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ABSTRACT: This paper developed two defuzzification approaches to convert the coefficients and the variables of the
fuzzy linear programming problems (FLPP) into crisp (deterministic) linear programming problem (CLPP) based on
philosophies of probability density function, and ranking measures. The case study is considered from a real problem to
verify our results, using “MATLAB2010R” software.
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I. INTRODUCTION

In recent years, the range of project management applications has greatly expanded. Project management concerns the
scheduling and controlling of activities (tasks) in such a way that the project can be completed in as little time as
possible. A path through a project network is one of the routes from the starting node to the ending node. The length of
a path is the sum of the durations of the activities on the path. The project duration equals the length of the longest path
through the project network. The longest path is called the critical path of the network.
Fuzzy set theory has been proposed to handle non crisp parameters (fuzzy) by generalizing the notion of membership in
a set. Essentially, in a fuzzy set each element is associated with a point value selected from the unit interval [0,1],
which is an arbitrary grade of truth referred to as the grade of membership in the set. The main objective in FLP is to
find the best solution possible with imprecise, vague, uncertain or incomplete information.
Many previous studies on fuzzy project management network are reviewed before. Prade (1979) first applied fuzzy set
theory into the project scheduling problem. Furthermore, Chanas and Kamburowski (1981), Dubios and Prade (1979),
Hapke and Kaufmann (1993), Kaufmann and Gupta (1988) and Ke and Liu (2010) discussed various types of project
scheduling problems with fuzzy activity duration times.
The theory of fuzzy mathematical programming was first proposed by Tanaka et al. (1974) based on the fuzzy decision
framework of Bellman and Zadeh (1970) to address the impreciseness and vagueness of the parameters in problems
with fuzzy constraints and objective functions. Zimmermann (1978) introduced the first formulation of FLP.
Zimmermann (1978, 1987) used Bellman and Zadeh’s (1970) interpretation that a fuzzy decision is a union of goals
and constraints. In the past decade, researchers have discussed various properties of FLPP. Luhandjula (1989) and
Zhang et al. (2003) introduced a number of optimal solutions to the FLPP and developed a number of theorems for
converting the FLPP to multi-objective optimization problems. Stanciulescu (2003) proposed a method to lower—upper-
bounded fuzzy decision variables that set up also the upper bounds of the decision variables. Ganesan and Veeramani
(2006) proposed a FLP model with symmetric trapezoidal fuzzy numbers. They proved fuzzy analogues of some
important LP theorems and obtained some interesting results which in turn led to the solution for FLPP without
converting them into crisp LPP. Ebrahimnejad (2011) showed that the method proposed by Ganesan and Veermani
(2006) stops in a finite number of iterations and proposed a revised version of their method that was more efficient and
robust in practice. MahdaviAmiri and Nasseri (2006) proposed a FLP model where a linear ranking function was used
to order trapezoidal fuzzy numbers. They established the dual problem of the LPP with trapezoidal fuzzy variables and
deduced some duality results to solve the FLPP directly with the primal simplex tableau.
Zadeh et al. (2009) considered full FLPP where all parameters and variables were triangular fuzzy numbers. They
pointed out that there is no method in the literature for finding the fuzzy optimal solution of full FLP problems and
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proposed a new method to find the fuzzy optimal solution of full FLPP with equality constraints. They used the concept
of the symmetric triangular fuzzy numbers and introduced an approach to defuzzify a general fuzzy quantity. They first
approximated the fuzzy triangular numbers to its nearest symmetric triangular numbers, with the assumption that all
decision variables were symmetric triangular. They then converted every FLP model into two crisp complex LP models
and used a special ranking for fuzzy numbers to transform their full FLP model into a multiobjective linear
programming where all variables and parameters were crisp. Kumar et al. (2011) further studied the full FLPP with
equality introduced by ZadehLotfi et al. (2009) and proposed a new method for finding the fuzzy optimal solution in
these problems. Ebrahimnejad (2010) introduced a new primal-dual algorithm for solving FLPP by using the duality
results proposed by MahdaviAmiri and Nasseri (2007). Ebrahimnejad (2011) has also generalized the concept of
sensitivity analysis in FLPP by applying fuzzy simplex algorithms and using the general linear ranking functions on
fuzzy numbers.

In this study, we are resent analytical methods to specify the critical path in a project network with continuous fuzzy
activity durations by identifying the longest path algorithm. This study investigates specifically the continuous fuzzy
problems and their applications in project network. we propose two fuzzy models for solving FLPP in which the
variables and the coefficients of the objective function are characterized by fuzzy numbers. We transform a FLP model
into a conventional LP model by applying two defuzzification approaches, the first approach using probability density
function, while the second approach using ranking method to have crisp optimal solution.

Il. BASIC CONCEPTS

In this section, we are presented basic concepts of fuzzy set theory, fuzzy network and fuzzy linear programming
problems. Usually the structures embedded in fuzzy set theories are less rich than the Boolean lattice of classical set
theory. Moreover, there is also some arbitrariness in the choice of the valuation set for the elements: the real interval
[0,1] is most commonly used.

Definition (1) Fuzzy Sets, [21],[22].[23]:
Let U be a universe set. A fuzzy set A of U is defined by a membership function B,(x) — [0,1], where B, (x)
indicatesthe degree of x in A which defined as following:

{ 0! (__Oo'al]
fl(x)’ [alﬂaZ]
{1 (aa) @
f2(x),  [as, a4]
0, [ay, +o0)

whereay, a,, a; and a,are real number, note that f; (x) andf, (x) are may be linear or convex nonlinear function.

Definition (2) Normal Fuzzy Subset, [21],[22],[23]:
A fuzzy subset A of universe set U is normal if sup,cyua(x) =1

Definition (3) Convex Fuzzy Subset, [211,[22],[23]:
A fuzzy subset A of universe set U is convex iff B, (Ax + (1 — A)y) = (B,(x) AB4(y)), Vx,y € U,VvA € [0,1].

Definition (4) Fuzzy Number, [24]:

A fuzzy number Ais a convex normalized fuzzy set Aof the real line R such that:
1. It exists exactly one x, € R with pz(xy) = 1 (x,is called the mean value of A).
2. uz(x)is piecewise continuous.

Definition (5) Triangular Fuzzy Number, [21],[22],[23]:
A triangular fuzzy number 4 is a fuzzy number with a piecewise linear membership function &z defined by:
x—aq
, A S x<a

az—ai
1, X =a,
asz—x

(=]
1
Il

O]

a,<x<a
a3—a2' 2 3

0, otherwise.
which can be denoted as triplet (a;, a;, a3).
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Definition (6) Trapezoidal Fuzzy Number, [21],[22],[23]:

A trapezoidal fuzzy number 4 is a fuzzy number with a membership function 2 defined by:
x—aq
, 4y <x<a;

az—ai
1, a, <x <as
as—x

B =

@)

, a3 <X < ay

as—as
tO, otherwise.
which can be denoted as quartet (a;, a,, as, a,).

Definition (7) Fuzzy Critical Path, [25]:

The fuzzy set Pin set P with the membership function us: P — [0; 1]determined by formula:

up(p) = sup tij ERT,(i,j)€A ming ;yes Ut (tij ),p EP (4)
and p is critical with

activity times
equal to tij J(ij)€EA

is called the fuzzy critical path in a network where A is a set of arcs (activities).

We say that a path p is fuzzy critical with the degree us(p). The value us(p) stands for the path degree of criticality,
possibility of the criticality of path p. To put it in another way, upsdetermines a possibility distribution of the criticality
of the path in the set P which is generated by possibility distributions of activities duration times ufl_j,(i; j)EA

(generated according to extension principle of Zadeh — if the criticality, or lack of it, is treated as the activities duration
times function in the network).

Definition (8) Fuzzy Critical Activity, [25]:

The fuzzy set A(E) in set A(V) with the membership function determined by the formula:

pa(k, 1) = sup t;; €R,(i,j)€A ming; jyea Hry (tij ). (k1) €A, ®)
and (k,l) is critical with

activities times
equal tot;; (ij)EA

g (k) = sup tij ERT(i,j)€A mMiNG jyeq Uy, (ty ) kEV, (6)
and k is critical with
activities duration times
equal totij,(i,j)eA

is called the fuzzy critical activity (event) in a network where A is a set of arcs (activities).

I1l. PROPOSED DEFUZZIFICATION TECHNIQUES

In the situations in which there are fuzzy variables, defuzzification can be considered as decision-making problem
under fuzzy constraints.

Definition (9) Defuzzification, [26]:

Deffuzification is a mapping from space of fuzzy action defined over an output universe into a space of nonfuzzy (crisp)
actions.

The following defuzzification techniques are proposed:

I11-1Defuzzification with Probability Density Function from Membership Function:

[11-1-1 Fuzzy Number with Linear Membership Function:
If we considered A is fuzzy number with membership function defined as (1), where f; (x) and f,(x) are linear function.
Let the function fdefined by f(x) = cBz(x) is a probability density function associated with A, where ¢ can be
obtained by the property that ff; f(x)dx = 1 as following:

Case (I): By considering A is a triangular fuzzy number where 4 = (a, a,, as),

then by using the property that f:f f(x)dx = 1 we obtain c =

‘13_‘11.

DOI: 10.15680/1JIRSET.2014.0311003
Copyright to IJIRSET www.ijirset.com 17116


http://www.ijirset.com/

[] IRSET ISSN: 2319-8753

International Journal of Innovative Research in Science,
Engineering and Technology
(An ISO 3297: 2007 Certified Organization)
Vol. 3, Issue 11, November 2014

Case (11)By considering 4 is a trapezoidal fuzzy number where A = (al, ay, sz, ay),
then by using the property that f f(x)dx =1 we obtain ¢ =

ag+az—az—ay’
[11-1-2Fuzzy Number with convex Nonlinear Membership Function:
If we considered A is fuzzy number with membership function defined as (1), where f;(x) and f,(x) are convex
nonlinear function.
In this case, we are using any approximated methods to linearized f;(x), f,(x), and then we processed as in (111-1-1).
Now, we are using the following transformation called Mellin Transform to find the expected value.

Definition (10) Mellin Transform, [27]:

The Mellin transformgy (s) of a probability density function f(x), where x is positive, is defined as

ux(s) = fy x* 7 f (0)dx(7)

whenever the integral exist.

Now it is possible to think of theMellin transform in terms of expected values recall that the expected value of any
function g(x) of the random variable X, whose distribution is f(x), is given by

Elg(0)] = J_, gCOf (x)dx(8)

There for it follows that

px(s) = Exs] = [7 %" f (x)dx ©)
Hence
E[x®] = My(s + 1) (10)

Thus, the expectation of random variable X is E[x] = My (2).
Now, if we let A = (a4, a,, as, a,) an arbitrary trapizoidal fuzzy number, then the density function f(x) corresponding

to 4 is as follows:
2(x—aq)

<
(a4+a3—a2—a1)(a2_a1)’ a =x < a,
2
2 e
fi(x) = { astaz—az—ar’ a; <x <az "
2(ag—x)
<
(ag+az—az—aq)(az—as)’ a3 < x < ay
0, otherwise.
The Mellin transform is the obtained by:
_ _ (P s—1g_ 2 (a5+1 S+1) _ (a§+1_a{+1)
Ms(s) = fo xS fa(x)dx = (as+az—az—aq)(s? +s)[ as—az P ] 12)
and
1] = Mz () =5 _e192-a3a4
E[A] =Mi2) = 3 [(a1 +a; +az+ay) + a4+a3—az—a1] (13)

I11-2Extended Ranking Method:
Yager (1981) proposed a procedure for ordering fuzzy sets in which a ranking index®(A)is calculated for the fuzzy
number (considering triangular case) A = (ay,a,,a3) from its p-cut Ag = [a; + (a, — a;)B a3 — (az — a,)]
according to the following formula:

. 1 1 1

R(4) = E(j (a; + (az — ay)BA)dB +J (ag — (az — az))d>
0 0
— a1+222+a3. (14)

So based on ranking approach, we built the extended ranking method as follows:
[11-2-1Fuzzy Number with Linear Membership Function:
If we considered 4 is fuzzy number with membership function defined as (1), where f; (x) and f, (x)are linear function,
then our approach can be illustrated in the following two cases:
Case (1)By considering 4 is a triangular fuzzy number where 4 = (ay, a,, as),
by setting
f(x) =cu,where c =

az—aiy
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then
2(x—aq)
| (az—ay)(az—ay)’ 4 <X <
2
f100 = { az-a1’ X= 4 (15)
|—2(a3_X) a,<x<a
(az—ai)(az—az)’ 2 =73
0, otherwise.
by setting
file) = =) (16)
S (aa—za(l)(az)—al)
_ az—x
]El(x) " (az—a1)(az—az) n
then
= ! (az —a)(a; - a)y
s = [ o= | 2 ra|ay
0 0
= w +a,. (18)
= v ! (a3 — a;)(az — ap)y
B = [ oy = [ fos- S |av
0 0
— a3 _ (az—aq)(az—ay) (19)
—
whereA is denoted to the fuzzy stochastic variable of the fuzzy number A
Then the expected interval of fuzzy stochastic variable A can be expressed as:
EI(A) = [E1(4), E2(A)]. (20)
and the expected value is given by:
EV(A:) — E1(/T)+E2(A1) — (2a2—a3—a1)(a3—a1) + aitasz (21)
2 8 2
Case (11)By considering A is a trapezoidal fuzzy number where 4 = (ay, a,, as, a,),
by setting
2
];(x) = cu , where ¢ = PP
then
! a<x<a
(as+az—az—ar)(az—ap)’ L = 2
2
s <x<
frlx) = a4+a3—t;2(—a1') 2 =X=0a3 (22)
as—x
<
(ag+az—az—ai)(ag—az)’ a3 <X =y
0, otherwise.
by setting
y_ 2(x—aq)
fik) = (a4+a3—2tzz—a1))(az—a1) (23)
_ as—x
}E(x) " (as+az—az_ar)(as—az) (24)
then
= ! (ay + a3 — a_ay)(a; — ay)y
E;(4) =] fitdy =] [ > +a1] dy
0 0
— (a4+a3—a2;a1)(a2—a1) +a (25)
= ! ! (as + a3 —az_a;)(a, — az)y
B = [ o0y = [ e - |
0 0

= a, - (a4+a3—a2;a1)(a4—a3)_ (26)

whered is the fuzzy stochastic variable of the fuzzy number A
Then the expected interval of fuzzy stochastic variable A can be expressed as:
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EI(A) = [E,(4), E,(A)] @7)
and the expected value is given by:
EV(Z) _ El(A);'Ez(A) _ (a4+a3—a2—a1)[éa2—a1)—(a4—a3) + a142-a4' (28)

[11-2-2 Fuzzy Number with convex Nonlinear Membership Function:

If we considered A is fuzzy number with membership function defined as (1), where f;(x) and f,(x) are convex
nonlinear.

In this case, we are using any approximated methods to linearized f; (x),f,(x), and then we processed as in (I11-2-1).

IV.CASE STUDY

We are considering a project network, figure (1), taken from [29] as a case study.As shown in table (1); the 30 activities
are listed with their fuzzy operation times which illustrated by trapezoidal fuzzy number.

Table (1): Construction Project

Activityltem Activity Description Precedenceltem | Fuzzy Operation Time (per day)
P, Concrete works foundation - (25,28,30,35)
P, Insulation works Py (3,4,4,5)
Ps Parking area + Roads + Landscape P, (25,29,30,35)
P, Back filling works Ps (3,7,12,15)
Ps Sub-base P, (5,6,6,10)
P Steel structure erection Ps (26,30,35,40)
P, Under ground drainage system Ps (7,10,10,13)
Pg Water tank - civil works - (15,21,21,25)
Pg Steel structure testing Ps (2,3,4,5)
P Roofing works Ps (9,10,12,15)
P Water tank — finishing Pg (6,7,8,10)
P HVAC works - 1% fix Py (12,14,14,16)
Pis Fire fighting works 1* fix Py (7,9,11,12)
P Electrical system works - 1% fix P, P13 (5,6,7,10)
Pis Flooring Pis (7,9,11,12)
Pis HVAC work-2" fix Py (12,14,14,16)
P, Fire fighting works — 2" fix Po (7,9,11,12)
P1g Cladding works Pg (15,24,25,30)
Pig Electrical system works - 2" fix P16,P17 (5,6,7,10)
P2o Water tank — MEP P11 (9,11,12,14)
Py Finishing works Pis (15,18,18,20)
Pss HVAC works - 3" Po (12,14,14,16)
Pos Fire fighting work - 3" fix Py (7,9,11,12)
Pos Electrical system works -3 fix P2s,Pys (5,6,7,10)
Pys Plumbing works - 1% fix P (5,6,6,8)
Pos Plumbing works — 2" fix P (5,6,6,8)
P,; Plumbing works - 3" fix P,s (5,6,6,8)
Posg Water tank testing P2 (1,2,2,3)
Pg Testing and commissioning P,g (1,2,2,3)
P3o Snag list and Initial handling P,y (5,7,7,9)

Copyright to IJIRSET

DOI: 10.15680/1JIRSET.2014.0311003

www.ijirset.com

17119


http://www.ijirset.com/

ISSN: 2319-8753

International Journal of Innovative Research in Science,
Engineering and Technology
(An ISO 3297: 2007 Certified Organization)
Vol. 3, Issue 11, November 2014

P, @ P6 T P,
3 .
7924. 3
P ——
Py ‘ _7® S P PN
@ A B
4 e - Pig > 7 i
: @ ‘ Pi7 P3s P41 Eso
X . Rue f / A
GNP d /
Ps R @ @J’—:Ls
. P12‘ O P1a @

P29-

Figure (1): Project Network

In order to solve such problem, two methods are derived in [29] to convert the fuzzy time number to crisp time number
and find the optimum value for objective function and the critical path for activities by using two different linear
programming models.

In this paper, two defuzzification approaches are implemented using FLPP to solve this problem as following:

IV-1 First Approach:
In this approach our problem can be expressed as the following (0-1) integer model (one objective function) with fuzzy
time number, which can be written as:
Maximize
(25,28,30,35)P, + (3,4,4,5)P, + (25,29,30,35)P; + (3,7,12,15)P, + (5,6,6,10)P5 + (26,30,35,40)P¢ + (7,10,10,13)P; +
(15,21,21,25)Pg + (2,3,4,5)Pg + (9,10,12,15)Py, + (6,7,8,10)P,; + (12,14,14,16)P1, + (7,9,11,12)P15 + (5,6,7,10)Py,4 +
(7,9,11,12)P;s + (12,14,14,16)Pys + (7,9,11,12)P; + (15,24,25,30)P;3 + (5,6,7,10)P;g + (9,11,12,14)P, +
(15,18,18,20)Py; + (12,14,14,16)P,, + (7,9,11,12)P,; + (5,6,7,10)P,4 + (5,6,6,8)Py5 + (5,6,6,8)P2 + (5,6,6,8)P2; +
(1,2,2,3)Pyg + (1,2,2,3)P5g + (5,7,7,9)P3
Subject to
P,+Pg=1
P1: P2
P2= P3
P3= P4
P4= P5
P5 = P6+ P7
Ps= Pyt P1g
Pg=Pu
P11=Py
P2 =Py
Pag =Py
Pag=P3
Pg=Pyy+ P13+ Pig+ P17 + Pig+ Py + Pyg
Pio+ P13=Py
P+ Pi5=Pys
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Pis=Pxn

Pis+ P17= P19

P1g=P2s

P2+ Py =Py

P24 =Py

P7+ Pio+ Pig+ Py + Pos + Pog+ Py + Py =1

Now, by using the first technique that we constructed in section(l11-1-1) to convert the FLPP into CLPP, we can rewrite
the objective function with crisp numbers as:

Maximize

27P, + 4P, + 28.625P; + 11.125P, + 5.625P5 + 30.625P¢ + 10P; + 22.5Pg + 3.5Pg+ 10P; + 7.375P;; + 14P1, + 10.375P 3
+ 6P+ 10.375P 5 + 14P5+ 10.375P; + 30.5P g+ 6P19+ 10.75P,g + 16.875P,; + 14P,, + 10.375P 3+ 6P, + 6.125P,5 +
6.125P 6 + 6.125P,7 + 2Pyg + 2 Pog + 7Px.

On solving CLPP by implementing (0-1)ILP, the following optimal solutions are obtained:
1-2—-3—-4—->5—-6—-7—-9—-10—-11-12—-16—24,

which has the maximum time value = 157.75 days.

IV-2 Second Approach:

This approach can be shown using the constructed equation (28) to find the expected (crisp) time for each activity
fuzzy time number 4; = (ay, a,, a3, a4),i = 1,2,....,30, and choosing several values for «<-cut (<=0, 0.1, 0.25, 0.5,
0.75, 1) and solve the problem considering the following model:

Minimize
Z=ty —t
Subject to

ty —t; 2t
t3 -1 2t
ty — 13 = te3
ts — 1Ty =ty
te—ts = tes
t; —tg = teg
tray —tg 2 tey
tg —t; = teg
tg— 17 2 teg

ta =t 2 teqo
tis —tg = ey
tio —to = ter2
t11 —tg = teg3
tiz =t 2ters
tie =tz 2 ters
ti3 —fg 2 teiq
tig =t 2 teyy
24 —tg = tegg
tig =ty 2 tero
t21 —tis = tepo
tae —tis = tenr
t17 — g = tep
t1g — g = te23
tao —tig = te2s
tag =tz = tegs
tag — tig = tegg
toy —tyo = teay
tr2 —ty1 = teog
o3 — o2 = tepg
tae —t3 2 te3o
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t;=0,i=1,23,...,24.

where t,;, j=1,2,...,30 are the expected times that obtained by equation (28).

The six a-cuts were used in the our LP model resulting six different LP models to be solved by “MATLAB/R2010b”
software, which was employed to developed a code to solve these Linear models. Table (2) shows the solution of the
six LP corresponding to all a-cuts, it is obvious that the critical path (t;— ty—otz—ts—ots—rtg—t;—tg—t; —tip—tig—t04)
is the only solution for all LP.

The solution should lies between the values of 161days (upper) and 158.5 days (lower) after been rank.

Table(2):Summary Results of Extended Ranking Method for Different Values of a-cuts.

a-cut value Critical paths duration Criticality state
0 11— thoty—oty—ts—tg—t—tg—t—t gt 161 strong
0.1 t1— tyotz oty ts—tg—t—tg—t —t ot 160.95 weak
0.25 1= otz oty ot tg—t o tg—t—t ot gt 160.375 Strong
0.5 t1— tyotz oty ts—tg—t—tg—t —t ot 159.75 Weak
0.75 11— o ty—oty—ts—tg—t—tg—t—tr—tig—to 159.25 Strong
1 1= otz ot ot tg—t ottt —t—tig—to 158.5 Strong

V. CONCLUSIONS

Over the past few decades, researchers have proposed many FLP models with different levels of sophistication.
However, many of these models have limited real-world applications because of their methodological complexities and
flexible assumption. In contrast, our proposed approaches in this study are straight forward and flexible. The
managerial of the proposed approaches are their applicability to a wide range of real-word problems such as
performance evaluation.We proposed our models with two new defuzzification methods for solving FLPP in which the
objective function are characterized by fuzzy numbers.

In the first method, we transformed our FLP model into zero-one integer linear programming (0-11LP) model by using
a new defuzzification technique with probability density function from membership function to obtain the crisp optimal
solutions.In the second method, we proposed a LP model with fuzzy variables in both the objective function and the
constraints using a new defuzzification technique by implementing the extended ranking method for identifying the
crisp optimal solutions.We demonstrated the details of the two proposed methods with a case study taking from [29].
The tables results show us the same optimal critical path for different values of membership, which give us more credit
to our proposed defuzzification methods.
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