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INTRODUCTION
The objective of this paper is to add further to the research into the solution quintic of equations that has preoccupied 

mathematicians for centuries.

Quintic equations are part of polynomial equations. From literature [1,2] polynomial equations were first investigated more 
than four thousand years ago.

The general septic equation takes the form 7 6 5 4 3 2
6 5 4 3 2 1 0 0x a x a x a x a x a x a x a+ + + + + + + = 		             1

Abel and Ruffini showed that proved that it impossible to solve over a field of rational numbers [3].

In this paper I will present a solution of the septic equation:
7 0x px q+ + = 												                         2

In the process of deriving the Septic equation above, there will also be need to solve a Quartic equation with the formula of 
the quartic equation derived without reducing it to a lower form. This will imply that formulae of higher degree polynomials can be 
derived without eliminating the intermediate terms [4]. 

In the above septic equation four intermediate terms have been eliminated. I will attempt to derive its formula with a method 
that can be also used to derive the general septic equation [5,6]. 

The advantage of this method is that it can be used to derive formulae for polynomial equations of degree three and above. 

METHOD 
Solution of the cubic equation

Consider the cubic equation,
3 0x bx c+ + = 												                       3

If we take x u v= + 										           	                           4

Then, ( )3 2 2 33 3 0u u v uv v b u v c+ + + + + + =

The expanded form of 4 is:
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( )3 2 2 33 3 0u u v uv v b u v c+ + + + + + = 									                        5

5 can be simplified to take the form:

( )( )3 3 3 0u v u v b uv c+ + + + + = 										                       6

Take ( )( )3 0u v b uv+ + = 											                       7

And 3 3 0u v c+ + = 											                                     8

From 7 3b uv= 												                         9

Substituting 8 into 9 and simplifying:
3

6 3 0
27
bu u c+ − = 												                     10

One of the roots of 10 is 

2 3
3

2 4 27
c c bu = − + + 											                                   11

Similarly it can be shown that one of the roots of v is given by:

2 3
3

2 4 27
c c bv = − − +

											                    12

One root of the above cubic equation is given by,

2 3 2 3
3 3

2 4 27 2 4 27
c c b c c bx = − + + + − − + 								                                13

The above method can be extended to provide a solution to the Septic equation. 

Solution of the Septic equation 

Consider the Septic equation below
7 0x px q+ + = 												                     14

If we take   x u v= +  then,

( ) ( )7 0u v b u v c+ + + + = 										                                  15

The expanded form of 15 is: 

( ) ( ) ( ) ( ) ( ) ( ) ( )7 6 2 5 37 6 5 2 4 3 47 7 21 21 35 35 ( ) 0u v w u v w u v w u v w u v w u v w u v w b u v w c+ + + + + + + + + + + + + + + + + + =           16

( ) ( ) ( )4 34 3 3 335 ( ) 35 35u v w u v w u v w u v w+ + + = + + + 								                  17

Substituting 17 into 16

( ) ( ) ( ) ( )( )7 37 6 6 5 2 2 5 37 7 ( ) 21 ( ) 21 ( ) 35 0u v w u v w u v w u v w u v w u v w u v w b+ + + + + + + + + + + + + + + = 		

Take:

( )3335 0u v w b+ + = 											                                  18

( )77 0u v w c+ + + = 											                        19

( ) ( )26 6 5 2 57 7 ( ) 21 21 ( ) 0u v w u v w u v w u v w+ + + + + + + = 							                   20

Equation 20 can be simplified to:

( ) ( )5 4 4 53 ( ) 3 0v w u v w u v w u+ + + + + + = 								                                21

Substituting 18 into 19,
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7
314 7

35
bu u c  + −  

 
												                      22

One of the roots of 21 is given by:

7
3

7 4
35

2

bc c
u

 − + +  
 =

											                     23

In solving the quintic equation 21 above: 

Take v w r s t+ = + + 											                      24

( ) ( ) ( ) ( ) ( )( ) ( )5 3 3 45 4 3 2 2 3 2 4 3 2 25 5 ( ) 10 10 ( ) 3 ( 4 ( 6 ) 4 0r s t r s t r s t r s t r s t u r r s t r s t r s t s t b r s t c+ + + + + + + + + + + + + + + + + + + + + + + = 	 	

         ( ) ( ) ( ) ( )( ) ( ) ( )2 45 5 4 2 3 3 4 3 2 2 3 2 2( ) 5 5 ( ) 10 3 ( 4 6 ( ) 4 ) ( 5 ) 0r s t r s t r s t r s t u r r s t r s t r s t s t r s t b r s t c+ + + + + + + + + + + + + + + + + + + + + + + =          25

Equations:
5 5( ) 0r s t c+ + + = 												                     26
5 5( ) 0r s t c+ + + = 											                 	           27

( ) ( ) ( ) ( )3 44 2 3 2 4 3 2 2 35 5 10 ( ) 3 ( 4 6 ( ) 4 ( ) 0r s t r s t r s t u r r s t r s t r s t s t+ + + + + + + + + + + + + + = 		            28

Substituting 26 into 27:
5 
25 5 0

5
br r c − + + = 

 

											                                   29

5 
22

5 4
5

2

bc c
r

− − + −  
 =

										           	            30

Equation 1.7 can be reorganized as:

( ) ( ) ( ) ( ) ( ) ( )( )4 3 22 3 2 4 3 45 12 10 18 5 12 3 0s t s t r ur s t r ur s t r ur ur+ + + + + + + + + + + = 			         	           31

Let   s t W+ =

Let ( )2
35 12r ur a+ = 											                                   32

( )3 2
210 18r ur a+ = 												                     33

( )4 3
15 12r ur a+ = 											                                  34

4
03ur a= 											            

Then:
4 3 2

3 2 1 0 0W a W a W a W a+ + + + = 									                                 36

1 1 1W u v w= + + 												                      37

Then: 

( ) ( ) ( ) ( )4 3 2
1 1 1 3 1 1 1 2 1 1 1 1 1 1 1 0 0u v w a u v w a u v w a u v w a+ + + + + + + + + + + + = 				              38

Then:

( ) ( ) ( ) ( ) ( ) ( )4 34 3 2 2 3 3 2 2 2 2
1 1 1 1 1 1 1 1 1 1 1 1 3 1 1 1 1 1 1 2 1 1 1 1 1 1 1 04 4 6 ) 3 3 2 0u v w u v w u v w u v w a u v u v u v a u v u v a u v a+ + + + + + + + + + + + + + + + + + = 	           39

But ( ) ( )2 2
3 1 1 1 1 3 1 1 1 13 3a u v u v a u v u v+ = + 									                   40

Equation 39 can be simplified to:

( ) ( )( ) ( )( ) ( )3 34 4 3 2 2 3 2 2
1 1 1 1 1 1 1 1 1 1 3 1 1 1 2 1 1 1 1 1 1 1 1 1 1 3 1 1 1 04 4 6 ( ) ) 2 ( ( 3 ( )) 0u v u v u v w u v w a u v w a u v w u v w u v w a a u v w a+ + + + + + + + + + + + + + + + + + + + =       41
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Equations from 41:

4 4
1 1 1 0( ) 0u v w a+ + + = 											                     42

( )1 3 1 1 13 0a a u v w+ + = 											                       43

( ) ( ) ( ) ( )( ) ( ) ( )( )3 2 3 23 2 3 2
1 1 1 1 1 1 1 1 1 3 1 1 1 2 1 1 1 1 1 14 4 6 ) 2 0u v w u v w u v w a u v w a u v w u v w+ + + + + + + + + + + + + =

		            44

Substituting 43 into 42 and simplifying:
4

8 4 1
1 0 1 4

3

0
81
au a u
a

+ + = 											                        45

One of the roots of 45 is given by:

4
2 1

0 0 4
3

1

4
81

2

aa a
a

u
− + −

=
						       					                46

Simplifying and rearranging 44:

( )
( ) ( ) ( )

2 2 3 2
3 1 1 1 2 1 2 2 1

1 1 1 1
1 3 1 3 1 3

6 4 0
4 4 4

v w u a u a a uv w v w
u a u a u a

+ +  +
+ + + + + = + + + 

					               47

If

( )2
1 2

2
1 3

6
4
u a

b
u a
+

=
+

												                     48

3
1 2

1
1 3

4
4
u a b
u a
+

=
+

												                      49

2
2 1

0
1 34

a u b
u a

=
+

												                      50

Then 47 can be written as:

( ) ( )3 2
1 1 2 1 1 0 0v w b v w b+ + + + = 										                    51

If we take 

2
1 1 

3
bv w z+ = − 												                        52

Then: 
2

3 32
2 0

4 0
3 27
bz z b b− + + = 										                   53

( ) ( )
2 2

6 63 3 3 3 23 3
1 1 2 0 2 0 2 2 0 2 0 2

1 4 1 4 1 1 4 1 4 1  
2 27 4 27 729 2 27 4 27 729 3

bv w b b b b b b b b b b       + = − + + + − − − + + + − −       
       

	  	            54

( ) ( )

4
2 1

2 20 0 4
6 63 3 3 3 3 23 3

1 1 1 2 0 2 0 2 2 0 2 0 2

4
81 1 4 1 4 1 1 4 1 4 1  

2 2 27 4 27 729 2 27 4 27 729 3

aa a
a bW s t u v w b b b b b b b b b b

− + −
       = + = + + = + − + + + − − − + + + − −       
       

	              55

( ) ( )

5 42 22 1
2 20 0 45

6 63 3 3 3 3 23 3
2 0 2 0 2 2 0 2 0 2

4
4

815 1 4 1 4 1 1 4 1 4 1  
2 2 2 27 4 27 729 2 27 4 27 729 3

ab a ac c
a bv w b b b b b b b b b b

−  − + −− + −           + = + + − + + + − − − + + + − −       
       

	              56

One of the roots of the septic equation is given by:

x u v w= + + 												                          57

7 5 5  43 2 222 21
0 0 47 5 5

3

4
4 4 4

8135 5 5 
2 2 2 2

ab b ba ac c c c c c
a

x

− −     − + −− + + − + − − + −     
     = + + + + ( ) ( )

4
2 1

2 20 0 4
6 63 3 3 3 3 23 3

2 0 2 0 2 2 0 2 0 2

4
81 1 4 1 4 1 1 4 1 4 1  

2 2 27 4 27 729 2 27 4 27 729 3

aa a
a bb b b b b b b b b b

− + −
       + − + + + − − − + + + − −       
       
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