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ABSTRACT—The parallel processing systolic array 

architecture is designed for the real time VLSI spatio 

temporal 3D Infinite Impulse Response (IIR) frequency 

planar filter to achieve high throughput of one frame per 

clock cycle (OFPCC). To reduce the circuit complexity 

by designing the architecture, that is based on differential 

form transfer function of a 3D IIR frequency planar filter. 

The 3D Look Ahead(LA) form of the transfer functions 

along with retiming techniques is used to maximize the 

speed of the architecture. This array architecture is used 

for a real-time implementation of 3D IIR frequency 

planar filters, which is operating at radio frequency frame 

rate. This 3D IIR frequency planar filter acts as a building 

block for 3D IIR digital filters having beam- and cone-

shaped pass bands, which is required for smart antenna 

array beamforming applications. The proposed 7X7 

systolic array architecture of 3D IIR frequency planar 

filter is synthesized and implemented on Virtex5 

xc5vlx50tff1136-1 FPGA device and its achieves 

maximum operating frequency of 109.016MHz. 

KEYWORDS— Systolic array, Multidimensional signal 

processing, Frequency Planar filter, 3D LA Techniques, 

Retiming Techniques. 

I.INTRODUCTION 

 
A Systolic array is a specialized form of parallel 

computing architecture. The 3D first order IIR 

Frequency planar digital filter is the processing cell of 

the systolic array architecture. This architecture is 

designed for the real time high throughput of OFPCC. 

First order 3-D frequency planar digital filter have well-

known application as a building-block for 3-D 

broadband sensor-array beamformer [1], [2], [9]. The 3-

D region of support(ROS) of the spectrum of an ideal 3-

D broadband plane wave lies on the line through the 

frequency origin ω≡( ω1,ω2,ω3)=(0,0,0) and the direction 

of this line in ω  is equal to the direction of arrival 

(DOA) of the plane wave in the spatio-temporal domain 

[3],[4],[5]. The architecture proposed for a 2-D spatial 

array of antenna.           

The signals from the antenna are amplified by using 

low noise amplifier and then filter the desired signal by a 

low pass filter. The analog signal is converted into the 

digital signal using an analog to digital converter (ADC). 

The digital signal is given as input for processing 

element. Similarly each processing element get the input 

from an each antenna. The architecture is designed based 

on the differential form and is of low circuit complexity 

compare with the direct form architecture [6].The speed 

is maximized by the 3-D LA form of the transfer 

function along with retiming techniques. 

II. DESIGN OF 3D IIR FREQUENCY PLANAR FILTER 

 
The required z domain input output transfer function 

[11], [12], [6] of the 3-D IIR frequency-planar filter is 

given by 

𝐻 𝑧 =
   𝑧1

−𝑖𝑧2
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𝑘=0
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Where 𝑏𝑖𝑗𝑘 =
 𝑅+ −1 𝑖𝐿1+ −1 𝑗𝐿2+ −1 𝑘𝐿3 

 𝑅+𝐿1+𝐿2+𝐿3 
 are direct form 

feedback coefficients. 

The required algebraic decomposition of (1) that 

yields an architecture having the desired high throughput 

of OFPCC. For this purpose, the first order 1-D 

differentiator having 1-D z-domain transform transfer 

functions [13] 

𝑌𝑘
′  𝑧𝑘 =

𝑧𝑘
−1

1 + 𝑧𝑘
−1 𝑌 𝑧 , 𝑘 = 1, 2, 3                                    (2) 

Where 𝑧1
−1, 𝑧2

−1 are the horizontal and vertical spatial 

delay operators respectively and  𝑧3
−1  is the temporal 

delay operator.  Equation (2) is to be decomposed in the 

differentiator form [7], [8], 

𝐻 𝑧 ≡
𝑌 𝑧 

𝑋 𝑧 
=

1
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                              (3) 
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Where 𝛼𝑘  be the feedback coefficients, is given by 

𝛼𝑘 =
2𝐿𝑘

𝑅+𝐿1+𝐿2+𝐿3
 , R>0, 𝐿𝑘 ≥ 0, K=1,2,3. 

 

 

 

 

 

A. Optimizing the Speed by using LA and Retiming 

Techniques 

The direct form denominator of the input output 

transfer function (1) of the filter is non-separable for 

these frequency planar filters. It is well known that such 

3D polynomial cannot generally be factored. Therefore 

3D poles surface of the transfer function of the 3D 

frequency planar filter is not found. As a result, the 1D 

LA techniques is not applicable for the non-separable 

multidimensional transfer function.  

By decomposing the transfer function of a 3D first 

order filter using differential operator for applying LA 

speed optimizations only in the direction of the temporal 

recursion.  

This is not applicable for higher order or higher 

dimensional transfer function. 

Cross-Multiplying the term, simplifying (3) and using 

(2), we obtain 

𝑌 𝑧 =
𝑋 𝑧 + 𝛼1𝑌1

′ 𝑧1 + 𝛼2𝑌2
′ 𝑧2 

1 − 𝛼3
𝑧3
−1

1 + 𝑧3
−1

                             (4) 

Where  

𝑋 𝑧  is the 3D input in the 𝑧 transform 

𝑌 𝑧  is the 3D output in the 𝑧 transform 

By further simplifying (4), we obtain the following 

decomposition of (4) as required for speed maximization 

using LA and pipelining: 

𝑌 𝑧 =  
𝑋 𝑧 +  𝛼𝑘𝑌𝑘

′  𝑧𝑘 
2
𝑘=1

1 +  1 − 𝛼3 𝑧3
−1    1 + 𝑧3

−1                (5) 

Rearranging (5) the proposed 3-D LA form 

𝑌 𝑧 =  𝑋 𝑧 +  𝛼𝑘
𝑧𝑘
−1

1 + 𝑧𝑘
−1 𝑌𝑘 𝑧𝑘 

2

𝑘=1

  𝑇 𝑧3             (6) 

Where 𝑇 𝑧3  is the sub filter transfer function. 
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𝑇 𝑧3 ≡
 1 + 𝑧3

−1 

 1 + 𝛽𝑧3
−1 

≡
𝑋𝑂 𝑧3 

𝑋𝐼 𝑧3 
                                          (7) 

Where 

𝑋𝐼 𝑧3  is the 𝑧 transform input to the subfilter 𝑇 𝑧3  
𝑋𝑂 𝑧3  is the 𝑧 transform output to the subfilter 𝑇 𝑧3  

The denominator of (7) is separable transfer function 

and it is allow us to employ conventional time domain 

LA method. 

The transfer function of the sub filter 𝑇 𝑧3  is 

implemented using different number of adder, multiplier 

and subtractor circuit with different critical path delay. 

Stable first-order recursive filter may be fully pipelined 

by adding delay inside the feedback path, employing the 

known method LA speed optimization [10],[6]. LA speed 

optimization of order K in a first order recursive filter by 

adding K delay in the feedback path, which leads to 

reduce the critical path delay is given by≈ 𝑇𝐶𝑃𝐷
𝑜 /(𝑘 + 1) 

where 𝑇𝐶𝑃𝐷
𝑜  is the critical path delay without LA speed 

optimization [10],[6]. 

The subfilter 𝑇 𝑧3  is shown in Fig. 1(i). has no LA 

speed optimization. The critical path of 𝑇 𝑧3  without 

LA is 𝑇𝐶𝑃𝐷
𝑜 ≈ 𝑇𝑀𝑈𝐿 + 𝑇𝐴

𝑆 
 where 𝑇𝑀𝑈𝐿  and 𝑇𝐴

𝑆 
 

corresponds to the logic delays in a parallel multiplier 

and adder/subtractor respectively. The maximum clock 

frequency is therefore given by 𝐹𝐶𝐿𝐾
𝑜 =1/𝑇𝐶𝑃𝐷

𝑜  Hz.The first 

order LA is obtained by multiplying both numerator and 

denominator by 1 − 𝛽𝑧3
−1 , leading to 

𝑇 𝑧3 =
 1 − 𝛽𝑧3

−1 

 1 − 𝛽2𝑧3
−2 

 1 + 𝑧3
−1                                       (8) 

The alternative circuit of transfer function (8) shown 

in   Fig. 1(ii). The critical path delay of the circuit is 

Fig .1. Alternative implementations of resulting of the subfilter ; (i) Without LA speed optimization; (ii) First order LA speed 

optimization; (iii) First order LA along with retiming for speed optimization. 
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reduced  𝑇𝐶𝑃𝐷
1 ≈ 𝑇𝐶𝑃𝐷

𝑜 /2  and is therefore capable of 

approximately twice the throughput which is given 

by𝐹𝐶𝐿𝐾
1 =2𝐹𝐶𝐿𝐾

𝑜 . 

Retiming is a transformation techniques used to 

change the location of delay element without affecting 

the input/output characteristics of the circuit [10], [15]. 

Retiming techniques along with first order LA is used to 

increase speed of the circuit by reducing the critical path 

delay. By changing the position of the delay of the first 

order LA transfer function reduce the critical path of the 

circuit which is shown in the Fig. 1(iii). 

B. The Differential Form of 3D IIR Frequency Planar 

Filter 

The spatial 2-D inverse z-transform of (6) under Zero 

Initial Conditions, gives the mixed domain equation in 

the 3-D variable (n1, n2, z3): 

𝑌 𝑛1,𝑛2, 𝑧3 

=  𝑋 𝑛1,𝑛2, 𝑧3 +  𝛼𝐾

2

𝐾=1

𝑌𝐾
′  𝑛1,𝑛2, 𝑧3  𝑇 𝑧3         (9) 

 

 

Where  

𝑌1
′ 𝑛1,𝑛2, 𝑧3 = 𝑌 𝑛1 − 1,𝑛2 , 𝑧3 

− 𝑌1
′ 𝑛1 − 1,𝑛2, 𝑧3                          (10) 

𝑌2
′ 𝑛1,𝑛2, 𝑧3 = 𝑌 𝑛1,𝑛2 − 1, 𝑧3 

− 𝑌2
′ 𝑛1,𝑛2 − 1, 𝑧3                           11  

𝑋 𝑛1 ,𝑛2, 𝑧3  is the input in the mixed domain. 

𝑌 𝑛1,𝑛2, 𝑧3  is the output in the mixed domain. 

By converting the equation (6) implemented as 

differential form gives the difference equation are as 

follows 

𝑦 𝑛 = 𝑥 𝑛 +  𝛼𝑘𝑦𝑘
′  𝑛                                              (12)

3

𝑘=1

 

Where 

𝑥 𝑛  is the Synchronously sampled 3-D input signal. 

𝑦 𝑛  is the Synchronously sampled 3-D output signal. 

𝑦1
′  𝑛 = 𝑦 𝑛1 − 1,𝑛2,𝑛3 − 𝑦1

′  𝑛1 − 1,𝑛2,𝑛3            13  

𝑦2
′  𝑛 = 𝑦 𝑛1,𝑛2 − 1,𝑛3 − 𝑦2

′  𝑛1,𝑛2 − 1,𝑛3           (14) 

𝑦3
′  𝑛 = 𝑦 𝑛1,𝑛2,𝑛3 − 1 − 𝑦2

′  𝑛1,𝑛2,𝑛3 − 1           (15) 

The differential form (12) of a 3D IIR spatio-temporal 

is shown in Fig. 2. The circuit complexity is reduced by 

implementing in differential form compared to the direct 

form [1], [6]. 

III.SYSTOLIC ARRAY ARCHITECTURE 

The Systolic array architecture represents a network of 

processing element arranged in a regular manner [10]. 

The processing element here is a 3D IIR frequency 

planar filter. The design of the systolic array of a 3D IIR 

filter is shown in Fig. 3. The architecture is designed for 

the throughput of OFPCC. Here the frame refers to 

N1×N2 set of data samples obtained at each time sample. 

This architecture consists of an interconnected array of 

identical synchronous parallel processing core modules. 

The architecture of the 3D IIR frequency planar filter is 

the building block of cone shaped filter or beam filter for 

antenna beamforming. 

 
Each PPCM essentially implements (1) in real time for 

a particular spatial location. The straightforward direct-

form I implementation of (1) inside each PPCM is 

described in [14],[6]. However, for high-speed 

implementations, the direct-form realization is not the 

best choice because it leads to high VLSI resource 

consumptions, low computational throughput due to high 

complexity, as well as higher CPDs. Here, the circuit 

complexity is reduced by employing an alternative 

differential-form realization inside the PPCMs. The 

throughput limitations in [14] are much improved in the 

proposed architecture by employing a novel 3D LA 

speed optimization method. 

IV.IMPLEMENTATION RESULT AND DISCUSSION 

The 3D IIR frequency planar filter (3) is designed and 

Fig. 3. Systolic array architecture of 3-D IIR frequency planar filter 

Fig .2 The differential form of 3D IIR frequency planar filter. 
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it is simulating using matlab and the frequency response 

is shown in Fig 4. 

The systolic array of a 3D frequency planar filter is 

designed. A 3D IIR frequency planar filter is designed 

based on the differential form of transfer function. The 

critical path delay of the subfilter 𝑇 𝑧3  is reduced by the  

first order LA techniques and retiming techniques. The 

programming was done in Modelsim 6.4a and 

synthesized using PlanAhead 13.4.  The systolic array 

architecture was implemented in the Xilinx Virtex-5 

xc5vlxtff1136-1. 

The critical path delay of subfilter transfer function is 

reduced by LA techniques along with retiming 

techniques is implemented and its RTL diagram and the 

FPGA editor is shown in Fig. 5. 

The differential form of 3D frequency planar filter is 

implemented and its RTL diagram and the FPGA editor 

are shown in Fig. 6. 

Table I. The design summary shows the resources 

used for the subfilter 𝑇 𝑧3 , differential form of 3D IIR 

frequency planar filter and architecture and 7×7 systolic 

array architecture. From the Table I. it’s infer that the 

speed is optimized using LA along with retiming 

techniques for the subfilter𝑇 𝑧3 . Hence the critical path 

is reduced by implementing the subfilter 𝑇 𝑧3  using LA 

along with retiming techniques. This subfilter 𝑇 𝑧3  
design is used as building block for the systolic array 

architecture.

 

 

 

 

 

TABLE  I 
DESIGN SUMMARY FOR SYSTOLIC ARRAY ARCHITECTURE 

Hardware Modules Multiplier 
Adder / 

Subtractor 
Register 

Total On Chip 

Power(mW) 

Critical Path 

Delay(ns) 

Without LA Subfilter 𝑻 𝒛𝟑   1 4 2 444 5.000 

First Order LA Form Subfilter 

𝑻 𝒛𝟑  
2 6 4 488 3.191 

Retiming Along With First 

Order LA Form Subfilter 

𝑻 𝒛𝟑  
2 6 4 488 2.542 

Differential Form 3D IIR 

Frequency Planar Filter 

(PPCM) 

4 14 10 527 4.939 

7×7 Systolic Array 

Architecture 
196 686 1078 826 9.173 

Fig. 4. Frequency response of 3D IIR Frequency planar filter. 
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V.CONCLUSION 

By implementing the architecture in the differential 

form, the circuit complexity is reduced compared to the 

direct form architecture.  A 3D LA technique is used to 

optimize the speed. The first order LA technique along 

with retiming techniques gives the optimized result for 

the subfilter transfer function 𝑇 𝑧3 . Thus the proposed 

systolic array architecture of a 3D frequency planar filter 

achieved the throughput of OFPCC which is required for 

the real time VLSI application.   

The 7×7 array of a 3-D IIR frequency planar filter is 

implemented using Xilinx Virtex-5 xc5vlxtff1136-1 

device. The maximum clock frequency of the device is 

about 109.016MHz. The 3D IIR frequency planar filter is 

the building block for the 3D IIR beam or 3D cone filter 

banks, which is required for smart antenna beamforming 

application. Thus the architecture can be further 

improved for the 3D IIR beam and cone filter VLSI DPP 

implementations at OFPCC throughput, for high- speed 

applications. 
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Fig.6. RTL & FPGA Editor of PPCM 

 

Fig. 5. RTL & FPGA Editor of First order LA along with retiming 

for speed optimization of the subfilter. 


