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ABSTRACT

| prove that the general quintic equation is solvable in radicals. Here
solvability in radicals is loosely used to mean root form of the quintic equation
even though there may be cases formula for the equation may result in a
rational root. | re-examine Abel-Ruffini theorem in the light of Galois Theory
in order to highlight some avenues possibilities and loopholes not thoroughly
explored in arriving at the theorem. | show that the general quintic equation
has a solvable Galois group. Proof of solvability in radicals comes down to
computing the Galois group of the general quintic equation and showing that
it is solvable. Since S5 is the Galois group of the quintic equation | will show
and demonstrate that the quantities used to construct it are as a matter of
fact algebraically determinate. In the process of proving this | will derive all the
roots of the general quintic equation. In so doing | prove the incompleteness
of Abel-Ruffini theorem and Galois Theory at large. In attempting to prove
the solvability of the general quintic in radicals, a very important principle is
discovered governing solution of polynomial equations

INTRODUCTION

For some centuries mathematicians tried to find a method of solving the general quintic equation but in all their effort they

did not succeed. The first mathematician who claimed the impossibility of the algebraic solution of the quintic equation was
Paulo Ruffini in 1799. Ruffini’s proof did not gain universal acceptance since there was a gap in His proof. In 1824 Niels Henrik
Abel presented a proof that was accepted. Later on Evariste Galois came up with a theory which gave a criterion under which an
equation was solvable in radicals. The Theorem of Galois states that F(x)=0 is solvable in radicals if and only if G_F is a solvable

group.

In this paper | will attempt to present a proof of solvability of the general quintic equation. The end result of this proof can
be used to obtain solution of polynomial equations of degree greater than five. | will explore the possibility of coming up with an
algebraic solution using the extension of the equation.

METHODOLOGY
Method

| will attempt to present a proof of solvability of a degree five polynomial equation. Here | will assume a field k of characteristic
zero. Consider some quantities S, S,....... S, algebraically independent over k.

setting K =k(s,,s, . . .s5) 1
And defining

F(x)zxs—slx4+s2x3—s3x2+s4x—s5=0 eK[x] 2
If there exists F(x) z(x—xl)(x—xz)(x—x3)(x—x4)(x—xs) =0 0.3 in an extension field of K, then the splitting field S
for F(x) over K is given by S :K(xl,xz. . xs) 3

By the above definitions we note that i are the elementary symmetric functions of *i such that:
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S, =X, + X, + X+ X, + X,
Sy = XX, + XX + XX, XX + XX+ X, X5+ XX, + XX + XX, + XX + X% =0 5
S5 = XX, XX, X 6

Each permutation of x; induces an automorphism on S that does not change K. In modern algebra S/K is a Galois extension
with the Galois group isomorphic to S

Abel’s theorem asserts that for a general equation of degree n over k, n is not solvable in radicals forn >5.

Here | will assume solvability in radical to loosely solvability in root form though there may be many cases in which a root
may degenerate to rational numbers.

The assertion of insolvability is that forn > 5, s/k cannot have a radical tower.

In a letter to Crelle dated 18" October 1828 Abel remarked that “If every three roots of an irreducible equation of Prime
degree are related to one another in such a way that one of them may be expressed rationally in terms of the other two, then the
equation is solvable in radicals.

Abel’s remark is similar to a preposition by Galois that is, “In order for an irreducible equation of prime degree to be
solvable in radicals it is necessary and sufficient that once any of the two roots are known, the others can be deduced from
them rationally ™,

If in the extension Field K there exists F (x)=(x—x)(x—x,)(x—x)(x—x,)(x—x;) =0 then the following holds:
(x=x)(x=x,)(x—x,) = x> = x7(x; + X, +x;) + x(x,%, + X, +X,%,) — X, X,%, =0 7
(x—x,)(x—x5)=x" —x(x, +x;,)+x,%, =0 8

The whole essence of this innovative step is dividing the roots into two groups of roots to enhance easy solvability. The first
group G, has three roots and the second group, G, has two roots

That is the equation 3 can also be written in the form:
(x3 —x* (3 +x, + x3) +x(xx, + xx; +x2x3)—x1x2x3)(x2 —x(x, +x5)+x4x5) =0 9

Bring ' and Jerrard ! showed that the general quintic equation 2 can be reduced to a simple form with two parameters,
that is:

X+ px+qg=0 10
For equation 9 to conform to the Bring-Jerrard form (9) it can be written in the form below, see [4]

(X —x*+x(b+2a)—a’ +(qg+ea’)/e)(x* +x+e)=0 1
In this form: x,x; =€ 12
XX, =e 13
X X, +x =1 14

Substituting equation 11 into 12 and simplifying;:

We obtain the equation:

x;+x,+e=0 15

XAZ:lE%;:ﬁi 16

If we take x, — 1T V1=4€ 17
2

Then x; :# 18

From 9 and 11

2
+ea
2
XX, X, =a _4 =-1

e e 19
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Substituting 14 into 19 and simplifying:;

x§+x2(x1+x3)—1=0 2.0
e

From 14:

X +x;=1-x, 01

Substituting 21 into 20 and simplifying:
x, =4 22
e

Substituting 22 back into 21:

2
+ea
x1+x3=a2—q =—q 23
e
Substituting x,, x,and x; into 6
1 1
X, X, = = ==
o gred’ —1+J1—4e —1-1-de) [-1+-de ) -1-1-4e) e o4
e 2 2 2 2
Substituting 23 into 24 and simplifying we obtain the equation:
X +xq+e=0 25
—qE\q —4
v = —dENG —de
2 26
2
(Al M x/Zq“e 27
Then

—q- /q2 —4de 28
2
For the equation 11 to be reduced to the form to the Bring-Jerrard form then the quantities a, b and e are expressed as

functions of p and q, see
(1 1 11 o111 o1 (1 1 o111 s
=\/_(108+12 P ")] J @*E(’“‘”] ‘E(?E(”“’)) \/(108+12(p ‘”) \/ (ﬁ+ﬁ(”+")] _E(?E(””’)J s
11 o111 o111 11 1 P11 >
0] {5300 ‘Jz(mg (o) M@*a(’”‘ﬂj w309 ‘6]

( 1(
Ao il
_J NSy Ty N PP [ TR A) I8 T Ry N [Ty ¥
i) oo e -
Jzug L))o (oot +9) {0 -2
R R e P R R R R R

e=2a-b+1 31

X3 =

To confirm the authenticity of the roots obtained above we can substitute 13 and 19 into 6 and we obtain the following result:

S5 = XXy X3 X Xy Xs :—g)(e:—q 32
e

This is exactly the expected result for the Bring-Jerrard quintic.

F(x) = O is solvable if it has a solvable Galois group, GF. The Galois group of the quintic equation is equal to s,.
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The result 32 above confirms the solvability of quintic equations in radicals.
Some important observations and applications

We not in this analysis a very noteworthy principle for a degree five polynomial if the product of three roots is equal to S;s

then the product of the other two roots is e. This observation can be extended in general. If this observation is extended to cubic
equation with Galois group s, then if the product of two of roots is say 5 then one of the roots is e. This observation is trivially
true but has many applications. e

For example consider the cubic equation x* + px+¢ =0 33
If its roots are denoted as X;, X,, X3

Then if x, x, = —% 34
Then x,=¢ 35
From 34 and 35 we note that

——_ +iﬁ 36
_ 1

x,=—1 37
X X3

In general for a degree n polynomial if the roots are divided into say three groups such that the product of the roots in the
three groups is say G,,G,, G, then the following connection can be used to relate them:

G = 38
a

G, == 39
S}’l

G3 =s, 40

Where s, = G,G,G, and o is a parameter connecting the groups. In group theory s, is the Galois group of an algebraic
equation of degree n.

The above Chain rule of Galois connections can be extended to any number of selected groups of roots. The importance of
these connections is in the establishment of relationships between roots as demonstrated in 33 to 37. These connections are of
importance in establishing formulae of higher degree polynomials subject to other considerations.

CONCLUSION

The general quintic equation is solvable in radicals. The construction of Abel impossibility theorem did is incomplete in the
sense it omitted several possibilities of obtaining radical solutions from the field extension. Galois Theory did not provide a way
forward in providing a general solution to degree five polynomials and above but it can be modified to take into account solvability
of higher degree algebraic equations.
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