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INTRODUCTION

Many aspects such as the differences in mixing and mass hierarchy for lepton and quark sectors force the flavor symmetry
to be proposed to account for these aspects. Several models based on discrete symmetries were proposed to account for flavor
aspects 7). For most of these models, some additional Guage scalars (flavons) were considered beside a lot of assumptions and
extra symmetries were proposed to account for experimental data. This is called up-bottom approach in which the Lagrangian
is considered to be invariant under a discrete group and each flavor is assigned to one of the irreducible representations of the
discrete group. After spontaneous symmetry breaking, the recent data of neutrino masses and mixing have to be recovered.
Another approach is called bottom- up or the residual symmetry approach, at which the lepton mass matrices are considered to
have remnant symmetry of breaking discrete group. The goal of this approach is to get this discrete group. In this paper, we try to
summarize the relations between these two approaches and study some aspects of the flavor symmetries.

LEPTON RESIDUAL SYMMETRIES

Let the Lagrangian of the lepton sector be invariant under a horizontal symmetry group G that is spontaneously broken
allowing the flavors to acquire their masses. The group G is not broken completely, some of its elements remain unbroken and
keep the mass matrices of neutrinos and charged leptons invariant. We refer to the unbroken symmetry manifested in the mass
matrices as the residual symmetry. Let Mv be the mass matrix of the effective light Majorana neutrinos. This mass matrix can be
diagonalized by a unitary matrix Uv

T 1a;

U MU, =M (1)

where MVD""g = diag(m1, m2, m3). If the M, manifests such symmetry, one can find unitary matrices Si (the unbroken
elements of G) that keep the matrix M, invariant,

S'M,s =M, (2)

If the matrices S, are real, M and S commute. In the case of non-degenerate neutrino mass spectrum, M _and S, can be
diagonalized simultaneously by U,
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d
USU, =5, 3)
where S,»d is a diagonal matrix containing the eigenvvalues of S, . From Egs. (1), (2)
USIUUMUUISU, = MP* (4)
S_d’MDiagS_d — MDiag
S5t =5 (5)

Therefore, the eigenvalues of the symmetry matrix Si are + 1. The three possible diagonal matrices of Si-up to sign- are

1 0 O -1 0 0 -1 0 (
=10 -1 0S{=/0 1 0[S{=[0 -1 ¢ (6)

0 0 -1 0 0 -1 0 0

From Eq (3) the symmetry matrices Si are just unitary transformations of the above three matrices S , i=1, 2, 3. The symmetry
matrices Si can be calculated by
S, =U,S'U/

Diag
UmpV, =m,

(7)

Regardless the form of the mass matrix My, it has Z2 x Z2 residual symmetry ¥, provided that it has three distinct eigen
values ®l. We can apply the same procedures for charged leptons. In general, the charged lepton mass matrix ml is not symmetric
nor Hermitian, so it can diagonalized by two unitary matrices,

UmV, = mlDiag ®)

where ,,Dieg = diag(m_, m,, m, ). It is convenient to use the Hermitian matrix Ml = mm, to deal only with the left handed

mixing U, whicﬁ contributes in lepton mixing U, .. It can be diagonalized by U, ,

2
UiMu, = (m’*) 9)
We can find unitary matrices Ti that keep the M, invariant:
TIMT, =M, , a=e,u,t (10)

The matrix TPX and M| commute, and can be diagonalized simultaneously by U‘ ,

T, = UTU (11)

It is easy to prove that T" T¢ =1 = 1. Any diagonal unitary matrix can be a solution of Td If the matrices UI are orthogonal
rather than unitary, the mass matrices Ml are symmetric, the only solutions- up to sign- are the three matrices S in Eq 6. Without
loss of generality, we can choose the three 4 matrices 1%

— dlag {1 eZﬂik/m, e=2rmik/m } (12)

d _ 3: 27ik/m, 1, e=2zik/m 13
T =diag {e } (13)
TTd — dlag {eZm'k/m, e-2rik/m , 1} (14)

where m must satisfy (Tj )m =1.and k is an integer. As we see, according to the forms of the mixing matrices U and U, we
can find from Eqgs (7) and (11) the unbroken elements of the flavor group G which are responsible of the reS|duaI symmetry in
neutrino and charged lepton mass matrices. In the so called tri-bimaximal symmetry (TBM), Sin2 0,=> Sln2 0,,=5,Sin6, ,=0.It
is considered due to the appearing symmetry in the neutrino mass matrix,

a b ¢

M,=|.. lE(a +b+c) %(a +b-c)
15((1-¢—b+c)

In the case of TBM mixing, in the bases at which the charged lepton mass matrix is diagonal, and hence the total lepton
mixing comes from the neutrino sector, the three symmetry matrices for neutrino are
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(122 (122 (v oo
Si=5{2 2 1 |S=g{-2 1 -2|.5=-/0 0 -I (15)
2 1 =2 2 2 1 0 -1 0

The horizontal symmetry group G is the group generated by the matrices {S,, T . One can choose one of the S, and one
of T, and consider the other matrices of S, and T_as accidental symmetries of the mass matrices 5 of neutrino and charged
leptons 9, It was claimed by using all Si matrices and the Te as the generators of the horizontal symmetry group, that S, is the
unique symmetry of tri-bimaximal in lepton sector and any group can explain the leptonic horizontal symmetry must contain S, as
subgroup 113, It is worth to notice that: The horizontal flavor group depends on the leptonic mixing matrix, i.e. if the mixing matrix
is changed, the residual symmetry in neutrino sector and that in charged lepton sector remain the same but in new representation
while the group G that generated by the S, and T  matrices will be changed. Let us illustrate these results in details, if the horizontal
group G generated by matrices S, and T - the re3|dua| symmetry matrices in neutrino and charged lepton sectors respectively- |s
arisen by a leptonic mixing matnx U, we refer to this as old case. On the other hand, if G’ the horizontal group generated by S
and T is arisen by a mixing matrix U , we refer to this as the new case. If the mass eigenvalues are the same in both cases, and
the mixing matrices in each sector are related to each other by a unitary rotation as the following

Ul =WU,, Ul =WU, (16)
For neutrino sector, the mass matrices in both cases are related as the following
= UMP™ U, T, (17)
= WUM U W
= WM W

The residual symmetry matrices in both cases are related as:

M, =S,MS = STWM WS (18)
M, = WM W' = WS'W'MW'SW'

M, =SM S

So

S = w'sw! (19)

For charged lepton sector, the mass matrices in both cases are related as the following
= U, (mf )'U) (20)
= WU( s VU Wi
= VVZMIWZ‘.
The residual symmetry matrices in both cases are related as:
M, = T'"M,T = T'WMWw,T (21)
M, = W,M W) = W,T"W, MW,TW;
M, =TO0+M, T
So
T = W,TW, (22)

FromEqs (19), (22) we find that the residual symmetry matrices in the new case are related by unitary similarity transformations
to the old residual 7 symmetry matrices, so the residual symmetries remain the same but in new representation, but not all the
generators of G are transformed by the same similarity transformations. So the symmetry group G depends on leptonic mixing
matrix U. The new leptonic mixing is related to the old one by

' if ' 4 E
U=UU,=UWw/wu, (23)
If W1 = W2 the mixing matrices are the same U'=U but the bases in the two cases are different, Si and Ta transform by the
same similarity transformation, the horizontal group G remain unchanged but in different representation. So we can say that

the same mixing matrix U can lead to the same the same group G but in different representation depending on the bases of
representation of the fields and mass matrices
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CONNECTION BETWEEN RESIDUAL SYMMETRY AND UP-BOTTOM

In general, consider generic Yukawa coupling term
L = huy,00, +hc. (24)
Assume that the Lagrangian L is invariant under a horizontal symmetry group G and y and ¢ transform according to the

irreducible representations (IR) ' and I'® of G, respectively, the IR FV is a result of the tensor product I*® and 6 transforms
according to the complex-conjugate IR [ ¥* 231

ve = Uo (Do, o) = Th(T)el . 67 — T7(T)6/ (25)

forevery T € G.

Consider (aa, Bb|yci) be the Clebsch-Gordan (CG) coefficient of the group G, mixing the states ‘/’Z in IR r*with the orthonormal
states @, transforming as IR . The results are an orthonormal state |6 yciinIRY

[07)=" (v ]|0 § )aa, Bb,yei),

a (26)

v )l )=2.(0" ]|rc){aa, pb)

7sc

Mu ply from left the projection operator P(T) of the group G with the second line in Eq (26)

P(T)|1//§’> (pbﬁ>= ;P(T) |6’67><}/c|aa, pbi)
(P(T)|t//j>) (P(T)||gof>) = ;P(T) |6’Z><}/c|aa, Bbi)

Multiply from left with

)= {relaa, gy

a'b'

Z(yc'|aa ' ﬂb‘><(//;’,

a'b'

(ot

(ol | P(T)|we)

0.)P(T) |07 )(yc|aa, pbi)

ol )(P(D)llof)) =X Py

2 (re'|aa, po)TG, (D), (T) =T (T)(rc|aa, pbi)
@b (27)

By the same way,

> Te (D), (T){(ye'|aa', pb') = (yc|aa, pbi)T. (T) (28)
a'h' c

From Eqs (24), (26), the Yukawa coupling hijk is proportional to the Clebsch-Gordan coefficient,

hijk = hh{a*i, Bj|yk) (29)

where h is a free parameter.

Now suppose that the neutrino masses arise from the type-l seesaw mechanism, then the Lagrangian responsible for flavor
structure of mass matrices can be written as

L = _yyi He, ¢" — hVZH ;Ré:y_h'}, Ve Ve ¥ +he, (30)

where L is the SU(2) lepton doublet, e, is the right-handed charged leptons, v, is the right handed neutrinos, and ¢, & and
x are flavons which are Gauge singlets. Every term is assumed to be invariant under a horizontal symmetry group G, with y, h, h’
being the Yukawa coupling constants. Take the charged lepton term as an example, suppose that L and eR transform under IRs ™
and I respectively and the flavon is transformed under an IR 'Y that occurs in the tensor product M **I®, therefore we sum over all
IR T Yappear in this tensor product. After spontaneous symmetry breaking the flavon ¢ acquire a vacuum expectation value to get
the mass of charged leptons. From Eqs 24, 29, we can write the Yukawa coupling term of the charged leptons explicitly,

L== Y| L](e), X, {a*a. Bblre)el Sy
a,b c,
Then the charged Ieptonymass is
(m.),, = 2y, {a*a, Bblre)(ol) (32)
(V4
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The horizontal symmetry group G is broken spontaneously via the vacuum expectation values of the flavons ¢, x and x'. The
symmetry group G is broken to a smaller symmetry group G’, we call this smaller symmetry as residual symmetry. The generators
of the symmetry group G’ are the elements of G that keep the vacuum expectation values of the flavons invariant. If F are the
elements of G that keep the vacuum expectation value of ¢ invariant, then

O (E)) (o),

where i =1, 2, 3. From Egs. (28), (33),

(m,),, = Sy, {axa, pblye)(pl) =3y, (ara, Bblye)e! \T7.(F){el) 54
¢,y (Y4

203, Ta (BT (F) (axa B e Wel) @5

Consequently, we end to the usual form of the mass invariance equation,
at B _

I (F;) mer (F;)_me (36)

Similarly, for the neutrino sector, if Si are the elements of G that keep the vacuum expectation value of £ and x invariant, then

7 (s)h{e7)=(&), T (Si) (2" )=(x") (37)

If v, transforms under IR I'*, the Dirac neutrino mass matrix and right handed neutrino mass are

(mD)ab :Zhy <aa, ﬂb|7c><§g>’(ml?)ab :Zh'y <'Ba’ ,Bb|;/c><;d> (38)

o 7 N L . . ) .
Similar to thé case of charged leptons Eq (36), the fnass matrix invariance equations in neutrino sector can be of the form:

r“'(S,) m,I’(8,)=m,,

NS )M, T7(S,)=M,,

r (S,) M, T°(S,)=M,, (39)
Where

M, =mjy M,m, (40)

CONCLUSION

The previous discussion we link between the generators of the residual symmetry (S, F) and the dynamical inputs (IRs of
fields and vacuum alignments). If we consider a certain group as horizontal symmetry group such as A4 or S4, we can use Eqs
(39) to write constrains on the Irreducible representations that lead to the desired mixings. The group A4 is generated by Td e
in Eq (12) with k=1, m=3 and S2 in Eq (15), so the vacuum alignments of the flavons ¢ and x that are kept invariant under the
action of T,_and S2 are

{(p) =(1,0,0),(X)=(1,1L1)

For the group S4, it is generated by the matrices T, S1, S2 and S3 in Egs (12, 15) with k=1, m=3, so the vacuum alignments
of the flavons are as follows,

In the irreducible representation 2
(p) =(0,0),(X)=(1L1)
In the irreducible representation 3,
{p) =(1,0,0),(X)=(0,0,0)
In the irreducible representation 3’,

(p) =(1,0,0),(X)=(1,11)
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