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ABSTRACT: Sensitivity coefficients are essentially conversion factors that allow one to convert the units of an input
quantity into the units of the measurand. Sensitivity coefficients are also, and more importantly, measures of how much
change is produced in the measurand by changes in an input quantity. Mathematically, Sensitivity coefficients are
obtained from partial derivatives of the model function with respect to the input quantities [1]. Many laboratories use
the value of the sensitivity coefficient equals one for every input quantity without performing the partial derivatives.
They use the value one just to express the uncertainty of the input quantity as a percentage which is not true.

The aim of this work is to demonstrate the difference in the uncertainty values calculated by using the sensitivity
coefficient by the partial differential equations and by using percentage values through examples in hardness and
tension tests. The examples show high difference between the two methods.
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I.INTRODUCTION

The purpose of measurement is to determine a value of a quantity of interest (the measurand). Examples of measurands
include the hardness of a metal specimen, or the tensile strength, or the length of a metal bar .Notice that the objective
of a measurement is to determine a value of the measurand, in other words, to sample one value out of a universe of
possible values, since, in general, when one repeats a measurement many times, one will obtain many different
answers.

This observed variability in the results of repeated measurements arises because influence quantities that can affect the
measurement result are not held constant. In general, there are many influence quantities affecting a measurement
result. Although it is impossible to identify all of them, the most significant can be identified and the magnitude of their
effects on the measurement result can be estimated. Further, the way they impact the measurement result can, in many
cases, be mathematically modeled. A statement of a measurement result is incomplete (perhaps even meaningless)
without an accompanying statement of the estimated uncertainty of measurement

The 1SO Guide to the Expression of Uncertainty in Measurement (GUM 2003)[2] and the corresponding American
National Standard ANSI/NCSL Z540-2-1997 provide the current international consensus method for estimating
measurement uncertainty. It is equally applicable to calibration and test results and it forms the basis for accreditation
requirements relating to measurement uncertainty estimation.

The aim of this work is to demonstrate the difference between the value of uncertainty using sensitivity coefficients for
all influence factors which contribute the value of uncertainty and the value of uncertainty using percentage value for
all factors considering them equally weighted and the same contribution of uncertainty budget.

Il. THEORETICAL BACKGROUND

The GUM 2011 [3] method supposes that a mathematical model is available or can be derived that describes the
functional relationship between the measurand and the influence quantities.
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In many instances of undertaking test measurements the functional relationship is relatively simple and often the test

procedure provides the basis of a satisfactory model. The most frequent form of functional relationship is a linear
combination of measurements, [4].

y=(clxl+c2.x2+.... +cn.xn) 1)

The general relationship between the uncertainty u(y) of a value y and the uncertainty of the independent parameters Xy,
X2, ... Xn IS

[0 ciuix)®
Uy (g Xp,.)) = 1L )

where y(X1,X,,..) is a function of several parameters x;,x,,.., and ¢; is a sensitivity coefficient evaluated as ¢;= g y/ 2y,
the partial differential of y with respect to x;. Each variable's contribution is just the associated uncertainty expressed as
uncertainty multiplied by the relevant sensitivity coefficient. These sensitivity coefficients describe how the value of y
varies with changes in the parameters x,, x, etc[5].

NOTE: Sensitivity coefficients may also be evaluated directly by experiment; this is particularly valuable where no
reliable mathematical description of the relationship exists.

When variables are not independent, the relationship is more complex[6]:

=1 k=1,
" DY, : "

JZ cRu(n B Dcicy S, X )
U(y (%) = e @3)

The following section expresses two different examples. These examples compare the uncertainty budget for each case,
once by using sensitivity coefficients obtained through partial derivatives of the mesurand and the other by using
sensitivity coefficients equal one to all factors using the parameter x; as percentages.

I1l. EXAMPLES

A-Hardnesss test
ASTM E10[7] equation 1 defines Brinell hardness (designated as B for the purposes of this example) as a function of
the test force (F, measured in newtons), the diameter of the indenter (D, measured in mm), and the mean diameter of
the indentation (d, measured in mm):
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The unit for Brinell hardness is thus N/'mm”. The combined variance is

2t (OBY 2¢ey (9BY 2fr
u“‘.B)=!(:—: u'(F)+!f—f u (D)+
!\C / \cU) \ca)

(6BY ,
| = | v(d)

and the sensitivity coefficients c; are given by:

éB 0.204 I
= T =— — with unit of mm™,
¢ ,TD‘ D-VD*-d* }
\ J
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éB \VD*-d* )
CD:—z

éB _ ~0.204Fd

Cd=77= 2
% D -d*(D-yD-)

The results of Brinell hardness HB250/5 test are as follows:

251 HB - 250HB — 247HB — 249HB — 253HB.

d=1.12 mm

The expanded uncertainty of the machine for force calibration is+ 2.23% i.e £55 N

The expanded uncertainty of indenter due to error in the diameter is £0.01 mm i.e £0.2%
The uncertainty in the magnification system is £0.03 mm i.e £ 2.38%

From the equations (5) C¢ = 0.1 mm™

From the equations (6) Cp = 1.31 N/mm?

From the equations (7) Cq4 = -461.35 N/mm®

Uncertainty budget using sensitivity coefficient:

(4)

(5)

. with unit of N/mm’, ©)

, also with units of N/mm’. (7)

Source of error Value units Sensitivity Type of Divisor Uncertainty
coefficient distribution value (HB)
Repeatability 1 HB 1 Normal 1 1
Force of the 55 N 0.1 mm™ Normal 2 2.75
machine
Indenter 0.01 mm 1.3 N/mm° Normal 2 0.0065
Magnification 0.03 mm -461.35 N/mm® Normal 2 6.9
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The compound uncertainty = V1 + 2.75% + 0.0065% + 6.9"2 = +7.5 HB
The expanded uncertainty = 3.72x2= +14.9 HB
The uncertainty is calculated using the percentage values of the factors:

Uncertainty budget using percentage values:

Source of error Value units Sensitivity Type of Divisor Uncertainty
coefficient distribution value (%)
Repeatability 0.4 % 1 Normal 1 04
Force of the 2.23 % 1 Normal 2 1.12
machine
Indenter 0.2 % 1 Normal 2 0.1
Magnification 2.38 % 1 Normal 2 0.45

The compound uncertainty = v/0.4% + 1.122 + 0.1%2 + 1.162 =+1.66 %
The expanded uncertainty = 1.66x2= 3.32% = 3.32*250 =+ 8.3 HB

This example shows that the using x;as a percentage with using each accompanying sensitivity coefficient equal one
give expanded uncertainty of the mesurand about one half of the reasonable value

IV. DISCUSSION
From the previous examples it was shown that:
A- Hardness test example:

The expanded uncertainty calculated by using sensitivity coefficient from partial derivatives = +14.9 HB and from
using percentage values = £8.3 HB, the difference is equal to 6.6 HB =~ 44%.

B-Tensile test example:
The uncertainty calculated by using sensitivity coefficient from partial derivatives = 7 Mpa and from using percentage
values = 59.2 HB, which is about sixteen times the value obtained from using sensitivity coefficient

From the above results it is recommended that the uncertainty must calculated using partial derivatives of the equation
which relates the output mesurand to the input factors, to determine the sensitivity coefficient for each factor

REFERENCES

1-Thom Adams,G104 - A2LA Guide for Estimation of Measurement Uncertainty In Testing, July 2002suitable.

2- Maurice Cox, Guide to the Expression of Uncertainty in Measurement (GUM) and its supplemental guidesNational Physical Laboratory, UK,
2003.

3- C.-G. PERSSO, GUM - Guide to the Expression of Uncertainty in Measurement — and its possible use in geo data quality assessment, resented at
Q-KEN, Riga, Latvia, 25th of October 2011 .

4-Keith Birch, Measurement Good Practice Guide No. 36 Estimating Uncertainties in Testing An Intermediate Guide to Estimating and Reporting
Uncertainty of Measurement in Testing , British Measurement and Testing Association Teddington, Middlesex, United Kingdom , 2003.
5-Dr.Wolfgang Kessel, BraaunschweiglSO/BIPM Guide: Uncertainty of measurements, Sept,1999.

6- ISO/IEC Guide 98-3:2008: ”Uncertainty of Measurement -- Part 3: Guide to the Expression of Uncertainty in Measurement.

7- ASTM E10-12 standard test method for Brinell hardness test of metallic materials

4110 |Page



