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Abstract: In the present paper, the author has introduced a new special function namely H -function of two
variables in the literature of special functions. The definition, convergence, asymptotic behaviors have been

considered. Next, we obtain some properties of H -function of two variables. Later on, the author establish a series
representation for the H -function of two variables. Some interesting special cases of H -function of two variables

by comparing the series representation of H -function of two variables and H -function of one variable is also
established. In the last, the author has given two special cases of -function of two variables which are not the special
cases of H -function of two variables.

Key words: ﬁ—function, H -function of two variables, H -function, Series representation. (2000 Mathematics
Subject Classification: 33C70)

I. INTRODUCTION

The H -function occurring in the paper will be defined and represented by Buschman and Srivastava [1] as follows:

—M,N —M,N 812 A ) (3)30) Dnanp 1 ' =
Hre [2]=Hra [ 2] heine |= = [o@zds
M N A
) [T, -59] {TA-a; +a;8)}
where  @(&) = (;:l = 5 (1.2)
B
[ {ra-b,+pe)}" ] 1 -a0)
i=M+1 j=N+1

Which contains fractional powers of the gamma functions. Here, and throughout the paper a; (j=1,...,p) and
b;(j =1,...,Q) are complex parameters, ; > 0(j =1,...,P), B; 20(] =1,...,Q) (not all zero simultaneously)
and exponents A;(j=1,...,N) and B;(j =N +1,...,Q) can take on non integer values.

The following sufficient condition for the absolute convergence of the defining integral for the H -function given

by equation (1.1) have been given by (Buschman and Srivastava).
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M N Q P
QEZ"BJ‘“LZ‘AJ'“]“.Z \ﬂ,-B,-\—Z ;| >0 (1.3)
i=1 =1 j=M+1 j=N+1
and |arg(z)| < %ﬂ'Q (1.4)

The behavior of the H -function for small values of |Z| follows easily from a result recently given by (Rathie

[6],p.306,eq.(6.9)).
We have

ﬁ';\vll,bN[Z]=0(|Z| ) y= miﬂ{Re(%_ﬂM—)O (15)

If we take Aj =1(j=12,...,N), Bj =1(J=M +1,...,Q) in (1.1), the function ﬁ:\aﬂ,bN [.] reduces to the Fox’s

H -function [3].
The following series representation for the H -function will be required in the sequel [see Rathie, pp.305-
306,eq.(6.8)]:

TMN (a.giAy), o(@0a)) o
He Q l: (bJ B )1,M '(Ybi'ﬁJ;BJ)MJrlY,Q :| B
hZiHr(b e (r-a e, )" 02
-1 r=0 j=1 -1
o — (L6)
H {F(l_bi +ﬂj§h,r)} H r(aj _ajéh,r)r!ﬂh
i=M+1 j=N+1
Where
_ (b, +r)
éh,r ﬁh

Il. THE H -FUNCTION OF TWO VARIABLES

The H -function of two variables will be defined and represented in the following manner:

—o,n: myunmyn, || (8 “j'AJ) (o5.753K; )lnz (c i'7i)n2+1,p2'(eJ'Ej;Ri) (e Ei)nsﬁps
H[] le%pZQZPQCIQ

Y|(b5.5: 1) (dl 51)1,“2 (dj bj;Li)mzﬂ,qz*(fi*Fi)ms (fl Fis SJ)m3+1q3

= j [#.(1):(©),(n)x°y"dédn 1)

LL

Copyright to JIRSET www.ijirset.com 4915


http://www.ijirset.com/

o -

\
[JIRS

[ ]

1
ISSN: 2319-8753

International Journal of Innovative Research in Science,

Engineering and Technology

(An ISO 3297: 2007 Certified Organization)

Vol. 2, Issue 9, September 2013

Where
N
[]r(t-a;+a;+Apn)
4(&m)=— = - (22)
le(aj —ajg’—Ajn)Hr(l—bj +BE+Bn)
H{F(l—ci +71§)}KJ Hl‘(dj -5,%)
%(5)=—— — - 23)
_le(cj 7€) _Hl{l“(l—dj +5J‘§)} J
H{F(l—ei + Ej”)}R] HF( fi - FJ”)
¢ (1) =—- TR . 24)
_le(ej ~Ejn) _Hl{l“(l— f+ an)} |

Where Xand Y are not equal to zero (real or complex), and an empty product is interpreted as unity p;,d;, N, M;
are non-negative integers such that 0 <n; < p,,o<m,; <q;(i=12,3; j=2,3) . All the
a;(J=12,...,p),b;(i=12,..,9),c;(J=12,...,p,),d;(] =12,..,0,),

e;(1=12,...,p,), f;(1 =12,...,d;) are complex parameters.

7;20(j=12,...,p,),6; 20(j =1,2,...,0,) (not all zero simultaneously), similarly
E,20(j=12,...,p;),F;20(j=12,...,q;) (not all zero simultaneously). The exponents

K;(1=12,..,n,),L;(j=m,+1,...,0,),R;(j =1,2,...,n,),S;(j =m, +1,..., 03) can take on non-negative
values.

The contour L isin &-plane and runs from —icoto +ico. The poles of F(dj —5j§)(j =12,...,m,) lie to the

right and the poles of F{(l—Cj +7/J.§)}KJ (1=12,..., nz),l“(l—aj ta; &+ Ajry)(j =12,...,n)to the left

of the contour. For KJ- (] =1,2,...,n,) not an integer, the poles of gamma functions of the numerator in (2.3) are
converted to the branch points.
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The contour L, is in 77-plane and runs from —iooto +ico. The poles of F( f, - an)(j =1,2,...,m,) lie to the

R.
right and the poles of I’{(l—ej + Ejn)} : (] =1,2,__.,n3),I‘(1—aj +a;é+ Aj’?)(j =12,...,n,)) to the left

of the contour. For Rj (1=12,.., n3) not an integer, the poles of gamma functions of the numerator in (2.4) are

converted to the branch points.
The functions defined in (2.1) is an analytic function of Xand Y, if

Py P2 % G2

U=Ya,+> 7,->.8-2.6,<0 (2.5)
j=1 j=1 j=1 j=1
Py Ps % Gs

V=>A+>E->B->F<0 (2.6)
j=1 i=1 j=1 =1

The integral in (2.1) converges under the following set of conditions:

Q=iaj—ia+z5— Z5L +Zy1 Zyj Zﬂ >0 (@7)

j=n+1 j=my+1 j=n,+1
L] %
A:ZA A+ZF— Z FS, +ZER—ZE -> B, >0 (28
j= j=m+1 j=my+1 j=n,+1 j=1
|arg x |< EQE, largy |< EA;r (2.9)
The behavior of the H -function of two variables for small values of | z | follows as:
HIx, y1=0(x["l y"),max{| x|,| y |} >0 (2.10)
Where

d. f
a = min | Re| = S =min|Re| = (2.11)
1< j<m, 5] 1< j<m, Fj

For large value of | Z |,

HIx, y]1=0{ x|y}, min{| x|l y[} >0 (212)
Where
c, -1 e, -1
a'=maxRel K,~— |, g'=maxRe| R, —— (2.13)
1<j<n, 7/]_ I<j<ng Ej
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Provided that U <Qand V <O0.
If we take

K;=1j=12,..,n,),L; =1(j=m,+1,...,0,),R; =1(j =1,2,...,n,),S; =1(j =m, +1,...,05) in (2.1),
the H -function of two variables reduces to H -function of two variables due to [5].

I11. SOME PROPERTIES OF ﬁ-FUNCTION OF TWO VARIABLES
1.Ifweset N =p, =0, =0, the H -function of two variables breaks up into a product of two H -function of

one variable namely

T0,0my,npimg,ng |y
0,0:p2,02:P3,05 | y

—{(ej753K; )an i) 0 (e iR, )1,n3 (&5 )n3+1,p3 :|

45007 (9508555 )y oo LT3 P (T PSS

(F5 P ) g T8 1)t

(573 ;K")l‘nz’(cj 7 )nz+1-Pz :|ﬁr;3'33 {y
3113

ﬁmZvnz

= , X )

P | 7 (40, | CTRHEY N
2.1f A >0, we then obtain

22 ﬁo,m: My NpiMg Mg |2 (aj. ;A )y (i A713K ), (6547, )nzﬂ,pz CIISHII (e.2E |-
PufhPa P o (B304 ) (3401 ), o(95:2055L5), (0 2F7 ) (30 2F3S)

(63 B3Ry ) 01 i) } (3.1)

y;l.

(3.2)

_ﬁo,nl: My, NpiMg,Ng | o
- P10 P2,G2: P03 |y

(a4 )Lpl'(ci VSV B2 )nzﬂ,pz (&5 EiR; )1,n3'(ei B )n3+1,p3 :|

(538585 ) 105 )y (9585585 ) oo LT3 F ) (T F3ST)

x

—0,ny: My,Nyimg,Ng |:}/

3. Hp,a:p,.0: s,
Ve

(1-b;.3:8; )uu (1-d;.5; )mz (1-d;.55L, )mﬁl‘qz (1-15.F; )l,mg (1-f5.Fis; )msﬁ‘% (33)
(1-aj.2):A, )Lpl,(l—cJ 7K )1.n2 [(2-¢;.7; )vaz [(1-¢;.EjiR; )1,n3'(1_ej E; )n3+1,p3 '

(aj.a5:A )1,;.1’(01 7K )an (7 )w‘pz (e EiRy )1,.13'(51 E; )nsﬂ,pg
(b;.5;:B; )qu,(dj 5 )1,m2 (d.65:L )m2+1,q2 (.F; )1,m3'( f;.F}iS; )m3+1,q3

_ ﬁo,nl: My, MyiMg, N |y
- PG P2,02: P30z |y

The series representation of the H -function of two variables defined and represented by (2.1) is as follows:
(i) 5m(dj +/1)¢ S5, (d, +u)
For j=m; jm=212,..m,;4,u=012,..
(i) F,(fo+p)=F (f,+V)
For n=k;n,k=12,.m;;p,v=0,12,...
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(iii) X,y #0,U <0,V <0[U and V are defined by (2.5) and (2.6)], and if all the poles of (2.1) are simple, then
the integral (2.1) can be evaluated as a sum of residues to give

_ M, N3 o o _1 MV P, Ony
NS H R HVICENTICICHE PVl

m=1 n=1 =0 v=0

Where
P :w'%“ :(fn|:—+V) (35)
[Ir(¢,-s)Tfr(t-e 7))
¢4(§) = 'J:m = - 36)
Jl;[ﬂl“(cj —7j§)j=1;[ﬁl{l“(1—dj +5J_§)}

¢5 is defined analogously to ¢4 in terms of the parameter sets

(ej E;iR; )l,n3 ,(ej  E; )n3+1] . ,( f,F )l,m3 ,( fi F:S; )m3+1,q3 . Also @ is defined by means of (2.2).

By comparing the series representation of ﬁ[x, y]and H -function, we get the following interesting special case
of (2.1).

ﬁo,nl: My.NpiMg.Ng |y
Pr.GP2,G2: P30z |y

(2.3 )1,,)1'(%' 7jiKj )an {ei7i )nzﬂ,pz (e EjiRy . (eEj )nsﬂ,ps
(53585, 105 )y (9585585 ) o LT F ) (T RS

(—1)Wypwf[{r(1—ej vEp,))

:Z P U3 Sj
ORwH ] T (e - Eij)H{F(l— fi+ Fjpw)}

j=ny+1 j=1

M+, (€775 )l,nz (2 =Ajpua; )m,(cj g )nzﬁ,pz
H P2 +02, %0 +0, X

3.7
(61} 9.0 03), o (3 100081 ) G
In (3.7), when we put f =0,F =1and y — 0, we get the following useful confluent of the H -function of two

variables:

i O M (@53 )y (03753 ) A€575) gy (65 Ei R ), o(850E ),
Iyl—rf(} H P10 P2 02: P3G +1 |:)}(’ " e il Ly ng+L.pg

(b;.3;:8B; )1,q1 (d;.5; )mz (d;.8;5L; )m2+1.q2 O(F5.Fy38; )1’q3
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. {F(l—e )}Rj
i —m,,n+n, |:X (aj,aj;A,-)lvpl,(Cj r7j;Kj)1vn2’(cJ"yj)n2+1,p2 :| 3.8
Pt @G | 2 (b, By38y), g (105 ) o (505585 ) 8
e P e

Also making use of a result [2, vol.1, p.104, eq. (46)] and (2.1) in (3.7), we obtain another interesting result:

ﬁo,r myn, L0 | | (ae0)(b,oi) (c) K )lnz (c i'7i)n2+1,p2'“
2,0:p,,0,:0,2 .
2 . —(d; 7 P TR H ) R G GREY
—my+1,n,+1
= H py+4,0,+1 X

Where Re[a+b—f -h-1]>0,0>0,0>0.
IV. SPECIAL CASES

3.9
(a+b-f-h-1,p+0),(d;.5; )1sz (0,655 )sz (3.9)

(3= o) (e 743Ky ) o(e577), .y, (b= T ) b-ho)(ahp) }

— _
The functions J 2 [;] and oW [’;} are the Wright’s generalized Bessel functions of two variables and generalized

hypergeometric function of two variables respectively. The study of the H -function of two variables will cover

wider range then the H -function of two variables and gives deeper , more general and more useful results directly
applicable in various problems of physical and biological sciences.

—001010 [y . . K THT x
1. H0,0:0,2:0,2|: ‘__(01)(\/#K)(01)(V/JS)] VI:y:|\]v'|:y] (4.1)

—0,0:1, 1, pg 7)( —:(17c,-,yj;KJ)’ (e ERy),
HO,Osz,q2+]:P3,Q3+1 -y )

—(0,0),(1-d;,85:L )lqu 0),(1- ;. F;:8;
_ (CESHS) I (eiij?Ri)l,p3 49
0¥ | X (dj.55 L) PaWQ3 Y| Fiss), (4.2)
—0,01,01,0 x7 o x )2 y a_
3. Hooozo2| 2% 7ui \rasy N =(—j (—j Jv(X)Jv(y) (4.3)
Ve () ) (2) A2

— _
Where J;,(.)and qu(-) are known as Wright’s generalized Bessel function and Wright’s generalized

hypergeometric function respectively and defined as [4]:
I‘

o] T0- S
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—Llp

And  Hpgu |:—X

(1-aj.a53A; )1‘,3

(0)(1-b; 5y 8,), } =¥y [X

e jl{r(aj”L“Jr)}Aj W
=2 —— (45)
- {F(bﬁﬂjr)}J k

-—

-

]

1]
[UN

REFERENCES

[1]. Buschman, R.G. & Srivastava , H.M.; The H -function associated with a certain class of Feymann Integrals. J. Phys. A.
Math. Gen.:pp.4707-4710,1990.

[2]. Erdelyi,A., Magnus, W., Oberhettinger , F and Tricomi , F.G.; Higher Transcendental Functions. Vol. I, McGraw-Hill,
NewYork, 1953.

[3]. Fox, C. The G and H -function as Fourier kernels. Trans. Amer. Math. Soc.98:pp, 395-429, 1961.

[4]. Gupta ,K.C., Jain, R. and Sharma, A.; A study of unified finite integrals with applications. J. Rajasthan Acad. Phys. Sci.
Vol.2(4):pp,269-282, 2003.

[5]. Mittal, P.K. & Gupta, K.C.; An integral involving generalized function of two variables. Proc. Indian Acad. Sci. Sect. A( 75):
pp, 67-73, 1961.

[6]. Rathi, A.K. A new generalization of generalized hypergeometric functions. Le Mathematiche Fasc. 1152:pp, 297-310, 1997.

[7]. Srivastava, H.M. , Gupta , K.C. & Goyal,S.P.; The H -functions of One and Two Variables With Applications. South Asian
Publishers, New Delhi,1982.

Copyright to JIRSET WWwWw.ijirset.com 4921


http://www.ijirset.com/

