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In this work, we consider a particle moving on a two-dimensional non-
commutative plane immersed in a constant magnetic field. The non-
commutativity of spatial coordinates, conjugate momentum, and spin
variables are supposed to satisfy a "non-standard" Heisenberg algebra. The
parameter 8 that characterizes the non-commutativity here is not constant
and is called "non-commutativity of spin". Using the Pauli equation and

perturbation theory, the non-commutativity parameter can be shown, after

considering the degeneracy of energy levels, to be bounded by 6 « 1072° cm.
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INTRODUCTION

Theories in non-commutative space have recently attracted a great deal of interest [11. This interest has its origin in
guantum gravitation, string theory, black holes, cosmology, and even the very conceptual basis of field theory [2-13],

Non-Commutative (NC) spaces are characterized by position operators x* satisfying the relationship.

[Z,2¥] = i0,,-. (1)

Where 6,, is a constant antisymmetric matrix of dimension (length)? and the hatted quantities refer to position
operators in NC space. The field theory formulated on these spaces (i.e., non-commutative field theory) is described
by field operators, which are functions of X#. In NC field theories the punctual field product is exchanged by the

Moyal field’s product,

Where ¢, (x) and ¢, (x) are two arbitrary and infinitely differentiable functions, thus giving rise to nonlocal theories.
From the nonlocality inherent to Eq. (1) several peculiarities appear from non-commutative theories. One of these
properties is the so-called ultraviolet-infrared (UV-IR) mixture, which consists of infrared singularities arising from
ultraviolet divergences, even in theories with no fields of zero mass 141, Except for some supersymmetric theories
(15,161 UV-IR mixture destroys the usual disturbing schemes. Another peculiar aspect resulting from nonlocality is
unitarity and causality when 8,; #= 0 171,
In all these situations, we have canonical non-commutativity (18], A great deal of literature has been devoted to
exploring the consequences of this type of hon-commutativity in several theoretical fields and quantum-mechanical
models [19-21],
We examine here a new type of non-commutativity, namely, one that depends on spin 2223, This type of
consideration for non-commutativity encourages the construction of new models in quantum mechanics [24-261, New
research paths in this sense can be explored (for example, nonconventional superconductivity (271 and a geometric
picture of quantum mechanics (28], Discusses various questions about the physical meaning and mathematical
formulation of spin-dependent non-commutativity [2°1.
More recently, the effects of the non-commutativity of the space-time with mixed spatial and spin degrees of
freedom in a relativistic situation 391 allows us to explore new routes to Quantum Gravity Theory. In this regard, it
leads to the understanding that the space-time has an underlying structure on small distance scale - or high energy
scale - leading to some of the long-standing research in recent years.
The non-commutativity of the spatial coordinates 8, the conjugate moment ﬁi, and the spin variables, §!are
supposed to satisfy the "nonstandard" Heisenberg algebra.

[2L,%)] = i0%eVk sk,

[2',9;] =15}, [puB;] =0
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(%% §7] = igelik sk, [8%, 8] = ie¥ksk..... (3)
Where 6 is the non-commutative parameter that we call non-commutativity spin dependent? The procedure we

adopt consists of relating the position operatorsfci, which satisfies Eq. (3), to the commutative operator x'.this

transformation, usually called the Bopp shift, is respectively given for coordinates and momenta by

&t =x'1+08%..... (4)

. . . N 1 ;. .
Where, in terms of Pauli matrices, §* = 501 is the spin operator.

To understand the implications of this new type of non-commutativity, we use the Pauli equation in what follows to

study its perturbative effect in a nonrelativistic situation.

METHODOLOGY

The Pauli equation

We consider the movement of a particle of charge e in x-y plane subject to a magnetic field B perpendicular to the

plane (i.e., in the z direction). The Pauli-Hamiltonian is given by

PG S ST

2m
Sothatjii=g %5 is the magnetic moment, g is the gyromagnetic vector, Sis the spin, and the components of the
electromagnetic potential are
A1:A3:0 5 A2=Bf=B(x1+951)=B(x1+90'1/2). ..... (6)

Replacing the above components in Eq. (5) leads to the following eigenvalue equation

. . 2p2 5 2p2
HW:HOW+9(932%—%)+92” Y=EY. ... (7)

2m 8m

The term proportional to 82 give us a constant displacement across all the spectrum and henceforth is omitted. For

the calculation of the undisturbed solution (8 = 0), the operator

52 22 A2 2p2,2 5

5 +p5+ e“B“x eBx > B

A,y =BrPths 1_P2 5 B ...(8)
2m 2m m

Has no explicit y and z coordinates. Therefore, the operators p, and p; commute with Hy, that is, the components y
and z of the momentum are conserved. We thus adopt the following solution:

W(x,,s) = Cel*2P2tx3pady(x,, 5), .... (9)
where C is a normalization constant. Upon substituting this solution into our expression (7), we get

e2B?(x1—x¢)?

s g o

flll) _ [ﬁ_% n e?B%x10y pzeBO'1>
2m

2m 2m

_ 2
where E = F — :—; andx, = é’—fw which can be solved perturbative by means of the equation
~ ~ ~ ~ e?B%x,0 paeBo
Rp = (Ro + Rine ), Bine = 0 (S5 = P20 ... (1)
where EO is the Hamiltonian of the Landau problem:
e?B?(x;1-x¢)? _ ,l_i B

~ _ ~ ~2
hoo = EYy, hy = Zp_;"'

2m

The solutions ¥, (x4, s) are separable as follows

Yn(xy,8) = l)bOn(xl)Xs .. (13)
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So that S;xs = sy, and

You = 7y (2)' €7 2H,©), ... (1)

T

where H, (§) represents the polynomials of Hermite, 2 & = veB (x - I%)

The eigenvalues are given by

1 xs Describes the spin projection along the magnetic field.

2 From [ W, W, o = |C|2d§Z—’;1p*(x1,s)zp(x1,s) lcl fdf ~$*H2(8) = 1, we have |C|? = \/% pryer?

Eons = %(n + i) 2. ... (15)

In particular, to an electron, neglecting radioactive corrections, g=2, e = —|e|, and the result Eo =
% (n + % + s) shows that the energy level for a given n and s = Zi is in fact degenerate with the level n +

1ands = —1/2. We thus analyze the conditions given in the following sections.

Nondegenerate energy levels (g # 2)
In this situation we use nondegenerate perturbation theory to compute the dominant correction to E,.

However, the first-order correction is

1 ~
Esos = [ dx(¥dnshinctbons) = 0 .. (16)
Since x;ralxs = 0 (s = s"). Therefore, we must examine the second-order perturbation formula

2

/\

_(2) _ z |nt(ks ns)
Ons k,s#n,s E(O) E(O)

So, for s’ #+ s, we get after some calculations

P =g L L (R i s (18
L'nt(k,s’;n,s) - %W om kn+1 + kn—1 | === )

hmt(ks ns) = 0. In this way, the array elements nullify to k =n and s" # s as wellasto k #n

Where h

mt(n S;n, S)

and s’ = s. Hence, the second-order correction for energy is

- 2
E® — Z |Vk,s';n,s| — g2 (eB)?
" (0) _ E}EOS), 2+l (nl).m. 2w

k#n;s'#s NS

[ 1 n 2n?
2(2|le|B+geB(s—s')) = 2|e|B—geB(s-s")

]. ..... (19)

Degenerate energy levels fixed by the Hamiltonian A, (g = 2)

In this situation, we have to solve the secular equation toﬁint. The solution is simple since ﬁint(k_s;ns) =0 and

hint(n+1,—1/2;n,1/2) = Eint(n,l/z;n+1,—1/2) =6V. ... (20)
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It follows that the degeneracy is broken by the first-order correction. The original level splits into

E) = Eyps 2 0[V], ... (21)

ons

Where E, . is given by Eq. (17) and

1 1 (eB)3/2 n+1
Vi = V2nl [2n+1(n+1)!  2m \} 2 " (22)

Equations (21) and (22) allow us to estimate the value of the non-commutative parameter 6. Since,

AEq

E =Ey+AE, = E, (1 + E) ~Ey (1+6(eB)'/?), .... (23)

And considering the strength of the magnetic field typical of the nucleus of a neutron star 31, of the order of 103,
we have:

0 « 1072%m .... (24)
In which we assume the accuracy of the results of the quantum Hall effect of the order of atomic measurements. In

addition, the two linearly independent zero-order wave functions suitable for perturbative calculations are

1
5 [Yom1/2)  Yomer-1/2)]- - (25)

RESULTS AND DISCUSSION

In the present work, we study non-commutative quantum mechanics and consider in particular spin-non-
commutative effects. Using the Pauli equation, corrections for the energy were calculated up to second order for a
particle in a constant magnetic field. The unperturbed Hamiltonian shows a continuous degeneracy and, in the case
of the electron (g = 2), a discrete degeneracy. The continuous degeneracy persists and the discrete degeneracy is
modified by the disturbance.

831G = 10T, and, in natural units, B = 1 eV? = 1,44.1073 T.

All these studies do not rule out the possibility of their application to relativistic situations. In the relativistic
problem, with 8 = 0, the same degeneracy occurs as in the nonrelativistic problem and can be either continuous or
discrete. We consider the strength of the magnetic field B of the order of 1013G. The non-commutativity parameter
can be shown to be bounded as 8 < 1072%m.

In recent years, several studies have been devoted to Non-Commutative (NC) theories and these represent an
intense effort to understand the properties of space-time at very small length scales.

The idea of taking space-time coordinates to be noncommutative have attracted great interest through the
multiplicity of its applications. In these (NC) spaces, much of the literature usually employs the most diverse tools
and areas, such as: “path integrals”, “1/N expansion”, “quantum field theory” [1.32:34] etc.

In the present work, in noncommutative quantum mechanics we apply “perturbation theory”, a systematic
procedure for obtaining approximate solutions to a perturbed Hamiltonian, and consider in particular spin-
noncommutative effects. Here, the NC theta parameter is used as the parameter of the perturbation on which the
expansion is done.

Using the Pauli equation, we see that the Hamiltonian has its @ dependence on the second component of the
vector potential. From the eigenvalue equation we obtain the free and interaction Hamiltonians. The solutions of
eigenvalue equation to the unperturbed Hamiltonian are expressed in terms of Hermite polynomials and the

normalization constant have been calculated.
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We start with the condition that(g # 2), i.e., to the nondegenerate perturbation. In this case corrections for the
energy were calculated up to second order for a particle in a constant magnetic field.

Finally, we consider the situation where the energy levels are degenerate (g = 2). We solve the secular equation to
the perturbed Hamiltonian and we observe that the degeneracy is broken by the first-order correction. The original
level splits into two values for the energy.

Our next step was to consider the strength of the magnetic field typical of the nucleus of a neutron star. The
noncommutativity parameter can be shown to be bounded as 6 « 1072%m. It is important to note we work in
natural units (A = ¢ = 1) which in thiscase B = 1 eV? ~ 1,44.1073 T.

We can find in literature other approaches based in noncommutative quantum mechanics such that proposed by
Gamboa et al. In the context of Landau problem [351. There, to the magnetic field about 12 T the result obtained was
6 = 0.22 x 10~ cm2. Later, in Bose-Einstein condensation theory context, a similar result was presented 381,
Nowadays there are several bounds for 6 37391, New limit for the noncommutative spacetime parameter can also

be found.

Appendix: The Moyal product of two fields
We now use the expression for ¢(x) in terms of the trace to build the Moyal product of the classical functions

¢, and ¢, corresponding to the product of operators ¢1and¢>2:

$1(0) * $o(x) = [ 7€ T [D,D,TH(K)] ....(26)

Since
dk, dk;
Tr (@@, T (0] = Tr || o g T )T (ke) B (e) B (k)T ()| =
= | 23] 52 ®1k)®, () Tr [TU)T ()T R)), -e(27)
Where

Tr [T (k)T (k)T ()] = e FXOWETL[T (ke + ky)T(—K)] =

i i v
= ¢ 21 OwkE a1k Ok (oY aLy S (ke + ey — K) e n(28)
Replacing Eq. (28) into Eq. (27), Eg. (26) becomes

dk, _ ko
D) xp,(x) = [ an )a 2n )d D, (k) D, (ky)eiUeatka)ux
% e—%kf@ukaeé(k1+k2)”9uv(k1+kz)vl (29)
However,
exp [5 Uy + ) 0, (ks + k2)"| = 1, ...(30)
So,
dk, dk, . ~ ; iy y
$1(x) * po(x) = [ @ﬁ D, (k) D, (ky)e ikitka)uxt o =3k1 Opvke
d%, d%,
B l. f (27r)1d @2r )zd B (ky) B, (ke ki ue =tk x

L 1/0\°
X <1 - Ekf(‘)wkg + E(E) kflkfzeﬂ1v1®u2v2k;1k;2+ . ) _
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d%, d%k., .
=/ (Zn)ld (2n )fi By (ky )5 (ke ~1 e ™15
i
x (1 + 5 ()0 (—1kY) +
1t ? H1 U2 i1,V1 i1,V2 —
+5(3) (Cik)(Zik?)Ou,v, O, (—iky ") (k%) + ) =

_ 1- f ddkl d? ka kDD, (k ikl xy ,—ikbyy
- (ZT[)d (2 )d ( 1) 2( Z)e e X
X<1+i6@ 6+1(l>26 0 o o 0 0 )_
20x, "oy, 2\2/ ox, d0x,, "17H29y, oy,
. d%, d%, - AP I
i b e e e e T
i %%Ol’-vai at key —lkﬂx at ko —Lk“y
=;1£r)16e w Koy [ B )de wd (k) S i€ wd,(ky). ...(31)

Thus, we have the following expressions for the Moyal product of two fields:
a
$100) * () = lim exp [2 PP ] P12 (x) =

= ¢, (x) exp [£ 0,0, 0, 2 (). -.(32)

CONCLUSION

The study of a non-commutative space-time has grown very fast in recent years. Several attempts have been made
to search for possible effects of non-commutativity in different frameworks. In particular, experiments investigating
the spin effects of cold atoms in gases. Non-commutative quantum mechanics is currently contributing, with an
important portion of work on non-commutativity, in different forms of study. It permits us to examine phenomena
that occur at very small scales and to explore the physical consequences in a simpler situation. Finally, in face of
the tiny non-commutativity contributions, we hope that the Tonomura-type experiments can probe the spin non-
commutativity in the near future. All these studies do not rule out the possibility of their application to relativistic
situations. In the relativistic problem, with 8 = 0, the same degeneracy occurs as in the nonrelativistic problem and
can be either continuous or discrete.
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