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Abstract: The Pseudo-metric spaces which have the property that all continuous real valued functions are uniformly
continuous have been studied.

It is proved that the following three conditions on pseudo-metric space X are equivalent

a] Every continuous real valued function on X is uniformly continuous.

b] Every sequence {x,} in X with lim d(x,) = 0 has a convergent subsequence.

c] Set A is compact and for every §; > 0, there is &, > 0 such that d(x, A) > &, implies

d(x)> 6, .

Here A = set of all limit points of X and d(x) = d(x, X- {x})
Further it is proved that in a pseudo-metric space X, a subset E of X is compact if and only if every continuous
function f:E — R is uniformly continuous and for every € > 0
the set {x e E/ d(x) > €} is finite.
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I. INTRODUCTION
Let X denote a pseudo-metric space with pseudo-metric d. For any x € X and any subset D of X we shall denote by
d(x, D), the distance from x to D,
ie. d(x, D) = inf{d(x,y)/ y € D }. We shall denote by d(x), the distance from x to X-{x}.
Recall that a point xeX is called an accumulation point of a subset E of X if for every
r > O,there is y €E such that y # x, d(x,y) <. It follows that X is an accumulation point of E if and only if d(x,E-
{x}) = 0. The set of all accumulation points of X will be denoted by
A={x e X/ d(x) =0}. Since A = d*{0} and d is continuous, A is closed.
For any subset D of X, we have x € D if and only if d(x, D) = 0.
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Il. INTERMEDIATE RESULT
Theorem1: If every continuous function f: X — R is uniformly continuous then every sequence {X,} in X with lim
d(x,) = 0 has a convergent subsequence .
proof: Suppose that every continuous function f: X — R is uniformly continuous but the condition is not satisfied.
Thus there is a sequence {X,} in X with lim d(x,) = 0 having no convergent subsequence. Then there is a sequence
{y.} such thaty, # x, forallnand ,"™d(x,,y,) = 0.

We claim that {y,} does not have a convergent subsequence. If {y,} had a subsequence {y,« } which is convergent
then "™ d ( X, Ve ) = 0.This would imply that {x,J} also converges to the same limit to which {y,} converges,
which gives contradiction since {X,} does not have any convergent subsequence.

Thus no point of {x,} and {y,} is repeated infinite times.

Hence a subsequence of {x,} and {y,} can be extracted such that {x.«} = E and {y.«} = F are disjoint. As,{x.«} and
{yn } have no convergent subsequences they have no limit points.  Thus the derived sets of E and F are empty.
Thus E = { x«} and F ={ Y} are disjoint closed subsets of X.

As each pseudo metric space is normal by Urysohn’s Lemma there is f: X — [0,1] which is continuous such that ,
f(E) = 0 and f(F) = 1. As, £:X — R is a continuous function then by hypothesis f is uniformly continuous. Thus
there is §>0 such that for all x, y € X d(x, y) < & => d(f(x), f(y)) < 1.Since ;" d ( X, Vi ) = O.
there is K suchthat for k > K, d(Xu.Y) < 8 and hence |f(x) — f(ye) | <1 but

lf o) — f(ru) | = 1, acontradiction.

Hence, every sequence {x,} in X with lim d(x,) =0 has convergent subsequence.

Theorem 2: If every sequence {x,} in X with lim d{x,} = 0 has a convergent subsequence then the set A is
compact and for every §;> 0 there is §,> 0 such that d(x,A) > §; =>d(x) > 9§, .

Proof: Firstly we show that the set A = {x : d(x) = 0} is compact. ie. To show that every sequence in A has a
convergent subsequence in A.

Let {x,} be any sequence in A.Then {x,} is a sequence in AcX with lim d(x,) = 0 and hence by hypothesis {x,}
has a convergent subsequence say {X.c} such that x, —x e X. But d being continuous, d(x) = lim d(x,) =0.

Thus x € A and A is compact.

Now we show that for every &;> 0 there is §,> 0 such that d(x,A) >6; => d(X) > &,

Let 6;>0 be givenand §’, = inf {d(x) : d(x,A)> §; }.We claim that §,#0. If it is zero then for every n>1 there is x,

with d(x,,A) > §; and d(x,) < % ~ d(X,)—0 as n—oo =>{X,} has a convergent subsequence (by hypothesis) say
X — X As {Xn} is a subsequence of the sequence {X,} ,d(X) =0 = x € A. = /™ d (X, A) < ™ d (X, x) =0
i.e.,™d(xy,A) = 0. This contradicts to d(x,, A) >§; V n>1.Thus Our assumption that §’, =0 is wrong and
hence &', > 0. Thus if d(x,A) >6; then d(x)> 6", > 8, /12 = §,.This proves the result.

Theorem 3: If the set A is compact and for every &,>0 thereis §,>0 suchthat d(x, A) >§;=>d(x) > §, then
every continuous function f:X — R is uniformly continuous.
Proof: Let f :X — R be any continuous function. Then to show that f is uniformly continuous, suppose € >

0 is given. For each point x € A, there exists §,> 0 such that d(x,y) < &,,y € X =>|f (x) — f (y) | <§ ....... €))
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{ B(x,%" . X € A} is the collection of open balls which covers A and A is compact. .. there exist points

X1y X2 gernanananns X, in A such that A QU?le(xi,%) . Let 6, = § inf. { 6,y 6yyr—" 8y, }- Choose 6,> 0
satisfying the given condition.Take, § = min. { §,, §; }.

Now we prove that x, y € X, d(X, y) < § => 1 f(x) - f(y) | < €. Suppose, x,y € X such that d(x,y) < 6.
Now we consider two cases.

Case I: Letd(x, A) > §;. Then by hypothesis d(x) > §, and d(x, y) <& < §,<d(x). This is possible only if x =y,
for if x # y then d(x) < d(x, y) <d (x) gives a contradiction. Thus x =y & |f (x) — f(y) | <e.

Case II: Let d(x, A) < §;. Consider a mapping h: A — R givenby h(z) =d(x,2), z € A

Then h is continuous since d is continuous. Now, A is compact hence h(A) is compact. Since infimum is attained for
h(A) there exists z € A such that inf. { h(z’)/z’ € A } =h(z) =d(x, z). ie. d(x,z)=d(x,A) < 6;.

Since Ac UYL, B(x; ,%) ,d(z, x,) < % for some k < n.

Now d(y, xk) < d(ya X) + d(X9 Z) + d(29 xk)

)
< 6+61+%

)
< 51+61+%

5 5 é
< Doy Oy Oxp

3 3 3
(since 6; < 6%)
= 8,
This implies that |f (v) — f (x¢) | <§ .
Also, d(x, x) < d(x, z) + d(z, xy)

8
<o

< é‘xk
Hence |f (x) = f () [ <5 -
SE—f@I<IfF @ =f &) + If )= f @l
<Efyrz=T< e
This proves that f is uniformly continuous.
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I1l. MAIN RESULT
Theorem 4: On Pseudo metric space X following conditions are equivalent.
a] Every continuous real valued function on X is uniformly continuous.
b] Every sequence {x,} in X with lim d(x,) = 0 has a convergent subsequence.
c] Set A is compact and for every §; > 0, there is &, > 0 such that d(x, A) > &, implies
d(x)> 6, .
Proof:
[a] => [b] follows from theorem 1.
[b] => [c] follows from theorem 2.
[c] => [a] follows from theorem 3.

Theorem 5: E is compact iff every continuous function f:E — R is uniformly continuous, and for every € > 0, the
set{ xe E/ d(x) > €} is finite.

Proof: Let E be compact. Since on a compact space every continuous real valued function is uniformly continuous,
first condition is satisfied. Now to show that the set { x e E/ d(x) > € } s finite, for every € > 0. Suppose for some
€>0,theset { xeE/ d(X)>¢e} isinfinite. We know that { B(x,€) : x € E } is a family of open spheres
covering E. Then by compactness of E , this open cover has a finite subcover say { B(xj, € ) / i= 1,....n} for E .
Now we show that {x e E/d(X) > ¢ } c{ x, x5,...... x, }

Letye{ xeE/ d(X)>€e} Then d(y, X)) > inf. {d(y,x)/x € X—{y}} =d(y) > € foralli=12...... n.

ie.y & B(x;, €) for all i= 1,.....n. But E = U7, B(xi, € ), which gives a contradiction.

This proves that the set { x e E/ d(x) > € } is finite.

Conversely:

Suppose that both the conditions are satisfied. For compactness of E let {x,} be any sequence in E.We show that
{x,} has a convergent subsequence in E. If {x,} is finite, there is at least one point in {x,} which is repeated
infinite times. This gives a constant subsequence of {x, } which converges.

If {x, } is infinite, then going to a subsequence if required we may assume that {x, } contains all distinct elements.
We now show that lim,,_,,, d(x,) =0 .

If lim,,_,, d(x,) # 0, then there is € > 0 such that for all N > 1 there is n > N with d(x,) = €.For N=1, there is n; >
1 such that d(x,,,) = €. Choose n, > n; such that

d(x,,) = €. Continuing this procedure we get a subsequence { x,, } of {x,} such that d(x,,) = € for all k >1. But

by hypothesis { x e E/ d(x) > %} is finite . This means that { x,, } is finite which is a contradiction as all x,’s are

distinct.
Thus lim,,_,, d(x,) = 0 and by applying theorem 1, we can conclude that {x,} has a convergent subsequence. This
completes the proof.
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