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Abstract: In this paper we consider the probability density function (pdf) of the weighted non-central chi-square
distribution with v degrees of freedom. This pdf presented in the literature as an infinite sum. Herein, we present an
alternative simple expression to this pdf which may be useful in the future studies. The results of Kettani (2006) and
Andras and Baricz (2008) can be obtained as a special case from ours.
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I. INTRODUCTION

Grau (2009) introduced the weighted non-central chi-square distribution with v degrees of freedom, sz (ﬂ,al,az),

which has application in a wide spectrum of quality control areas. The probability density function (pdf) of such
distribution is expressed as an infinite sum of central chi-square distributions as follows:
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Where o; and ¢, are two positive numbers, A is the non-centrality parameter, F() is the gamma function, f ()

+k

is the central chi-square distribution with (V + k)degrees of freedom. Now in (1.1) substitute K =2 j +1 for odd k
and denote it by f O( )and k=2] foreven k and denote it by f5(z), j=012,..., we get
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When ¢ = o, =1, (1.1) reduced to the pdf of the non-central chi-square distribution with v degrees of freedom
and non-centrality parameter A, )(f(/I) When o, = a, =1and A =0, (1.1) reduced to the pdf of the central chi-

square distribution with v degrees of freedom, ZVZ , given by

v, 2

72 e’
f.(0)=——— , 2>0. (1.5)

v 21/ /12 F(Vj '
2

Kettani (2006) expressed the pdf of the non-central chi-square distribution for odd degrees of freedom in terms of the

""_derivative of the hyperbolic cosine function. Andras and Baricz (2008) got the same results of Kettani (2006) but
through an alternative proof. In addition, they deduced the corresponding formulas for even degrees of freedom. Their
proofs are based on simple properties of modified Bessel functions of the first kind and on Hoppe’s formula for the m™-
derivative of a composite function.

As the non-central chi-square distribution arises frequently in various applications including finance, estimation
theory, decision theory and time series analysis, the weighted non-central chi-square distribution arises in quality
control and statistical analysis. Elsherpieny et. al. (2012) proved that the pdf of the weighted non-central chi-square
distribution with v degrees of freedom has an expression that does not explicitly involve an infinite sum. This
expression is given by

2 ) -2
N Y I (aizz)le[l;E,m%;Mz Zj it v =2m+2

2

2 ) -2
et LZ(_l)'“ai*Z f, (a.zz)lF{l;g,m+1; 102 Zj if v=2m+1,

and
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Where M is a non negative integer, 1F2(-) is the generalized hypergeometric function, Io(.) is the modified Bessel

function of the first kind of zero order and COSh(.) is the hyperbolic cosine function.

In this paper, for numerical evaluation purpose, we interested to simplify the infinite sum in the pdf of the weighted
non-central chi-square distribution with v degrees of freedom. In Section 2, we present some required special functions

and notations to facilitate understanding this paper. In Section 3, we prove that the pdf of the ;(f(/l,al,az)

distribution with v degrees of freedom can be represented as the sum of odd and even terms each has a simple form
expression. Our proof is based on the modified Struve and Bessel functions. For the even terms we follow the same
argument as that given in Andras and Baricz (2008). That is, our proof is based on some simple properties of modified
Bessel functions of the first kind and on Hoppe’s formula for the m™"-derivative of a composite function.

Il. SOME SPECIAL FUNCTIONS AND NOTATIONS
The following are some special functions that will be used in our derivation.
1-F(2n) is the gamma duplication function and is defined as

22n—1 1
Irn)= I'n)lin+=| , n=123,.... 2.1
(2n) =2 rr{n+5] .1
2-J,(x) is the Bessel function of the first kind of order p and is defined as
o (1 2m+p
J(x)=>" 1) (x/2) , xeRandp>0. (2.2)

“= miT(p+m+1)

3-1 b () is the modified Bessel function of the first kind of order p and is defined as

= (x/2P™P
| = , R and 0. 2.3
() mZ:(:) m!T(p+m+1) xerandp= (23)

In particular

(x/ 2]

IO(X)Z;W’ xeR.

4-H p(X) is the Struve function of the first kind of order P, which is valid for all p ,and is defined as

()= O 2™ R 2.4

m=0 F(m+3j F(p+m+3j
2 2

5- Lp(X) is the modified Struve function of the first kind of order P, which is valid for all p, and is defined as

L()=Y (xr2f™" ,xeR. (2.5)

3 3
O TIm+>= T p+m+=
2 2
6- The derivative formula of the modified Struve function is defined as

%(xp L,(x)=x"L,,(x), xR . (2.6)
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7-The relation between the modified Struve function Ln(X) and the modified Bessel function I, (X) for non-negative
integer n is given by

1 92 n-2t
L (0= / Zt 2 ( ) XeR,N=0,12,.... 2.7)
n+§ — Xto 2

8- n!l isthe double factorial function and is deflned as
n(n-2).....3.1 if n>0 is odd

n=in(n-2)....4.2 if n>0 is even (2.8)
1 if n=-10.
9- COShj (X) is the alternate hyperbolic cosine/sine function and is defined as

cosh(x) if jiseven

cosh,(x)=1 . hx) vt (2.9)
sinh(x) if j is odd

et (-1 e

5

For more details about the above special functions see Andrews (1992).

I11. A SIMPLE FORM OF THE PDF OF ;(f(/l,al,az) .
In this section, we prove that the pdf of the weighted non-central chi-square distribution with v degrees of freedom has
a simple form expression. This expression will be given in the following theorem.

The Main Theorem
The probability density function of the weighted non-central chi-square distribution with v degrees of freedom,

x? (/1, a,,a, ), is given by:

f,(2)= £2(2)+ 15(z)
where
Sy ez%[(m " A(Z)} i v=2m+1 (31

& %[( Mizz)“*le+1(1/,1aizz)} it v=2m+2 (32)

e 2 2 —a2

Z '*lai‘leTsinh(ql/Iai‘zz) if v=1,
2217 Z
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and fE(z)=J ;-2/2 2 2 \™2 g% g (m=1) [5 =2 )
@)= Za,‘z(a'—zJ e 2 Zsl(z)d :jo(m/?a' ‘ if v=2m+2 (3.4)
1=0 A

-2
212 2 —a‘z
€ a ;

———> a'e ? cosh(,//mi‘zz) if v=1.
2,/272’2 i—1
2m-4t-1

Za, )cosh,, ,+2(1/,1a;22) zm: i tvzm(‘/ - F i=1,2and m=0,1,2,..

1:0

a(2)=(-1) @2 -1y (aa? er )= (1)) (2|()r!r!](jnl—_ |1z!1)! |

and M is a non negative integer.

Where

Proof:

It is worth mentioning here that when putting, = @, =1, then f, (z) = f,7(2), and
in (3.3) we get the pdf of the non-central chi-square distribution which is the same as that given in Kettani (2006) but
with completely different proof and as that of Andras and Baricz (2008). Also when ¢ =, =1, then

f, (z)=f5(2), and in (3.4) we get the pdf of the non-central chi-square distribution as that given in Andras and
Baricz (2008).

First, form > 1, consider fvo(z) given in (1.3). Using the gamma duplication function in (2.1) with N = (j +1)
and using (1.5), we get

v+2 j+1 a -ai’z

(0)- 03 BV Sl e

v = F(J+3j — i 2v+221+1r(v+2j+1)
2 2

-z

i+1 —2 A ﬂv /4 2
:ev—ﬂ;(_l) ( ) Z(; ((0‘ Z] Ev+2]+1j' (3:5)
z ST

14
Using (2.5) of the modified Struve function of the first kind of order p:(E_ j and with

=A%z ,i1=1,2, then (3.5) becomes:
vl a2
R Co R e

i= 5_1
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o2 2 1 -ai’z

AL Z Hl ] e ? (V iai_zz)% L(V ]( lafzz). (3.6)
%j andqullai_ZZ ,1=1,2, we

o’z

Using the derivative formula of the modified Struve function (2.6) with p =

VR

get

ol e,

14

_2 v
j(,/,laizz)] :% i [(1//10422)2
Hence, Equation (3.6) takes the form

-A12 2 |l
AVIZZ ( M Z)
Letv beodd,i.e,v=2m+1, m=0,1,2,... in (3.7) we get
o et i+1 g 2 me 2
forald)==——52(-1)" e * i (1//105[ z) ? |_m+1( Aag z) : (3.8)
24 2 2
Using (2.7) with N=mand X = 1/ A, °Z , i =1,2 ,we get

L 1(M)Z| . 1( MfZZ) ( 2/2725)1/22"1: (Zt) 272 [@szt

"2 2 Aa

2

L[z_lj (M)] =12,

(]| o

2

,m=012,.. (3.9
1
Consider the following formula of the modified Bessel function of the first kind of order (— 1)k(m + EJ given in

Kettani (2006),

o) 25 (a2 -Duen ' eoshy i (x). (3.10)
-1)"| m+
2

7TX 120

Taking k=1and X = /A °Z , i =1,2in (3.10), we get
2 m
I 1( Aai‘zz)— V27 /ZZ jncr (ﬂa z) 2 coshmfhz( ﬂai‘zz).
-m-s /ﬂa 1=0
Substituting in (3.9) and then in (3.8) we get the result in (3.1).

Letv beeven,ie.,v=2m+2,m=0,1,2,..in (3.7) we get the result in (3.2).

Forv =1, use (3.6), we get
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o2 2 _ -a’z 1
f,° (Z) = o ( i
4\/2 i=1 Q; z E)
It is known that

L)~ \/% Sinh(x).

Taking X =+/A&°Z , i =1,2 we get the result.

Second, for m =1, consider fvE (Z) given in (1.4). Let v be odd, i.e.,v=2m+1,m=0,12,...and recall the

new form in (1.7). Also consider the following Hoppe's formula for the m™-derivative of a composite function given in
Andras and Baricz (2008),

L ta)- 2SS e Lae) iz e

Let f(z)=coshz and gi(z)=1//1a-_22, i=12,in (3.11), we get

ﬁﬁwwaﬁ)i%ﬂﬁiﬂi ] & )

k=0 1=0

OF4

i=12. (3.12)

It is clear that f(k)(\/lai’z ): COShK( Ao 22)
Ao 274 [1//105(22 ]' =(2e:2)""101-2)..0 2m+2)z2 Ti=12. (3.13)

dz
Consequently (3.12) becomes

m

& otz 3 cosh zaﬁz)g C210-2).0-2me2) 2

= (22 Ik —1)
=12, (3.14)
Consider the following assertion given in Andras and Baricz (2008), i.e.
2 1(1-2)..(1-2m+2) nk (2m—k-1)!
~1)! =(-1 . 3.15
2 (k=11 ) (2m—2k)1 (k —1)! (3.15)

1=0
Where K =0,1,2,...,m and M is a natural number.
Then (3.14) becomes:
m e —2 k
i) S nkedr cosmhat), g
Py (m-2km (k-1  (22)
Substituting in (1.7) we get

-2

£ e *? 2 Tk (2m—k-1) L -
fona(z) = 22m\/_ 2 % 2m 2K (k —1) (ﬂai 2)2 COShk(qMai Z).

(3.16)
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Changing K in (3.16) with (m — 1) , we obtain the following formula

etz 2 M2 g%y
= .(2) 2\/?2 1(0{ ZJ e 2 Zs, z)cosh, (,Mafz).
Where

5(2)= (1) (2e%2) " (2|()r3(;|__ |1z! i

Now rewriting S, (Z) as follows:

| o _Vi2 (m+|!(m_|)
5(2)=(-1) (22 2) (2|)!!(mzl)!(m+')'

At I =m, s (Z) = 0 and consequently the last term in the summation over | is zero. Hence we get the result (3.3).

Let v beevenin (1.4),ie,v=2m+2,m=0.12,...and recall the corresponding new form in (1.6). Now recall
Hoppe’s formula in (3.11) with f (Z) = |0(Z) and @, (Z) = 1/1&-_22 =12 e,

dz" |:o
(3.17)

It is clear that f(k)(w/ﬂai_zz)= Iék)( ﬂai"zz)= d" |0( ﬁai"zz).

dl/Aa 2z

Using (3.13) and (3.15) then (3.17) becomes:

ﬂl ( 'ﬂaﬁzz)= i(_l)m—k (2m—k —1)! |ék)( M,aiZZ)(ia_?_z); i—12.

dzm oW s (m-2kM (k-1  (22)" '
Substituting in (1 6) we get

__azm mk 2mk1) _k()/_
fanal 4/1m Zaze 2 Z m— 2K (k1) (ﬂa‘zzﬁl(’k( M‘ZZ)' (3:19)

Changing K in (3.18) with (m — |) we obtaln the following formula

—1/2

) m/2 —ai’zz m
.5 7 22:0‘ ( J e 2 s,(z)lém*')(,lﬁafzz).
1=0

i=1

Where
I TPPeERIL (m+1-1)! .
Againat | =m, S,(Z): 0 and the last term in the summation over | is zero. Hence we get the result in (3.4). the

case m=0,i.e., v=1, follows from (1.7). 0
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APPENDIX
The proof of (1.6) and (1.7) given in Elsherpieny et. al. (2012) is as follows. Using the following formula given in
Andras and Baricz (2008)

F(n+1j=M ,h=012,..., @

2 22" nl
and using also (1.5) in (1.4), we get
aH2 a2
= 2 [v+21jza (22 (10g2214) e (2)
22" % jur{ V2
2
Using (2.3) with p =[%—1) and X =/ Aa°z ,1=1,2, we get
e t2 2 V1 o—e’z
Za (e?zia)2e 2 1, l(,/ﬂw;;zz). 3)

2
It is clear that when o, = &, =1, (3) reduced to the formula of the pdf of the non-central chi-square distribution
given in Kettani (2006) and in Andras & Baricz (2008).

To simplify (2), consider the normalized modified Bessel function of the first kind of order p ,
Vo - [ ,OO) - [1,00), given in Andras and Baricz (2008), i.e.,

y,()=2°T(p+1)x P21 (V). (4)
Taking p = (%— j and X = (ﬂa i’zz) , 1 =1,2 then (3) can be written as follows:

-2
v -ai’1

—212 -1
e i a_z Ea_ZM ]/V (/’Lal_zz) (5)

)
2
Therefore,

£5(z)=2 mzazf (a z)yK (1e77%2).

Again, putting &, = &, = lin the last equation we obtain the same formula given in Andras and Baricz (2008).
Now let v beeven, ie., letv =2m+2, m=0.12,...in (5), we get
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_al

-A12 2
lerzmz(z):e _ZﬁamleL7m(/10‘i_zz)'
2 “ 1 2 F m+1
Using the derivative formula (see Andras and Baricz (2008))
. . d"y,(az)
a 7/p+m(az):4 (p+1)(p+2)(p+m)d')7
foralla>0,z>0, p#—-1-2,...and m=0,12,....
With p=0and a = /iai’z =12 we get
2 —012. : meerdm _—2
£ (2) z : 4" mtld 7/0(/105, Z).
—~ 2m+rm+1) A dz"
Using (4) with p=0and X = (Mi Z) , 1=1,2, we get the result in (1.6).

, (6)

—1/2

Now let v be odd, i.e.,v=2M+1,m=0,12,...in (5), we get

,al

dret (igm)
"2 m

§ i) b

Using (6) with p=—1/2 and a :Mi_z,i =1,2, we get

_a12 2 (

R

i=1 2

€
f2Irzn+l( )

nol e d"y, e
fE ()_eﬁ“z ia__z (afzz) 2e 2 2"‘(2m—1)!! 7/_21( % Z)
2m+1 2 — i m+% { 1) (/’i,a-fz)m dZm
2 1“m+E '
Using (1), we get
1 —a?z gnm 20552
fE B —1/2 Z2: mle 2 22m(2m_1)!! 7/—21( i Z)
2m+l — 2m I\/a_z im d Zm
Using (4) with p =—1/2and X = (ﬂai z), i=1,2, we get
L 2" ml ER 2°"(2m -1 d" o) |7, e
PRSI i) Eea]
an 2 2nz;a' (2m)! I dzm % 2(“' )

Using the following formulas given in Andras and Baricz (2008)

2 22" mi(2m-1)n .
()= \/%cosh(x), and (Z(m)! M _on

2
We get the result of (1.7). 0
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