IJIRSET ISSN: 2319-8753

International Journal of Innovative Research in Science,
Engineering and Technology
(An 1SO 3297: 2007 Certified Organization)
Vol. 3, Issue 7, July 2014

Some Unique Common Fixed Point Theorems
In Parametric S-Metric Spaces

K.P.R.Rao", D.Vasu Babu® E.Taraka Ramudu’®

Professor , Department of Mathematics, Acharya Nagarjuna University, Nagarjuna Nagar-522510, A.P.,India’.
Research Scholar, Department of Applied Mathematics, Krishna University - Dr.M.R.Appa Row Campus,
Nuzvid-521 201,Krishna Dt.,A.P.,India’.

Asssistant professor, Department of Science and Humanities, Nova College of Engineering and Technology,
Jupudi, Krishna Dt., A.P.,India’.

ABSTRACT: In this paper, we introduced parametric s-metric space and proved two unique common fixed point theorems in
it. Our result generalizes and improves two main results of lonescu,Rezapour and Samei [4].

KEY WORDS: Parametric s-metric space, compatible maps, Weakly compatible maps.

2000 Mathematics Subject Classifications : 47H10, 54H25.

I. INTRODUCTION

The concept of fuzzy sets was intiated by Zadeh [10] in 1965 . The fuzzy metric space was introduced by Kramosil
and Michalek [8]. Also, Grabeic[11] proved the contraction principle in the setting of fuzzymetric space. Also, George and
Veeramani [1] modified the notion of fuzzy metric space with the help of continuous t-norm, by generalizing the concept of
probablistic metric space to fuzzy situation. Later several authors, for example Vasuki [13],Pant[15] , Mishra et al.[14] ,Bari
et al.[3], Vetro et al. [5] etc. proved fixed and common fixed point theorems in fuzzy metric spaces. We now state the
following.

Definition 1.1[10]: Let X be any set. A fuzzyset A in X is a function with domain X and values in [0,1].
Definition 1.2[2]: A binary operator *:[0,1]x[0,1] —[0,1] is called a continuous t-norm if, ([0,1],*) is an abelian
topological monoid with unit 1 such that a*b <c*d whenever a<c and b<d, forall a,b,c,d in [0,1].

Example 1.3: a*b=ab, a*b=min{a,b} are continuous t-norms.

Definition 1.4[11]: The triplet (X,M,*) is called a fuzzy metric space (shortly, a FM - space) if, X is an arbitrary (non -
empty) set, * is a continuous t-norm and M s a fuzzy set on X2 x(0,0), satisfying the following conditions for each
X,¥,ze X andeach t,s>0,

(1) M(x,y,00=0, M(x,y,t)>0,

(2) M(x,y,t)=1 ifandonlyif x=vy,

() M(xy,)=M(y,x1),

4) M((x,y,t)*M(y,z,8) <M (x,z,t+9),
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(5) M(x,y,.):(0,0) —[0,1] is continuous.
Park [9], introduced the notion of intutionistic fuzzy metric spaces as follows

Definition 1.5[9]: A 5-tuple (X,M,N,*,0) is said to be an intuitionstic fuzzy metric space if, X is an arbitrary (non -
empty) set, * is a continuous t-norm, ¢ is continuous t-conormand M,N are fuzzy sets on X2 x(0,), satisfying the
following conditions for all x,y,ze X andeach t,s>0,

(1) M(x,y,t)+N(xy,t) <1,

(2) M(xy,00=0,

(3) M(x,y,t)=1 forall t>0 ifandonlyif x=1y,

(4) M(x.y,0)=M(y,x1),

(5) M(x,y,t)*M(y,z,8) <M (x,z,t+59),

(6) M(x,y,.):(0,0) —[0,1] is left continuous,

() limM(xy,t) =1,

(8) N(x,y,0)=0,

(9) N(x,y,t)=0 ifandonlyif x=y,

(10) N(x,y,t) = N(y,x1),

(11) N(x,y,t)ON(y,z,5) > N(x,z,t +3),

(12) N(x,v,.):(0,0) —[0,1] is right continuous,
(13) t|i_)nolN(x,y,t)=O.

Then (M, N) is called an intuitionistic fuzzy metric on X . The functions M(x,y,t) and N(x,y,t) denote the
degree of nearness and the degree of non-earness between x and y with respectto t, respectively.

Definition 1.6[4]: Let (X,M,N,*,0) be an intuitionstic fuzzy metric space. The fuzzy metric (M,N) is called triangular
whenever,
! -1<( ! —1)+(;—
M (x,y,t) M (x, z,t) M(z,y,t)

1)

and
N(x,y,t) <N(x,z,t) > N(z,y,t) forall x,y,ze X andall t>0.
Recently Cristiana lonescu [4] proved the following theorem.

Theorem 1.7(Theorem 2.1,[4]): Let (X,M,N,*,0) be a complete triangular intuitionistic fuzzy metric space, he[0,1)
and let T: X — X be a continuous mapping satisfying the contractive codition

;—K h max{: ! -1, ! -1}

M (Tx, Ty, 1) M(x,Txt)  M(y,Tyt)

forall x,y,e X andall t>0,where 0<h<1.Then T has a fixed point.

Theorem 1.8(Theorem 2.3,[4]): Let (X,M,N,*,0) be a complete triangular intuitionistic fuzzy metric space and let
T:X — X be acontinuous mapping satisfying the contractive codition
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(T O T
1 1<q M (x,Tx,t) M (y,Ty,t) B 1 1
M (Tx, Ty, t) 1 M (x,y,t)
M (X, y,t)
forall x,y,e X andall t>0,where «,f €[0,1) suchthat o+ <1.Then T has a fixed point.

Remark 1.9: We observed that the continuity of T is not necessary in Theorem 1.7 and also observed that in the proofs of
the Theorems 1.7 and 1.8, the fuzzy set N is not used anywhere.
Recently Hussain et al.[12] introduced the concept of parametric metric space as follows :

Definition 1.10[12]: Let X be anonemptysetand p: X x X x(0,00) — (0,) be a function. p is said to be a parametric
metricon X if,

(1) : p(x,y,t)=0 forall t>0 ifandonlyif x=1y;

(2) : p(x,y,t) = p(y,xt) forall t>0;

3) : px v, 1)< p(X z,t)+ p(z,y,t) forall x,y,ze X andall t>0
and the pair (X, p) issaid to be a parametric metric space.

Example 1.11. Let X denote the set of all functions f :(0,00) — (—,) . Define, p: X x X x(0,0) — (0,0) by
p(f,g,t)=| f(t)—g()| forall f,ge X andall t>0.Then (X,p) isa parametric metric space.

Using this definition they [12] defined open balls, convergence of sequence, quasi sequence and completeness
of parametric metric space. They also proved some fixed point theorems in parametric metric space and obatained some
theorems as corollaries in intutionistic fuzzy metric spaces.

In this section, we define parametric s -metric spaces and prove a unique common fixed point theorem using
v - ¢ contraction codition for Jungck type mappings and also prove a unique common fixed point theorem for four

mappings .

Definition 1.12: Let X beanonemptysetand p: X x X x(0,00) — (0,00) be a function. we saythat p isaparametric s
-metricon X if there exists s>1 such that

1) : p(x,y,t)=0 forall t>0 ifandonlyif x=1y;

2) : p(x,y,t)=p(y,xt) forall t>0, x,y,ze X;

3) : p(xy,t)<s[p(x,z,t)+ p(z,y,t)] forall x,y,ze X andall t>0.
We say that the pair (X, p,S) isa parametric s-metric space.

Example 1.13: Let X denote the set of all functions f :(0,00) — (—o0,0) . Define, p: X x X x(0,0) — (0,00) by
p(f,g,t)=| f(t)—g(t)* forall f,geX andforall t>0,then (X,p,2) isa parametric 2-metric space.

Definition 1.14 : Let (X, p,s) be a parametric s-metric space, and let {xn} be a sequence of points of X . A point
xe X is said to be the limit of the sequence {x,},if limp(x,,x,t)=0.forall t>0, and we say that the sequence {x,}
nN—oo

is convergent to x and denote itby {x,} > X as n—oo.
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Definition 1.15:. Let (X, p,s) be a parametric s-metric space.

(1) Asequence {x,} iscalled a Cauchy ifand only if  limp(X,, X, t)=0 forall t>0;

nN—oo

(2) A parametric s-metric space (X, p,s) is said to be complete if and only if every Cauchy sequence {xn}
in X convergesto xe X . One can easily prove the following lemmas.

Lemma 1.16: Let (X, p,s) be a parametric s-metric space. Let {xn} be any sequence in X convergingto xe X then

1,o(x,y,t)g limp(x,,y.t) <sp(x,y,t), forall yeX and t>0.
S n—o

Lemma 1.17: Let (X, p,s) be a parametric s-metric space. Let {x,} and {y,} be any sequences in X converging to
x and y respectivelyin X then

Siz,o(x, y,t) < limp(X,, Yo 1) <% p(x, y,t), forall t>0.

n—o0

Definition 1.18([6]): Let (X,d) be a metric space and f,g:X — X be maps. The pair(f,g) is said to be compatible
iff limd(fgx,,gfx,) =0 whenever {x ,} isasequencein X suchthat [|im fx, = limgx, =t forsome te X.

n—owo n—o n—o
Definition 1.19 ([7]) : Let X beanon-emptysetand T,,T, : X — X are given self - maps on X. The pair {T;,T,} issaid

to be weakly compatible if T;T,t =T,T;t, whenever Tt =T,t forsome te X.
Clearly, the compatible pair is a weakly compatible.

Il. MAINRESULTS

The aim of this chapter is to study some unique common fixed point theorems in parametric s-metric spaces. Our
results generalize and improve two results of [4] .
First we prove unique common fixed point theorems for a pair of self maps of Jungck type satisfying (v ,¢,0)

contractive condition.
Let ¥ be the set of all functions w :[0,) — [0,%0) satisfying

(v1) : w iscontinuous and non-decreasing ,

(wy) - w()=0 iff t=0.

Let @ be the set of all functions ¢ :[0,) — [0,%) satisfying
(#) : ¢ iscontinuous,

(9) : o(t)=0 iff t=0.

Let (X,p,s) beaparametric s-metric spaceand f,g:X — X .For x,ye X and t>0 denote

p(9x, gy, 1), p(gx, x,t), p(gy, fy,t).%[p(gx. fy,t) + p(gy, fxt)],

p(gx, fx,t) p(gy, fy,t)
p(gx,gy,t)

m(x, y,t) = max

and
n(x, y,t) = min{p(gx, fx.t), p(ay, fy,t), p(gx, fy,t), p(gy, fx, )} .
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Theorem 2.1 : Let (X, p,s) be acomplete parametric s-metric space and let f,g: X — X be satisfying
(2.1.1) y(sp(fx fy,1)) <y (m(x,y,1)) —d(m(x, y, 1))+ LO(N(X, y,1))
forall x,ye X with gx=gy andforall t>0 ,where ye¥;¢,0c® and L>0,
(212) f(X)<9(X),
(2.1.3) f and g are continuous and the pair (f,g) is compatible.
Then f and g have a unique common fixed pointin X .

Proof. Let x, € X . Define y, = fx, = gx,,;, n=0,1,2,...
Case(i) : If y, =y, forsome n ,then fu=gu,where u=x,,;.
Denote fu=gu=v.
Since the pair (f,g) is compatible,it is weakly compatible and hence fv=gv.
Suppose fv=v. Now from (2.1.1), we have
v (p(v, fv,1)) <y (s p(fu, fv,1))
<y (m(u,v,t)) —d(m(u,v,t)) + L 8(nu,v,t))........ (1)

p(gu, gv,t), p(gu, fu,t), p(gv, fv,t),%[p(gu, fv,t) + p(gv, fu,1)],
m(u,v,t) = max p(gu, fu,t) p(gv, fv,t)

p(Qu, gv,t)
max{p(v, fv,t),0,0,%[p(v, fv,t) + p( fv,v,t)],O}

p(v, f,1).

Also n(u,v,t) =0 . Now, (1) becomes

w (p(v, v,1)) <y (p(v, fv,1)) —g(p(v, fv,1))
which in turn yields that ¢(p(v, fv,t)) = 0. It is a contradiction to (¢,) . Hence fv=v.
Thus v = fv=gv and hence v isacommon fixed pointof f and g.
Let w be another common fixed point of f and g. Then from (2.1.1), we have

v (p(v,w,1)) <y (sp(fv, fw,t))
<y (m(v, w, t)) —gp(m(v,w,t)) + L 0(n(v, w,t))
=y (p(v,w,1) - g(p(v,w,1))

which in turn yields that w=v.
Thus v is the unique common fixed pointof f and g .

Case(ii) : Assume that y, #Y,,, forall n.
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Y (P(Yn: Yniro 1)) Sy (s p(fX,, X4, 1))
Sy (M(Xy, %o, 1) =M (X X 11,1)) + L OMN(Xy, Xy 41,1).-..(2)

1
p(yn’ ynfl’t)’ p(ynfl’ yn ’t)’ p(yn’ yn+11t)1£[p(ynfl’ yn+1’t) + p(yn' yn 't)]!

m(Xx., X ,t = Mmax
(Xn: X0, Pn 1 YD) P Yora:D)

PVn» Ynast)
<max{p(Yn_1:Yn:), (Yo, Ynia: 1)}
< m(xn ! Xn+1lt)'

Hence m(Xn* Xn+1*t) = max{p(yn—l’ yn’t)’ p(yni yn+11t)}-
Also n(X,,X,,1,t) = 0. Thus (2) becomes

p(yn—lvynvt)v p(yn—lvynvt)v
Vo) < e A o 3
v (P Yo t))<v/(max{p(yn,yn+l,t) }] ¢[max{p(yn,yn+l,t) }] @)

< V/(max{p(yn—lv yn 1t)v p(yn ! yn+1vt)}) ---------- (4)

If max{o(Yo_1: Yn: 1) PVns Yoer, D} = P(Yn s Yaaao 1) sthen from(4), we get a contradiction.Hence from (4), we have

V/(p(yn’ yn+1’t)) < l//(p(ynfl’ yn’t)) so that p(yn ’ yn+1’t) < p(ynfl’ yn’t) .

Thus {p(Y,,Yn.1, 1)} isanon-increasing sequence of positive numbers and hence there exists a real number r >0 such that
lime(Yn: Yo, t)=rforall t>0.

nN—oo

Suppose r>0.
Letting n— o in (3), weget w(r)<w(r)—¢(r) which inturn yields that r =0.
Thus limpe(Y,, Ype,t) =0 forall t>0 ... (5)

nN—o0

Suppose {y,} is not Cauchy.
Then there exists ¢ >0 for which we can find two sub sequences {X;,} and {X,,} such that n(k) is the smallest
integer for which
n(k) >m(k) >k with p(Ynwy: Yay:t) Z € v (6)
and  P(Ymgys Yngy-1:1) <€ e (7
Now from (6),
< P(Ymqwy Yoy D) <8P Vimgy Ymgey1: D) + 80 (Ymqpy1r Yngey 1) -
Letting k — o ,we have

2 .
—< I|mp(ym(k)+1,yn(k),t) ............ (8)
S  kow

PYm@+1 Yngo-1 D) <80(Ymagsar Ymey 1) +5P(Ym@y Yngy-1: 1)
<8P(Ymky+1r Ym(k) ) + 8, from(7).
Letting k — o« and using(5),we get
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kllm P(ym(k)+1, yn(k),l,t) <SE i (9)
We have
PYm@y Yoy ) < 8P(Ymewy s Yay-1:8) + 3P (Yag-1s Yago 1)
<& +5P(Yng-1) Yng: b)-
Letting k — o« and using(5), we get
klim p(ym(k)’ yn(k)’t) <SE i (10)
From (6),we have
€< PV Yy 1) S0y Yngay-1:8) +50(Ynwy-1: Yngky 1) -
Letting k — o« and using(5),we get
&
;g k|im,o(ym(k),yn(k)_l,t) ........... (11)
Now we consider
¥ (SP(Ymeky+1s Yoy 1) =W (8P (Xneyias oy o 1))

<y (M(Xney10 Xn gy D) =AM eya10 Xy 1 8) + L O Xy 420 Xy 1 1) e (12)

PYmy Yno-1: D PVmeky» Ym0 Dy PVngy-10 Yooy 1 s
1
M (X k)41 X (k) £) = Max z[p(ym(k)’ Yoy D) + Va1 Yy, 0],

PYm@yr Ymg+1:t) P(Yn-1» Y@ 1)
PYmeyr Ynky-1: 1)
Letting k — o« and using (7),(5),(10),(9) and (11), we get

£S+¢€S ’ (0)(0) s}: .

limm(x X, 1) < max{e, 0,0,
ke (m(k)+1 n(k) ) { 25 e

—o©
Now taking k — o in (12) and using (8),we get
g .
w(e)=y(s E) < V/(Skllmp(ym(kﬂ)’ Yn(y 1))
—®
= limy (SP(Yms1y» Yngiy 1))
k—o0
<y (e) —¢(k|imm(xm(k)+1v Xn(i) 1)) + L(0)
—®
which gives that ¢(k"—>r?om(xm(k)+1’ Xn(k)-t)) =0 and hence
MM(Xny410 Xy 1) =0 and hence  lim p(Yim)s Ynk)-t) =0 Which is a contradiction to (6). Hence {y,} is a Cauchy
k—o0 k—a0

sequence.
Since X is complete,there exists ze X suchthat y, -z as n—»> .

Since f and g are continuous, we have fgx, — fz and gfx, —» gz.
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Since the pair (f,g) is compatible, we have [imp(fgx,,gfx,,t)=0 forall t>0.

nN—o0

By Lemma 1.17 , we have izp(fz, gz,t) < limp(fgx,, gfx,,t) = 0, which in turn yields that fz = gz.
s

n—oo

Now as in Case(i), it follows that fz is the unique common fixed point of f and g.
Now, we give another theorem which is a slight variant of Theorem 2.1. Now we denote

* 1
m (1,0) = | (g1 ). L8, .. pL8Y. .05 p(ax, 0.+ o, -
Theorem 2.2 :Let (X, p,s) beacomplete parametric s-metric space and let f,g: X — X be satisfying
(2.2.1) w(sp(fx, fy,t)) <w(m'(x, y,t))—p(m"(x, y,1)) + L O(n(x, y,t))
forall x,ye X with gx=gy andforall t>0 ,where ye¥;¢,0c® and L>0,
(2.2.2) f(X)cg(X) and g(X) isaclosed subspace of X,
(2.2.3) the pair (f,g) isweakly compatible.
Then f and g have a unique common fixed pointin X .

Proof. Proceeding as in Theorem 2.1, one can prove that {y,} is a Cauchy sequence in X , where
Y, = X, =0%,,,,n=0,1,2,.... and x, € X isarbitrary.
Since X is complete and g(X) is a closed subspace of X, there exist ze g(X) such that y, >z and pe X such
that z = gp . Now, we have
v(p(z ,) <y (sp(z, &, 1) +sp(fx,, fp.1)).
Letting n — oo, we get

v(p(z 1) < r!mw(Sp(an, fp.0)

< r!Lr?C[w(m*(Xn, P.1) —#(m" (X, p,1) + LOM(Xy, P,D)]

m* (Xn’ p’t) = max{p(ynli gpit)ip(ynfl’ yn’t)!p(gp! fp!t)!%[p(yn—lv fp,t) +p(gp. ynlt)]}

= max{p(ynl’ Z't)!p(ynfll yn't)vp(zl fplt)l%[p(yn—ll fp’t) +p(Z, yn’t)]}'

* 1
limm (%, p.t) = maX{O,O,p(Z, f0.8), o= limp(Yoas fp-t)}

N—>o0 25 now

= p(z, fp,t) by Lemmal.16.

Also limn(x,, p.t) = 0.Thus, we have

nN—oo0

v (p(z, 10.1)) <w (p(z, 1)) - 9(p(z, fp.1))
which in turn yields that z = fp.

Since the pair is weakly compatible, we have fz =gz.
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As in Case(i) of Theorem 2.1, it follows that z is the unique common fixed pointof f and g.

Now we define the following property (M.).

Property (M,)2.3: Let (X,M,*) be a fuzzy metric space. We define the property (M) as follows:
For x,y,ze X andall t>0, thereexist s>1 such that
1 1<g[ ! -1+ ! -
M(x,,1) M(y,z,t)

1].

M(x,z,t)_
If (X,M,*) is a fuzzy metric space with property (M) then the mapping p: X x X x(0,0) —[0,0) defined by
p(x,y,t):;—l forall x,ye X andall t>0 isaparametric s-metricon X.
M (X, y,t)

Corollory 2.4: Let (X,M,*) be a complete fuzzy metric space with property (M,) and let f:X — X be a mapping
satisfying

;—1shmax{ 1 -1, 1 -1, L -1}

M (fx, fy,t) M (x,Y,t) M (x, fx,t) M (y, fy,t)

forall x,y,e X andall t>0,where 0<h<1.Then f hasaunique fixed pointin X.

Proof. It follows in the similar lines by taking g = I(ldentitymap) ,s =1 ,

p(x,y,t):m—l, w(t)=t, ¢(t)=(1-h)t and L=0 in Theorem 2.2.

Corollory 2.5: Let (X,M,*) be a complete fuzzy metric space with property (M) and let f: X — X be a continuous
mapping satisfying the contractive codition

CTor (T
1 1<g M (x, fx,t) M (y, fy,t) i p 1 1
M ( fx, fy,t) 1 M (X, y,t)
M (x, y,t)
forall x,y,e X andall t>0,where «,f €[0,1) suchthat o+ <1.Then f hasafixed point.

Proof. It follows from Theorem 2.1.
Note : Corollary 2.4 and Corollary 2.5 are improved versions of Theorem 2.1 and Theorem 2.3 of [4].

Finally, we give a unique common fixed point theorem for two pairs of weakly compatible maps in a parametric s
-metric space.

Theorem 2.6 : Let (X.p,s) be acomlete parametric s -metric space and S, T,A and B are four self maps on X satisfying
(2.6.1) S(X)< B(X) and T(X)c< A(X)
(26.2) p(Sx,Ty,t) <qmax{p(Ax, By,t), p(Ax, Sx,t), p(By, Ty,t), o(AX, Ty, t), p(By, Sx, 1)}

forall x,ye X andall t>0,where 0<q< L
s’ +s
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(2.6.3) the pairs (S,A) and (T,B) are weakly compatable.
(2.6.4) either A(X) or B(X) isa closed subspace of X.
Then S, T,A and B have a unique common fixed pointin X .

Proof. Since 0<q< and s>1,wehave 0<qg<l1.

s? +5s

Suppose X, is an arbitrary point of X . From (2.6.1), we can construct the sequences {xn} and {y,} in X such that
y2n = SXZn = BX2n+1 and y2n+1 =TX2n+1 = AX2n+2 for n= 011121""
From (2.6.2), we have forall t >0,

p(yZn* y2n+1*t) = p(SXZn’TX2n+11t)

P (A%, BXoni1, 1), P(AXpn, SXop ), p(BX2n+1’TX2n+11t)1}
P(A%n, TXon.1:1) P(BXgnsa, SXon 1)
P(Yan-1: Yon 1), PVan-1s Yan o 1), P(Y2n, y2n+11t)’}
P(Yan1: Yaninr 1) P(Yan s Yon 1)
P(Yan-1: Yon 1), P(Vons Yaniast), }
SLo(Yan-1: Yan: ) + 2(Yan: Yonia: 1]

Sqmax{
=qmax{

Sqmax{

If Yon4 = Yo, forsome n,then p(yy,, Yoni1:t) <ASP(Yon Yonia 1) -
Hence po(Y,,, Yonig t) =0 forall t>0 sothat y,, = Y,,.1-
Continuing in this way we can show that Y, ;1 = Yo, = Yonsg = ceeene
Hence {y,} isa Cauchy sequencein X.
Now assume that y, #Y,,, forall n.
Write p, (t) = p(Y,, Ypupt) for t>0.
From (1), we have
pa(t)<q maX{PznA(t), Pan(t), S[p2n_1 (D) + Pzn(t)]}
= gs[pyn (1) + o, ()], since s > 1.

gs gs
Thus t) < t)y=r t) , where r= <1.
Pan(t) (1—gs) Pana(t) Pon-1(t) 1-qs

Similarly we can show that p,, () <rp,, ,(t) .
Thus p,(t) <rp,4(t) which inturnyields for n=1,2,3,... that

Pa@) "o (1) o 2)
Clearly
1

_ Sq 1+s \ _
rs = $<S =1.
sq ( 1 )

C1+s
Using(2),now for m,ne N with n<m, forall t >0 we have
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PV Yo 1) <SPV Ynin )+ 520 (Vi1 Ynsz ) + v +8" " p(Ym-1s Y t)
<sr'p(Y,, Y1’t)+32rn+1p(yo’y1’t)+___+3m7nrmflp()’o’ ¥i,t)
=r"s(L4rs+———+r" "Iy h(y v 1)

n
< ,¥,)—>0asn,m—
(1—rs) PYo: Yi:t) 0

Hence {y,} isa Cauchy sequencein X.
Since X is complete,there exists ze X suchthat y, —>z.
Suppose A(X) isclosed. Then z e A(X) Hence there exists ue X suchthat z= Au.
Now
p(Su, z,t) < s[p(Su, TXy,1, 1) + P(TXpp41, Z, 1)1
p(AU, BXyy 4, 1), p(AU, SU, ), p(BXon,1, TXonsa, 1),
P(AUTXn,,1), p(BXyp.1,SUL)
P(Z,Y2n:8), P(2,5U,1), p(Yan: Yoni1:0)s
P(Z,Yani1: 1), P(Y2n, SULT)

%p(Su,z,t)Sqmax{ }+p(|'x2n+1,z,t)

amae o

Letting n — oo, we have
1,o(Su,z,t)gqmax{,o(z,su,t),s,o(z,Su,t)}.
s

Thus p(Su,z,t)<gs® p(z,Su,t).

Thus p(Su,z,t)=0 sothat Su=z,since gs? <1i<1.
+5

Hence Su=Au=1z.
Since z=SueS(X) issubset of B(X),thereexists ve X suchthat z=Bv.
Now , we have

1va, z,t) < p(Tv, Sx,,, ) + p(SXy,,, 2, 1).
s

p(y2n—1’ z, t)’ p(yZn—li y2n ,t), P(Z,TV,t),

+p(Yan, Z,1).
PVan1: TV, 1), P(Z, Y. ) } ?

1va,z,t) Sqmax{
s
Letting n — oo, we get
1,o(l'v, z,t) <gmax{p(z,Tv,t),sp(z,Tv,t)}.
s

p(Tv,z,t) <qs? p(z,Tv,t),
which in turn yields that p(Tv,z,t) =0 and hence Tv=z.
Thus Tv=2z=Byv.
Since S and A are weakly compatible and Au=Su=z,wehave Sz=Az.
Now
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1
E,D(SZ, Z’t) < p(SZ,TXle,t) + PUinw Z’t)

p(SZ, yzn’t)’ p(AZ, SZ,t), p(y2n* y2n+1*t)’

+Pp(Yani1, 2:1).
p(SZ, y2n+1lt)l p(yzH,SZ,t) } 2

< qmax{
Letting n — oo, we have

1,o(Sz, z,t)  <gsp(Sz,z,t).
s

p(Sz,2,t) <qs°p(Sz,z,1),

which inturnyieldsthat Sz=z.Thus Az=Sz2=Z .ccoovvivcnnes (3)
Since T and B are weakly compatable and Tv=Bv=1z,wehave Tz=Bz.
Now

L p(12,2,8) < p(T2, 55, )+ p(S1g9, 2,1)
S

P(Y2n-1:TZ,1), p(Yon-1s Yon ), (B2, TZ 1),

+p(Yon, 2,1).
P(Van1: TZ1), p(TZ, Y0, 1) } ?

Sqmax{
Letting n — oo, we have
1,o(l'z,z,t) <qgsp(z,Tz,t).
s

p(Tz,2,t) <qs’p(z,Tz,t),
which inturn yieldsthat Tz=z.Thus Bz=Tz=z....cccceeeeene. 4)
From (3) and (4), it follows that z is a common fixed point of S,T,A and B.
Let w be another common fixed point of S,T,A and B . Then
p(z,w,t) = p(Sz,Tw,t)
< gmax {p(Az,BW,t), p(Az,Sz,t),p(Bw,Tw,t), p(Az,TW,t),p(Bw,Sz,t)}

=q p(z,wW,1).

Hence w=z.Thus z isthe unique common fixed point of S,T,A and B.

I1l. CONCLUSION

In this paper, we introduced parametric s-metric space and we generalized and improved two results of [4].
One can obtain several results in the existing literature in fuzzy metric spaces from our Theorems 2.1 and 2.2 by selecting the
functions ¢ and v .
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