){((u4,v1),(u3,v1)),((u3,v1),(u3,v2))}= {((u2,v3),(u3,v3)),((u3,v3),(u3,v2))}

Let f eD(D,) defined by f{us,}={u,} and f{e;,e.}={es,e3}.Also,let g eD(D,)defined by g{vi} = {vs}and g{es} =
{es}. Then the Cartesian product dimapfxg :D;xD,DsxDyis defjned as follows :
(fXg){(U4,V1),(U4,V2),(U4,V3),(Ul,Vl),(Uz,Vl),(U3,V1)}:{(U2,V1),(Uz,Vz),(Uz,V3), (Ul,V3),(U2,V3),(U3,V3)} .AISO,
(Fxg){((ua,v1), (U3, V1)), (U3, V1), (U3, v2)) }={((U2, V3),(U3,V3)), (U3, v3), (U3, V2)) } @nd so on, see Figure 4. The adjacency
matrices of D;, D, and D;xD, are as follows:

u Uy u3 Uy
blo 1 0 1 v e o
1
u
M(D)= 20 0 1T 001 M(D,)=v,|g o oland
Ysio 0 0 0 v L o
3
Yo 0 1 o0

(1. 15) (M. 1) (g ry)  (ug1)  (uews) (M) () (i,.15) (1,173 (M2, 13) (s 02) (4. 1:)

(1,14 i
(2, 1)

(g 1y )

(g, 1)

(2. V)

(U2, V2)

M{DxDy) (U, va)
(g, vy}

(21,03}

(22, V)

(s, 173}

(g U3}

Cocococoococooooo
[ e B o e e B e W e W T Y
CoO0 00D OORORD
cocoococoocoooR
cooHoOCOOoDODK
CoORO0OCOROORD
crocOoOROoROoORDD
mHoOoODOODCoOORKODO
cocooCcoocoooo
=== ===
HOMODOCOODODO
OOOHOOOOOOOO
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Once again we can describe the digraph foldings by using M(D,),M(D;) and M(D;XD,).For example, from
M(D;XD,) we can see that the vertex (us,v;1) can be mapped to the vertex (u,,v;) since the second and fourth
columns are the same . Also, the arc ((uy,Vv1),(Us,v1)) Will be mapped to the arc ((ug,Vs),(u,,Vv3)) since the vertex
(ug,Vv1) is mapped to the vertex (u,,Vv3) and the vertex (ug,v;) is mapped to the vertex (ug,vs), and so on, see Figure
4,
(b)Let D1:(V1,A1), where V1:{U1,U2,U3,U4}, Alz{el,62,93,64} and D2:(V2,A2), where V, = {Vl,Vz,V3,V4}, A, =
{es,66,67,85}, See Figure 5.
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Figure 13: (fxg){((u4,v1),(u3,v1)),((u3,v1),(u3,v2))}= {((u2,v3),(u3,v3)),((u3,v3),(u3,v2))}
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Figure 14: (fxg){((u4,v1),(u3,v1)),((u3,v1),(u3,v2))}={((u2,v3),(u3,v3)),((u3,v3),(u3,v2))}
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Let f eD(D,)be defined by f{u,}={u.}, f{e1,e.} = {es,e4} and g eD(D,) be defined by g{v:} = { vs} , 9{es ,€s}=
{es,e7}. Then the cartesian product dimap h = fx g : D; x D,D; X Do.is defined as follows:

h{(us,V2),(Us,v1) }={(uz,V2),(Us,v3)}, and so on. Also, h{((u4,v2),(ul,v2)),((u3,v1),(u3,v2))}=
{((u2,v2),(u1,v2)),((u3,v3),(u3,v2))}, and so on, see Figure 6. The adjacency matrices of D1,D2 and D1 x D2
are as follows:

Uy Uy Uz Ug vy, v, V3 Vi

Wmrb 0 0 O ypd 1 O 1

: u |1 0 1 0 |10 0 0 O

M(D,) = ., M(D;) = and

(Dy) u; |0 0 0 0 (D7) wnid T 8 1

a1 0 1 O wWlo 0 0 O
(wpw) (upw) (uzv) (v} (uyv) (U vy) (uewy) (ugvy) (nws) (Uavs) (wnvs) (Mavs) (wots) (Wars) (Uavs)  (Maww)
(upv) ) () 0 0 () 1 0 () 0 () 0 0 0 1 0 0 0
(wv)] 1 0 1 0 0 1 0 0 0 0 0 0 0 ] 0 0
(s, 71) | 0 0 0 0 0 0 1 0 0 0 0 0 0 0 1 0
(s, 7)1 0 1 () 0 0 () 1 (0 0 () 0 () 0 0 1
(uy,v2) | O 0 0 0 0 0 0 0 0 0 0 0 0 0 ] 0
(g, 7,) [ 0 0 0 0 1 0 1 0 0 0 U 0 0 0 0 0
(uz,v2) | 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
(ug,v5) | O 0 0 0 1 0 1 0 0 0 0 0 0 0 0 0
MOxD) "o o o 0 1 0 0 0 0 0 0 0 1 0 0 0
(g, v3) | O 0 0 0 0 1 0 0 1 0 1 0 0 1 0 0
pewyll O O B O o 1 @ e @ B 0 W0 0 1 0
(ug, v | 0 0 0 0 0 0 () (4] (0 0 () 0 () 0 0 0
Gwyl® ¢ 0 & @ o ® © © ¢ e 0 L v T 90
magid O 0 @ % ¥ ® & @ 49 ¥ ¥ & § O © ©
(ug,v4) -0 0 0 0 0 0 0 0 0 0 0 0 1 0 1 0

Once again we can describe the digraph foldings by using M(D,) and M(D; xD,).For example, from M(D; x D)
we can see that the vertex (us,Vv,) can be mapped to the vertex (u,V,) since the 6™ and 8" rows have the same
entries. And the vertex (us,vy) can be mapped to the vertex (us,vs) since the 3 and 11" rows are the same .Also,
the arcs ((Us,V2),(ug,v2))and ((ug,V2),(Us,V2)) can be mapped to the arcs ((U,,Vy),(us,Vz)) and((ua,V2),(Us,V2))
respectively, since the 6™and 8" rows are the same.Finally the arcs ((us,vy),(Us,V2)) and ((Us,Vy),(Us,V4)) can be
mapped to the arcs ((Us,Vs),(Us,V2)) and ((Us,Vs),(Us,Va)) respectively, since the 3" and 11" rows are the
same.And so on, see Figure 6.

VI. THE COMPOSITION OF DIGRAPHS

A. Definition

The composition D,[D,]of two simple diagraphs is a simple diagraphs with V( D;[D;])=V1xV,. The vertices
u=(uy,U,) and v=(v, V,) are adjacent if either u, is adjacent to v;and u,=v,0r u; = v; and u, is adjacent to v,.

B. Definition

Let D,,D,,D3 and D, be simple diagraphs.Let f: D,D; and¥y:D,D,be diagraphaps.By the composition dimap
f[g]: D1[D2]Ds[D4] we mean a map defined as follows

()1fv=(v1,v2)eV(D1[D>])=V1xV,,then flgI{(v1,v2) }={(f(v1),9(v2))} €V(Ds[D])

(iLet e={({vi}i{vo}y),({vih{V23)}1f {vi}i={vi}i and {v2}; is adjacent to {v.}, ,then flgl{e}={({v.}i .g{V2})).(
{vi}i,g{v2})}-Also, if {vo}={v-}i and {v1}i is adjacent to {vi } , thenflg]{e}={(F{vi}i, {vo})),({Vvi}{V2}))}-
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THEOREM

Let D;, D,, D3 and D4 be digraphs. letf:BtB®»and g :D,D,be—ehgraph maps.Then the composition dimap
flgle B(D4[D:] , D3[D4] ) is a digraph folding if f € B(D1,D3) and g € B(D,,D,) are digraph foldings .

Proof:Let f and g be digraphfolding, then

(i)Foreach vertex v=(v1,v2)eV(D1[D,])=VixVy, fIgI{(v1,v2)}={(f(v1),9(v2))}.But f(vi)e V(Ds) and g(v2) € V(Dy)
,then {(f(v1),g(v2))} € V(D3[D4], i.e., f[g] maps vertices to vertices.

(iDLet e={({va}i {v2}),{vit« {v2h)} and suppose {vi}iis adjacent to {vi}« , then there exists an arc {({vi}i
Vit )}e Ay, since fis a digraph folding and {({vi}i.{vi}k )} € Ay, then flgl{e} € A(Ds[D,]).Now, if
{vi}i={vihand {v.};jis adjacent to {v.}i,thenflgl{e}={({vi}i .0{ Vo}p),({vi}i .9{v2})}, since {v.}jis adjacentto
{vz2}, thenthere exists an arc{({v.}; .{V.}h )} € A, such that {(g{v.}; .9{vo}h )} ¢ As ,i.e, g{vo}j # givah
andhencef[g]{e} € A(D3[D.]), i.e., f[g] maps arcs to arcs.The converse is not true since if f[g] is a digraph
folding and for g,is not a digraphfolding.In this case for g,maps an arc to a vertex, say f(ui,vi)= (Us,U3), Use
V(Ds).

'[l')h[e[f; f][Q]{(Ul,{Vz}i),(V1,{Vz}j)}={(f(ul),9{vz}i),(f(Vl),g{Vz}j)}={(U3, g{Vv2}i),(us, g{v2};)} which is an arc of
31Dal.

A. Example
Let Dy, D,,f and g be the digraphs and digraph foldings given in Example (A). The adjacency matrix of D;[D;]
is as follows:

(114, 71) (g, vy) (g, 1) (g,v4) (uy,v) (U5, 15)  (ua,v5) (15, 1%5) (s, 173) (Us,v3) Uz, v2)  (Us, V2)

Cuy,17) 10 1 0 1 1 1 0 1 0 1 0 17
(uzv1) |0 0 1 0 0 0 1 1 0 0 1 0
(us 1) |0 0 0 0 0 0 1 0 0 0 0 0
(wov} o 0 1 0 0 0 1 1 0 0 1 0
(un2) o 1 0 1 0 1 0 1 0 1 0 1
MDD = 2 o 0 10 0 B A 0 0 0 10
(ua,v2) g 0 0 0 0 0 0 0 0 0 0 0
g’f"" ;% 0 0 1 0 0 0 1 0 0 0 1 0
(u_f' v::) 0 1 0 1 1 1 0 1 0 1 0 1
o 0 0 1 0 0 1 1 0 0 0 1 0

(u’il 1'73) -

) |9 0 0 0 0 0 1 0 0 0 0 0

Lo 0 1 0 0 0 1 1 0 0 1 0

Nowa digraph folding f[g]: D;[D,]BrfBPean be defined as
follows:f[g]1{(us,V1),(U4,V2),(Usg,V3), (U1, V1), (U2, V1), (U3, V1) F={ (U2, V1), (U2, V2), (Ug,V3),(Ug,V3),(Us,V3),(Us,V3) }. Also,

flgl{((us,v1),(u3,v1)), ((U3,V2), (U3, V1)), (U2, V2), (U3, V1)) }={ (U2, V1), (Us, V3)), (U3, V2), (U3, V3)), ((U2,V2),(Us3,V3))}, and so
on, see Figure 6.
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Figure 15: f[g]{(Ua,v1),(U4,V2),(Us,V3), (U1,V1), (U2, V1), (U3, V1) }={(U2, V1), (U2,V2), (U2,V3),(Us,V3),(U2,V3), (U3, V3) }
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Figure 16: fg]{(Ua,Vv1),(Us,V2),(Us,V3),(U1,V1), (U2, V1), (U3, V1) }={(U2, V1), (U2,V2), (U2,V3),(U1,V3),(U2,V3), (U3, V3) }

We can describe the digraph foldings by using M(D;),M(D,) and M(D; [D,]).For example, from M(D, [D,]) we
can see that the vertex (us,vi) can be mapped to the vertex (u,,v;) since the second and fourth rows have the
same entries. Also, the arc ((uy,v1),(us,Vv1)) can be mapped to the arc ((uy,v1),(u,,v1)) since the second and fourth
rows are the same. Also the vertex (u;,v;) can be mapped to the vertex (uy,vs) since 1st and 9" rows have the
same entries, and so on.
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