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Abstract:In this research the natural frequency of a cracked beam with different supported, simply and clamped beam,
is investigated analytically and numerically by finite element method with using of ANSYS program ver. 14 with
different crack depth and location effect and the results are compared. The analytical results of the effect of a crack in a
continuous beam are calculated the equivalent stiffness, El, for a rectangular beam to involve an exponential function
with depth and location of crack effect, with solution of assuming equivalent stiffness beam (EI) by using of Fourier
series method. And, The beam materials studied are low carbon steel, Alloys Aluminium, and Bronze materials with
different beam length and depth. A comparison made between analytical results from theoretical solution of general
equation of motion of beam with crack effect with numerical by ANSY'S results, where the biggest error percentage is
about (1.8 %). Also it is found that the frequency of beam when the crack is in the middle position is less than the
frequency with crack near the end position and the natural frequency of beam decreasing with increasing of crack depth
due to decreasing of beam stiffness at any location of crack in beam.

Keywords:Vibration beam, crack beam, health monitoring, theoretical vibration crack beam, frequency of beam with
crack effect.

I. INTRODUCTION

Many engineering components used in the aeronautical, aerospace and naval construction industries are considered by
designers as vibrating structures, operating under a large number of random cyclic stresses. Consequently, it is natural
to expect that fatigue crack initiation and propagation in critically stressed zones of such structures, in particular when
local or general resonance occurs, [3]. The importance of the beam and its engineering applications is obvious, and it
undergoes many different of loading. Many types of loading may cause cracks in the beam. These cracks and their
locations effect on the shapes and values of the beam frequency. Recently these topics are so prevailing in the industry
of spacecraft, airplanes, wind turbines, turbines, robot arm and many other applications. Many studies were performed
to examine the vibration and dynamic of cracked beams, as,

M. I. Friswell and J. E. T. Penny [1], presented a compares the different approaches to crack modeling, and
demonstrates that for structural health monitoring using low frequency vibration, simple models of crack flexibility
based on beam elements are adequate. This paper also addresses the effect of the excitation for breathing cracks, where
the beam stiffness is bilinear, depending on whether the crack is open or closed. Most structural health monitoring
methods assume that the structure is behaving linearly, whereas in practice the response will be nonlinear to an extent
that varies with the form of the excitation. This paper will demonstrate these effects for a simple beam structure.

K. El Bikri et. al. [3], presented a theoretical investigation of the geometrically non-linear free vibrations of a clamped—
clamped beam containing an open crack. The approach uses a semi-analytical model based on an extension of the
Rayleigh—Ritz method to non-linear vibrations, which is mainly influenced by the choice of the admissible functions.
The general formulation is established using new admissible functions, called ‘‘cracked beam functions’’, and denoted
as ‘“CBF’’, which satisfy the natural and geometrical end conditions, as well as the inner boundary conditions at the
crack location. The work is restricted to the fundamental mode in order to concentrate on the study of the influence of
the crack on the non-linear dynamic response near to the fundamental resonance.

D. Sreekanth Kumar et. al. [5], presented a spectral finite element with embedded transverse crack is developed and
implemented to simulate the diagnostic wave scattering in composite beams with various forms of transverse crack,
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such as surface-breaking cracks, matrix cracking and fiber fracture. The equilibrium equations are represented using
compact matrix notations. After assembly of the element-internal system of waveguides, the internal nodes are
condensed out and finally a two-node finite element in frequency domain is obtained. Important conclusions are drawn
on the advantages of the proposed approach, limitations of the element and further scope of improved diagnostic
analysis of cracked beam.

Ertugrul Cam et. al. [6], presented information about the location and depth of cracks in cracked beams. For this
purpose, the vibrations as a result of impact shocks were analyzed. The signals obtained in defect-free and cracked
beams were compared in the frequency domain. The results of the study suggest to determine the location and depth of
cracks by analyzing the from vibration signals. Experimental results and simulations obtained by the software ANSYS
are in good agreement.

The objective of this paper is to study the effect of crack depth and position on the natural frequency of the beam by
using of analytical solution of general equation of motion of beam with crack effect and compared with numerical
results evaluated by finite element method with using of Ansys Program.

To achieve the above objectives, analytical solution is developed for dynamic analysis of beam with and without crack
effect to evaluate the fundamental natural frequency of beam by using the analytical solution of general equation of
motion of beam with crack effect, by building a computer program for analytical solution using Fortran power station
4.0 program.

Il. MATHEMATICAL MODEL

Consider the beam shown in Fig. 1, having the following geometrical and material characteristics (1, w, d, d., E, I(x), p),
where; E-modulus of elasticity; and p-density of beam and other notations as shown in the figure. The beam is
supposed to be loaded with a bending moment and to have a uniform transverse surface crack of depth a located at a
given position xc from the left edge of the beam.

| Xc | Crack
| | /

v/ w
Ta,

Fig. 1. Dimensions of Beam with crack

The general equation of beam vibration can be written as, [2],
92 92w 02w
S EO L 0]+ oA S (0 =0 ()

The effect of a crack in a continuous beam and calculated the stiffness, El, for a rectangular beam to involve
an exponential function given by, [1]:
Elg

EI(X) = —————————— - 2

1+C exp (—2alx—x¢|/d)

Where,
C — (lo_lc)

w and d are the width and depth of the beam,
d. is the crack depth, x is the position along the beam, and x, the position of the crack.
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a is a constant equal to (0.667), [1].

The mass for the beam can be calculated by,
PAX) = p* Wk d = pA-----mmmmmmmmm 3
For vibration analysis of the beam having a crack with a finite length, relation Eq. (2) can be expanded as a
sum of sine and cosine functions in the domain 0 < x < L by Fourier series, as,

EI=A, + X1 A, cosznm+2n 1By smZnﬂx ------------------------------------- 4)
Where, A, A,, and B, are Fourier series constant can be evaluated as, [19],
L
A—leI()d —1J Elp d
° L V=T 1+ Cexp(—2alx — x.|/d) X
0 0
L L
A ZJ-EI() 2n1'[xd 2] El, 2n1'txd
n T ST T X T T Cexp(—2alx —x /D) T L ¥
0
2 2n mx _Z L Elg . nemx .o
f EI(X) sin dx =7 Trcon Caaho S L dx (5)

By integral equation (5) by x, using Simpson’s rule integration method [18], get the Fourier series constant, as,
1 (xf—Xj mg—1 mq—2

[ f00dx = 3 (") [0x) + 4 Z3T 0 F0x) + 280 Fx) A+ FxQ) e 6)

Where, x; = 0 and x; = L, and my is the subdivisions of interval [x;, x¢], usually even number.

And, x, = x; +(Xf X) s

mg

Then,
mg—1
El, El,

+4
—x I 1+ Cexp(—2a|x; — x.|/d) e 1+ Cexp(—2alxs — x.|/d)

- L \'
R )

El, El,
1 + C exp(—2axs — XC|/d) 1+ Cexp(—2a|xf — x.|/d)

$=2,4,6
md -1
/ 2n1'[xi Elg 2N T X \
+4 cos +
| 1+ Cexp(— 2a|x ¢ |/d) L £t 1+ Cexp(—2alx, — x.|/d) L |
s=1,5,9,...
A, = I 42 |
El, 2n1'rxS 4 El, 2n T X¢
£ 1+Cexp( 2a|xs — X I/d) L 1+ Cexp(—2a|x; — x.|/d) €os L
S=
Elg i Znnxl mg—1 Elg . 2N T Xg
B _i(Xf—Xi) 14+C exp (— Zalxi—xcl/d) +4ZS 1'3'5""1+Cexp(—2a|xs—xc|/d)Sl L + 7
n 3L\ myg Zzﬁd 2 Ely SinZnnxs Elgy SinZnan ------------ )
$=2,4,6,... 1 4C exp (—2a|xs—xc|/d) L 1+4C exp (—2a|xf—xc|/d) L
Then, substition egs. 3 and 4 in to eq. 1, get,
2nmx 2nmx) 0%w 2w
2 (A + B3t A cos 225+ T By sin22) 2 ()] 4+ ALY (1,8) = 0eerereereeeeeeeeeeeeeeee ®)
Then, by differential eq. 8, get
4
‘;T‘Z(x,t)(A + YA, coszn”+2 _1 B, sinan”)—
a3 4 .2 o 2
a—‘;’( )( nn)( _1 A, sin n”— ~_1B, cos nL”)—
2
ZTVZV(X,t)(ZM) (Zn 1A, coszn”+z 1 B, sin Znn )+ Aavzv(x t) = 0---mmmmrmmm e 9
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Assuming the effect of crack small on the deflection of beam, then can be assuming the behaviours of beam
with crack same the behaviours of beam without crack, as, [2], for simply supported beam

w(x) = Agsin(Bx)
FOI‘, Bll =TI, le = 21T, 831 = 31T, 841 =

And, the general behavior of beam as a faction of x and time, as

W(X, t) = Agsin(Bgx) SINFiwt)-------------nnnnnmmmmmmmmmena- (11
Then, by substation eq. (11) in to (9), get the general equation of motion for beam with crack effect as
(Bz)*sin(Bzx) (AO + Y% A, cos Znmx ¥ B, sin 2 nLT[ X) +
(Bm)3cos(Bzx) (1) (Tt An sin = — X7 B, cos =) + (Bn)zsm(snx) (27)° (3 A, cos 2
n=1coBnsinZ nm xL w2sinfnxpA=0

+

By pre multiplying eq. (12) by sin(Bzx) and integral with x for 0 < x <1, get, the natural frequency of beam
with crack effect,

(Bx )4(5“1 (BHX)) (A +Yn—1Ap cos 2

+Zn 1Bn sman1T X)+
fO (Bs ) sin (2 an)(Znn)(zn:1An sm2 T Xy 1 Bp cos Lnx)+ dx
W? = [(Bm) (sm (an)) (Znn) (Z;’f:lAn czosannX+Z;°=1Bn sinann X)J
0(sin (Bﬁx)) pA dx

By integral equation (13) by x, using Simpson’s rule integration method [18], get the natural frequency of
beam with crack effect, as,

[ fG0dx = (") [f0x) + 4 Z 5 F0) + 25 0 £ + £xp) |-

Where, x; = 0 and x; = L, and my is the subdivisions of interval [x;, x¢], usually even number
And,

X — Xj
X—X+< )S
m

d
Then,

1
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By using of the building a computer program for analytical solution using Fortran power station 4.0 program,
can be get the results of Eq. (15) to evaluated natural frequency of beam.

I1l. NUMERICAL MODEL

In this method, the finite elements method was applied by using the ANSYS program (ver.14). The three dimensional
model were built and the element (Solid Tet 10 node 187) were used.

Generally the number of nodes was approximately (1250-1300) and the number of elements was (550-600). A sample
of meshed beam is shown in Fig. 2. for different crack location and depth.

_—I

Top View of Crack | Side View of Crack

a.l. Beam with Middle Crack Location

B SN 124 N 74 7 A A I N7V 2 2 P Y Y Yt YA VA

Top View of Mash in Crack Location A Side View of Mash in Crack Location

a.2. Mash of Beam with Middle Crack Location

Side View of Crack

Top View of Crack

b.1. Beam with Side Crack Location
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Top View of Mash in Side View of Mash in Crack Location
Crack Location \

b.2. Mash of Beam with Side Crack Location
Fig. 2. Mash of Beam with Different Crack Location

IVV.RESULT AND DISCUSSION

The vibration results of beam with crack effect includes the evaluation of the natural frequency of different beam
dimensions and materials, with crack effect of beam, included the effect of crack size, crack location, and other
parameters of beam as length, depth and boundary condition of beam.

Where The mechanical properties of beam studded, [20], are,
» Low Carbon Steel beam,

E=207 Gpa, G=80 Gpa, p=7800 kg/m?, v=0.3
»  Alloys Aluminum beam,

E=69 Gpa, G=26 Gpa, p=2770 kg/m®, v=0.33
» Bronze beam,

E=115 Gpa, G=45 Gpa, p=7650 kg/m?, v=0.28

And dimensions beam,

»  Width of beam, w = 0.015 m
» Depth of beam, d = 0.005 m, 0.015 m, and 0.025 m
» Length of beam, I = 0.5m,and, 1 m

The method studied to evaluated the natural frequency of beam with crack effect are, theoretical study and numerical
study, by using ANSY'S Program Version 14.

The theoretical work includes the study of the crack effect of beam with different crack size (depth of crack), different
crack position, different beam dimensions (depth and length of beam) and simply supported boundary conditions of
beam.

The theoretical results are compared with those obtained numerically by using the ANSYS Program (Version 14) for
each parameters effect studied as shown in Figs. 3 and 4. A comparison made between analytical results from solution
of general equation of motion of beam, with crack effect, with numerical results by finite elements methods, shows a
good approximation where the biggest error percentage is about (1.8 %).

The effect of crack size as depth of crack for beam with different length, depth, and boundary conditions of different
beam materials, with different location of crack are shown in figs. 5 to 7. From Figs. 5 to 7 shows the effect of the
crack on the natural frequency of beam, can see that the natural frequency decreasing with increasing crack depth for
different crack position, this is because the changing in stiffness beam. And the rate of decreasing for experimental are
close for different crack position.
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Fig. 3. Compare Natural Frequency Between Theoretical and Numerical Study of Simply Supported Beam with Crack
Depth (d. = 0.2.d) and Different Crack Location for Various Length and Depth Beam of Different Beam Materials.
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Fig. 4. Compare Natural Frequency Between Theoretical and Numerical Study of Simply Supported Beam with Crack
Depth (d. = 0.5.d) and Different Crack Location for Various Length and Depth Beam of Different Beam Materials.
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Fig. 5. Natural Frequency of Low Carbon Steel Materials Beam with Different Crack Location and Depth Effect for
Various Boundary Condition, depth, and Length of Beam.
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Fig. 6. Natural Frequency of Alloys Aluminum Materials Beam with Different Crack Location and Depth Effect for
Various Boundary Condition, depth, and Length of Beam.
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Fig. 7. Natural Frequency of Bronze Materials Beam with Different Crack Location and Depth Effect for Various
Boundary Condition, depth, and Length of Beam.
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V. CONCLUSION

The following concluding marks have been observed:

1. The analytical solution is a powerful tool for solving the differential equation for beam vibration with and without
crack effect.

2. A comparison made between analytical results from solution of general equation of motion of beam with crack
effect with numerical results by finite elements method shows a good approximation.

3. The crack causes, as expected, a decrease in the natural frequencies of flexural vibrations of the beam.

4. The crack in the beam has an effect on the stiffness of the beam, this will affect the frequency of the beam. So,
with increasing of the crack depth the stiffness of beam will decreased, this will cause a decreasing the natural
frequency of the beam.

5. The position of crack in the beam near the middle of the beam has more effect on the stiffness and natural
frequency of beam from the other positions (near to the ends of the beam), i.e. frequency of beam when the crack
in the middle position it has a lower frequency of beam with respect to the cracks near to the end position.
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