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Abstract: Divergence measures are basically measures of distance between two probability distributions or these are
useful for comparing two probability distributions. Depending on the nature of the problem, the different divergences
are suitable. So it is always desirable to create a new divergence measure.

There are several generalized functional divergences, such as: Csiszar divergence, Renyi- like divergence, Bregman
divergence, Burbea- Rao divergence etc. all.

In this paper, we obtain a series of divergences corresponding to a series of convex functions by using generalized
Csiszar divergence. Further, we define the properties of convex functions and divergences, compare the divergences
and lastly introduce the series of metric spaces.

Index Terms: Series of metric spaces, series of new convex and normalized functions, series of divergence measures,
properties of convex functions and divergences.
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. INTRODUCTION

Let T, ={P =(Py Py Py Py )i P >0, Zpi =1}, N>2 be the set of all complete finite discrete

i-1
probability distributions. 1f we take P;>0 for somei=12,3,...,n, then we have to suppose that

0

0f(O)=0f(6j=0.

Csiszar [1], given the generalized f- divergence measure, which is given by:

n
P;
C,(P.Q)=>q f| = (1.1)
i1 Qi
Where f: (0,0) — R (set of real no.) is real, continuous and convex function and

P :(pl, Py, Pgeens pn), Q =(q1, (o TR0 T qn)e ', where P; and Q; are probability mass functions. Many

known divergences can be obtained from this generalized measure by suitably defining the convex function f. Some of
those are as follows:

< Ifwetake f (t)=tlogt, we get

K ( P, Q) = Z p; log [%] = Kullback- Leibler divergence measure [2]. (1.2)
i=1 i
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< Ifwetake f ()= (t—l)2 , e get

2
7’ (P, Q) = M = Chi- Square divergence measure [3]. (1.3)
i-1 q;
< If we take f (t) =tlog (ij , We get
t+1
n 2 . - )
F(P,Q)=)_p log ( ! J: Relative JS Divergence [4]. (1.4)
i1 P +0
% Ifwetake f (t)= % log (%J , We get
G(P,Q) = Z( i ;qi j log ( p'ZJ; i J: Relative AG Divergence [5]. (1.5)
i=1 i

Similarly, we get many others divergences as well by defining suitable convex function.

Many research papers have been studied of 1.J. Taneja, P. Kumar, S.S. Dragomir, K.C. Jain and others, who gave the
idea of divergence measures, their properties, their bounds and relations with other measures. These all are very useful
because divergence measures are applied in variety of disciplines (mentioned in conclusion). We introduced a new
form of these measures, i.e. metric spaces. We found that square root of all divergences of Csiszar’s class, is a metric
space, which is very useful in functional analysis. We can extend this idea in functional analysis.

1. SERIES OF CONVEX FUNCTIONS AND THEIR PROPERTIES

In this section, we shall develop some series of convex functions, and will study their properties. For this,
Let f: (0, 0) — R (set of real no.) be a mapping, defined as:

t2 _1 2m
fm (t):(t(Zm—l))/Z,mzl,Z,3,4... (21)
, t2-1)" [t (6m+1)+2m-1
And  f(t)= -y [2t<(2"‘+1)’2 ) ] (2.2)
(t2 _1)2m—2
f."(t)= W[t“ (36m” —1)+2t* (12m° ~16m +1)+ (4m* ~1) |, m=1,2,3... (23)

From (2.1), we get the following convex functions at m=1, 2, 3, 4... respectively.
(t? 1) =) (t?-1)
fl(t):tlT’ fz(t):taT1 fs(t):tsT"' (2.4)
Now by using (2.4), we get the following series of convex functions as well.
?-1) (2-1) (-1) (t* -2 +t+1
fiz (t) =1 (t)+ f, (t) = ( 12 ) +( 1372 ) = ( ) ( 1372 ) (2.9)
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2-1)" (t2-1) (2-1) (¢ -2 +t+1
f2a (t) =, (t)+ f, (t) = ( 1372 ) +( {572 ) = ( ) ( 1572 ) (2.6)
In this way, we can write:
2-1)"" (2-1)"" (2-1)" (-2t e+l
fm,m+1 (t) = fm( )+ fm+1( ):( tmlz) +( tm+2/)2 :( ) 1(:m+2/2 ) 2.7)

Where, m=1, 2, 3,4...
Since, we know that the linear combination of convex functions is also a convex function.

ie.af (t)+a,f,(t)+a,f;(t)+.. isaconvex function as well, where &, &, a,... are positive constants.
So, we get another series of convex functions by using (2.4), defined as follows:

2 3
(log, b) . (log, b)

,a, ..,b>1, then we have
2! 3!

Case-I: if we take @, =1,a, =log, b, a, =

2! 3!
2 6
e (0 (g0 (Y (og.bf (21
gl( )_ t1/2 +10g, 3/2 21 t5/2 31 t7/2 te
(t-1) (t°~1)"  (1og,b)* (t*~1)" _(log, b)" (t*~1)
= | trlog.b 21 {2 3! £
(t2 _1)2 (t2-a)
= {12 bt  b>1 (2.8)
2 3
Case-ll:ifwetakeaizo,az:l,aszlogeb,a4:(lo%lb) ,%:@...,b>l,thenwehave
L —1) NG —1) (1og, b}’ (£°~1)" (log,b)" (*~1)"
+log, b + T P + 3l o +...
4 6
(' -1)" (log,b)’ (t*~1) (log,b)’ (t* -1
t3/2 {1+|09e +( 2! ) ( t2 ) +( 3! ) ( t3 ) e
ta/z) (2.9)
In this way, we can write:
(1)
gm(t):t(Zm——l)/Zb t ,b>1and m:1,2,3,4... (210)

Special Case: If we take b = e =~ 2.71828, then from (2.10), we obtain the following series:
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2 2m (tz—l)z 2 2m 2 2
gm(t)z(tm—j))/zet :(t 1) exp (t tl) ,m=1,234.. (2.11)

t(2m-1)72

Properties of functions defined by (2.1), (2.7) and (2.11), are as follows:
a. since f (1)=f,..(1)=9,(1)=0=f (1), f,..(t)and g, (t) are normalized functions for

! Tm,m+l
each “m”.
b. Since fm" (t) >0Vte (O, oo) vm=1234.= f_ (t) are convex functions and so fm,m+1 (t), O, (t)
are as well.

C. Since fm' (t) < Oat(O,l) and fm' (t) > Qat (l, oo) = f, (t) are monotonically decreasing in (0,1) and

monotonically increasing in (1, oo) , for each value of “m” and fm' (1) =0.

d.
500
400 |
300 f
200
100
€.

400

3000 P

2000

1000 !

Figure 2: Graph of functions . (t)
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Figure 3: Graph of functions g, (t)
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Figure 1, 2 and 3 shows that f_ (t) f (t) and g, (t)have a stepper slope for increasing values of “m”

7 Tmm+l
respectively.

1. CORRESPONDING SERIES OF DIVERGENCES AND PROPERTIES:

In this section, we shall obtain series of divergence measures corresponding to convex functions defined in section 2,
and will study the properties.
The following theorem is well known in literature [1].

Theorem 1: If the function f is convex and normalized, i.e., (1) =0, then C; (P,Q) and its adjoint C, (Q, P) are

both non-negative and convex in the pair of probability distribution (P, Q) el xI, .

Now, put (2.1) in (1.1), we get the following divergences:

C,(P.Q)=¢&,(P.Q) =Zn1:( p(_z_i)(:mqi)/z) ey m=1234.. (3.1)

(o) (i) |, oo el a
..é"l(P,Q) izﬂ:(piq,) Q. é:z( Q) Z_l:(piqi)alzqi41 Z II)5/2qI (3.1a)

Now, put (2.7) in (1.1), we get the following divergences:

2m
0 pi2 _Qi2 pi4 -2 piZQi2 + piqis "'C]i4
Cf (P,Q):é/m(P,Q):Z( )(p(q )(2m+1)/2q2m+2 ),m=1,2,3 (32)

i=1 i

: ( pi2 _qi2)2 ( pi4 _2pi2qi2 + piQi3 +qi4)

ie. ¢ (P,Q)= E (3.2a)
(PQ) Zl (Pa) " a
N 2_ 62 4 4_2p2g2 adial
§Z(P,Q)=Z(p' o) (o' -2p'a+pa’+a) (3.20)

512 ¢
i=1 ( PG, ) g
Now, put (2.11) in (1.1), we get the following divergences:
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n (piZ_in)zm (piz_qiz)z
C (P.Q)=a,(P.Q) =iz—1:(pi I)(2m-1)/2 g2" EXp PG’ ,m=123.. 33)
. (piz_qiz) (plz_qiz)z
P, = ex 3.3
e alPQ) iZ_1:(|oiqi)”2 ? X5 &30
. piz_qiz piz_Qi2 2
w,(P,Q)= ( — )4ex ( - A (3.3b)
':1(piqi) 0; Piq;

Properties of divergences defined by (3.1), (3.2) and (3.3), are as follows:
a. Inview of theorem 1, we can say that & (P,Q), S (P,Q), @, (P,Q) >0 and are convex in the pair of

probability distribution (P,Q) e ', x T, .
b. &, (P,Q) =4, (P,Q) =, (P, Q) =0if P=Qor p, =q;(Attains its minimum value).
c. Sinceﬁm(P,Q)ifm(Q, P), é’m(P,Q);té’m (Q, P), a)m(P,Q);ta)m (Q, P):>

&, (P, Q), S ( P, Q), @, (P, Q) are non- symmetric divergence measures.

35.00 Kullback-
30.00 - Leilber div.
1.2)

25.00 | hi-square
20.00 div (1.3)

— = = New div. at
15.00 m=1 (3.1a)
10.00 New div. at

5.00 - m=2 (3.1a) ~ _
-0.10 0.10 ggg 0.50 0.70

Figure 4: Comparison of divergences

Figure 4 shows the behavior of fl(P, Q) &, (P, Q), K ( P, Q) and ;(2 (P, Q) We have considered
P = (a,l—a), g = (1— a, a) , wherea € (O,l) . It is clear from figure 4 that the new parametric divergence
&, (P, Q) has stepper slope for increasing values of “m” and has a steeper slope than K ( P, Q) and y° ( P, Q) .
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V. SERIES OF METRIC SPACES (DISTANCE MEASURES):

Since, P, is a non- symmetric and parametric divergence with parameter “m” or series of divergences with
m g p g

m=1, 2, 3..., But the sum of & (P, Q) and its adjoint is symmetric, so

£ (P.) £, (QP)=2 (P.0) =3 ~a’)" i R

i:1(piql)2m 1/2 i 1 )2m1 pim

. o (p7-a7)" (P2 +9™
Or ‘f m (P! Q): ZL:( ( p)q )((Gm—l)/2 )

We can see that, c_’f*m (P, Q) is symmetric parametric divergence measure.

,m=12,3,4.. (4.2)

Now, with the help of theorem 1 and equation (4.1), we can say the followings:
» J&,(P,.Q)>0V(P,Q)eT,xT,.
% &, (P,.Q)=0iff P=Qor p,=q,Vi=123..n,where P,QeT,.
Jg*m (P.Q) = \/f*m (Q,P)= &, (P,Q)is symmetric, foreach me N .

Now, if the triangle inequality is satisfied by,‘ff*m (P,Q) , then this will become metric spaces over R™. For this, we
have to prove the following theorem, which is stated as:
Theorem 2: Let X, ( P, q) R"xR" >R, m=12,3... be defined as,

_(pz_qz)zm(p2m+q2m)

Xin ( P, q) - ( D q)(ﬁmfl)lz ,m=123.., (4.2)
In view of (4.2), we can write
Q):zxm(pi'qi) (4.3
i=1
Then
\/xm (p.g) < \/xm (p.r) +\/xm (r,q) (triangle inequality) v p,q,re R". (4.4)

Proof: To prove the result (4.4), first let us consider

r)=\/xm(p,r)+\/xm(r,q) (4.5)

d , X, (P.T) X, (1.9)
Then, — X (r)=X' (r)= - (4.6)
dr pQ( ) pQ( ) 2\/Xm(p,r) 2‘\l)(m(r,q)
Now from (4.2) (after putting g = I ), we get
2m
(pz_rz) (pzm_H,zm)
Xin ( P, I’) - ( 0 r)(Gm—l)IZ
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And after differenting (4.7) w.r.t “r””, we get the following:

: (f2 - pz)zm_l r’(ém+1)+p*(2m-1) r*(2m+1)+p?*(6m-1)
Xn (Do) = 2 T2 22 { 07" + o }
(4.8)
Putp=rt,iet= $ € R"in (4.8), we get
, (1) [ (6m+1)+1? (2m-1) ,
[xm (p, r)}p_n =k (1) ="y { = +(2m+1)+t (6m—1)} “.9)

From (4.7), we can write

2 -1)" (2" +1
Xon (t’l) = ( t?am—g)/z ) (4.10)

From (4.7) and (4.10), we have the following relation

S (1) =, (82) =r 1, (1) (4.11)
Where, we are assuming . /Xm (t,l) =1 (t) (4.12)

Now, differentiate (4.9) w.r.t “t”, we get

02_1fm4 t*(36m* —1)+ 2t* (12m* —~16m +1)+(4m* —1)+
o' ()= = G| t*(4m? —1)+ 2% (12m” ~16m +1)+ (36m° 1) |- M=12.3,4.. (4.13)
t2m
Now, let we define a function s_ (t) = km—(t), vt e(0,0) (4.14)

1 (1)

From (4.10) and (4.13), we conclude that

1, (t)=/%, (t1)) >0and k,’ (t) <0Vt e(0,c0) and Vme N .

ie. km (t) is monotonically decreasing function and km (1) =0, so S (t)will be decreasing as well in (O, oo) with
S, (1) =0 or the nature of S, (t)depends on the nature of K, (t).

Therefore, we conclude that S| (t) changes the sign at t=1, and

o (1)=/20t=1 s

" <0121 '
Now, suppose U = 9cre = % = % $ =ut e R", 50 (4.6) can be written as:

20rX o (r)=s,(t)+s, (ut (4.16)

Now, we have two cases on U , as follows:
Case I: if we are taking U >10r g > p, then (by considering that S, (t) is decreasing function):
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% Fort>1=s, (t)<0and s, (ut)<0=s,(t)+s,(ut)<O.

- For%<t<1:>sm(t)>0and s, (Ut)<0=> s, () >, (Ut) =5, (t)+5, (ut) > 0.

% For t<%<1: s,(t)>0and s, (ut)>0

, S, (T)+s, (ut
ie. qu (r)=M changes the sign at t=1orr=p, so X (r)attains its minimum value at
2\r P
t=lorr=p.
Case I1: this case foru <1o0r g < p, can be done in a similar manner.
Similarly, repeating the above procedure by considering

S, (t)+s, (ut
t=ﬂe R and u =£e R* :>£=£ﬂ=ut € R™, then we get that qu'(r):M changes the
r q roqr 2Jr
signatt=1orr=q,so X, (r)attains its minimum value att =1orr =(q.
Therefore, right hand side of (4.4) has its minimum valueat p=q =1, Vp,q,r e R".
Hence proof the result (4.4) or theorem 2.

In view of this proof, we conclude that the new parametric symmetric divergence measure , [djm*(P, Q) is a distance

measure.
Or, we get the series of distance measures, as follows:

J& (P.Q).{& (P.Q)& (P.Q).& (P.Q).{& (P.Q) & (P.Q)... .17)

Or, we get the series of metric spaces over R™, as follows:
& R) & R) & R) (& R) (& R)- (.19

V. CONCLUDING REMARKS

Divergence measures have been applied in a variety of disciplines such as anthropology, genetics, finance, economics
and political science, biology, analysis of contingency tables, approximation of probability distributions, signal
processing and pattern recognition.

In this paper, we introduced a new series of convex functions, new series of divergence measures and new series of
metric spaces.

The bounds of parametric divergence measure §m (P, Q) and relation with other standard divergence measures will be
discussed in next paper.
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