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Abstract: Soft set theory was introduced by Molodtsov in 1999 as a mathematical tool for dealing with problems that
contain uncertainty. Faruk Karaaslan et al.[6] defined the concept of soft lattices, modular soft lattices and distributive
soft lattice over a collection of soft sets. In this paper, we define the concept of principle of duality in soft lattices and
discuss some related properties of modular and distributive soft lattices. We also establish characterization theorems
for modular and distributive soft lattices by their soft sublattices.
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[. INTRODUCTION

Soft set theory was introduced by Molodtsov [9] in 1999 as a mathematical tool for dealing with uncertainty.
Maji et al.[8] defined some operations on soft sets and proved related properties. Irfan Ali et al.[5] studied some new
operations on soft sets. Li [7], Nagarajan et al.[10] defined the soft lattices using soft sets. Faruk Karaaslan et al.[6]
defined the concept of soft lattices over a collection of soft sets by using the operations of soft sets defined by Cagman
et al.[1]. In this paper, we define the concept of principle of duality in soft lattices and discuss some related properties
of modular and distributive soft lattices. We also illustrate them with some examples. In addition, we establish
characterization theorems for modular and distributive soft lattices by their soft sublattices.

II. SOME CONCEPTS IN SOFT SETS AND SOFT LATTICES

In this section, we have presented the basic definitions and results of soft set theory [9, 6] and soft lattices [6] for
subsequent discussions. Throughout this work, U refers to the initial universe, P(U) isthe powersetof U, E is

a set of parametersand AC E .
Definition 2.1 A function f,:E — P(U) suchthat f,(x)=Q if x&A, iscalled a soft set over U. The
set of all soft sets over U is denoted by S(U).

Definition 2.2 Let f, e S(U). If f,(x)= & forall x € E, then S is called an empty soft set,denoted by
fo- If fA(x)=U forall xe A, then f, iscalled A -universal soft set denoted by fg. If A=E then the
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A -universal soft set is called universal soft set denoted by fE

Definition 2.3 Ler f,, fy € S(U). Then, f, is a soft subset of fy,denoted by f, & fg, if f,(X) < fp(x)
forall xe E. f, and f, areequal, denoted by f,= fp,ifandonlyif f,(x)= fp(x) forall xe€E.

Definition 2.4 Let f, € S(U). Then, soft complement of f, is defined by fAL~ = fAE such that
fe(0= fix)=U\f,(x) forall xeE.

Definition 2.5 Let f,, f, € S(U). Then, soft union of f, and f, is defined by f, O fg = f,op such that
Facs(X) = f1(0)U fr(x) forall xeE.

Definition 2.6 Let f,, f, € S(U). Then, soft intersection of f, and f, is definedby f, N fz = fu=p such
that f,=p(X) = f,(X) N f(x) forall xeE.

Definition 2.7 Let L S(U), and v and A be two binary operations on L. If the set L together with Vv
and A satisfies the following conditions then (L,v,A) is called a soft lattice.

Lo favfe=TfpV o and fynfp=fenfy foral f,, fpeL.

2 LU D)= oS N fo a0 fy Ay A ) = (fo A S A o fora
Jarfp fcEL .

3. fav(fanSp)=Ffa and fun(fyV fp)=f, forall f,, fyel .

Theorem 2.8 Let  (L,v,A) beasoftlatticeand  f,, fy €L .Then, f, N fp=fi< faV fz=fp

Theorem 2.9 Let (L,v,A) be a soft lattice and  f,, fz €L . Then a relation < that is defined by
JaSfe S fanfe=Ff, or fuV [z =fp isanordering relationon L.

Lemma 2.10 Ler (L,v,A) be a soft lattice and f,, f, €L . Then, f,~ f, and f, N f, are the least

upper bound and the greatest lower bound of fA and fB , respectively.
Theorem 2.11 A soft lattice (L,v,A) is a poset.
Theorem 2.12 Let L. S(U). Then, the algebraic structure (L,v,A,<) is a soft lattice.

Note 2.13 According to the theorem 2.12, a soft lattice (L,v,A) has the same character with (L, V,A, <) .
Therefore, we shall identify any soft lattice (L,v,A)  with (LN,A,X) and we use these two concepts
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interchangeably.

Definition 2.14 Let (L,v,A,<) be a soft lattice and S C L. If S is a soft lattice with the operations of L,
then S is called a soft sublattice of L.

Theorem 2.15 Ler (L,V,A,<) be a soft lattice and S L. If f,~v fp €S and f, A fz €S for all
Sas S5z €S, then S is a soft sublattice.

III. MODULAR AND DISTRIBUTIVE SOFT LATTICES

In this section, we introduce the concept of duality principle and give the definition of modular soft lattice and
distributive soft lattice. Also we discuss several related properties and characterization theorems on modular and

distributive soft lattices. Throughout this section, U refers to the initial universe. The set of all soft sets over U is
denotedby S(U). L S(U) and (L,v,A,<) is asoft lattice.

Definition 3.1 Duality Principle
Let (L,\,A,<) be asoft lattice. If we define a relation < in L for all foofs€Ll, [, < e <1

in (L,v,A,<) ,then < isalsoa partial ordering on L. The partial ordering <’ is called the reversal partial
ordering of <.

Clearly, forall f,, fs €L ,lub {f,, fs} in (Lv,A,<)=glb {f,,fs} in (L,\V,A,<) and glb
{fu> fp) in (LV,AS) =lub {fa> [z} in (L,V,A,<). The operations vV and A withrespectto < in
L arethe A and Vv withrespectto < in L.As fa < fp in (LV,A,<) means fz < f, in (L\V,AS),

any formula involving V,A,< in (L,Vv,A,<) remains valid in (L,V,A,S’) if <V,A arereplaced by >,A,V

Remark 3.2 In any soft lattice (L,v,A\,<) forall f,,fz €L , f,=<fz= f,V fz = f isvalid Hence its
dual formula f, = fp = fu A fp = fp isvalid.

Definition 3.3 Let (L,v,A,<) be a soft lattice. Then L is said to be a modular soft lattice if

JaSfe=fuvUenSf) =V )N fe foral [, [ feeL .

or equivalently,

fazfe=fanfpv i) =(fanfpV fo foral f, fp fo €L .

Remark 3.4 To show that the soft lattice L is a Modular soft lattice it is enough to prove that

JaSfe=>UavIIANTSfavfanSfe) foral [, fg fc €L, asthe other inequality
oV Af) SV )N fe forall  fu, fg, fec €L isalways true for all soft lattices.

Example 3.5 Let U ={u,u,,u;,u,,us,u.},E=1{e e, e,e},A={e},B={e,},C={e,e,},
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D ={e,.e,,e;,e,} where ABCDC E and L={f,, f.. 5. fc:fp}. Then LS S(U) isasoftlattice with

the operations O and A, Assume that,

fo =0
Ja =1 {u,u,})}
I =1y, {uz,1, 1)}
fe ={(e5, {us,ug}), (e, {u, )}
Jo ={le{u,uy 1), (e, {uy, 1), (65, {us, ug }), (e, {u,u, 1) }
(L,O,"N,&) is a Modular soft lattice. The Hasse diagram of it appears in figure 1. This Modular soft lattice is
denoted by SM ;.

Ja fe

Jo
Figure 1: Modular Soft Lattice (SM3)

Example 3.6 Let U ={u,,u,,uy,u,,us},E={e,e,,e;},A={e},B={e,},C={e,e;},D={e,,e,,e,}
where A,B,C,DC E and L={f,, f4,f5:fc-fp}- Then LS S(U) is a soft lattice with the operations
O and . Assume that,

fo=0

fa={(e{u )}

f5= {(ez’{uz’% })}

fe ={(ep{uy,u,1), (65, {us,uy, us 1)}

Jo ={le {uu, 1), (e {uy,us), (&5, {us, 1y} }
(L,O,", &) is aNon-modular soft lattice. The Hasse diagram of it appears in figure 2. This Non-modular soft lattice
is denoted by SN;.
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Figure 2: Non-Modular Soft Lattice (SN5)

Definition 3.7 Let (L,v,A,<) be a soft lattice.Then L is said to be a distributive soft lattice if for all
Jarfp: fc €L

L fav(enfe) =V AUV fe)

2. fan(fg V) =(fanfe)V(fante)

[These equations are called distributive equations.]

Remark 3.8 Because of duality principle, a soft lattice L is said to be a distributive soft lattice if any one of the
distributive equations is true for all  f,, fz, fo €L .

Remark 3.9 To show that the soft lattice L is a distributive soft lattice it is enough to prove that,

Jan(feVIDSUanf)VFanSe)  for all fasfofec €L as the other inequality
(FANTIVUAANTD S fan(fg Vv fo) isalways true forall  f,, [y, fo €L .

Example 3.10 Ler U ={u,,u,,u,,u,,us,u.}, E=1{e e, e;},A={e},B={e,e,},C={e,e;},
D={e,e,,e;} where A\ B,C,DCE and L={f,,f.,f5:fc:fp}. Then LS SU) is a soft lattice

with the operations O and A\. Assume that
fo =4
fa =l {u,u, 1)}
A CRUNZRZS N RN
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fc = {(ela{ul’uz})’(ey{us’l/%})}
fD = {(el,{ul,uz,u3}),(62,{u4,u6}),(e3,{u5,u6})}

(L,O,", &) is a distributive soft lattice. The Hasse diagram of it appears in figure 3.

Jo

fs fc

Ja

Jo

Figure 3: Distributive Soft Lattice

Lemma 3.11 The soft sublattice (dual) of a modular soft lattice is modular.
Proof. Let L be a modular soft lattice. Then f,<f.=f,V(fzAf)=(f,V fz)A[fo for al

fasSg-fe €L Let S be a soft sublattice of L.Take f,, f5, f- €S. Since Sc L, f,,fz.fceLl .
Therefore, f, < fo = fuV (e Af)=(f4V [3)A [ is true for all f,, fp, fo €S . Hence the soft

sublattice S is modular soft lattice. Therefore, the soft sublattice of a modular soft lattice is modular.
Let L be a modular soft lattice. Then, f, < f.=f,V(faAf)=(f,V[)Af: for all

Sasfpfc €Ll . Thedualof L is f, = fo= fun(feVvfo)=(aAfp)Vv fe foral f,, [y fcel .

Therefore, the dual of the modular soft lattice is modular.

Lemma 3.12 A soft lattice L is modular if and only if every triplet of elements f,, [, fc(f4 < fc) in L hasa
median.
(or) A Soft lattice L is modular iff for all fasfgfec €L with  f, < fe,

(fan TV s AFINV e AfD)=Fa v T ANV NV o).

Proof. Suppose that L is a soft lattice in which every triplet of elements f,, f5, fc (f, < fc) has a median.
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To prove that L is a modular soft lattice.

It fA Sfc,then (fA/\fB)V(fB/\fc)V(fc/\fA)z(fA/\fB)V(fB /\fc)VfA

=fu V(e A L) i, 1)
AV NSV IINSe v D)=V INS Vv N fe
G D LY AT — 2)

From (1) and 2),we get, [, V(fz Afe)=(faV )N [
Hence L is a modular soft lattice.
Conversely, suppose that L is a modular soft lattice.

Then, fu < fo= v (fsAf)=(fav o)A fe
To prove that every triplet of elements f,, f5, fo (f4 < f¢) in L has a median.
Now, fu vV (fs AS) = Fa v (fan )V (fs A Se)
= (fanfIVUFan TV (fs A Se)
=(fA ATV ATV AN L) . 3)
(faV I NS =(FaNV AV N Te
= (favVIIAFV IINFaV Se)
=(fu VNSV IINTe NV f4) . “4)
From (3) and (4), we get, (fy AS)V (fy "SIV (Fe A FO =V I ATV fOA eV 1)

Theorem 3.13 A soft lattice L is modular if and only if it has no soft sublattice isomorphic to SN 5

Proof. Let L be a modular soft lattice.
Then every soft sublattice of a modular soft lattice is modular. ...... @))]

Consider the soft lattice SIV. 5 infigure 4.
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Jo
fe
fe
Ja
Js
Figure 4.

Here fy < fo fav(Ufpnfe)=Fav fo =1y while (fuV fINfe=Fonfe=fe-
So fuv(feAfe)#(faV fz)A fo.Hence, SNy isnota modular soft lattice.
Since every sublattice of a modular soft lattice is modular, L cannot have a soft sublattice isomorphic to SNy
Conversely, assume that L has no soft sublattice isomorphic to SNS.
To prove, L is a modular soft lattice. That is, f, < f- = fuV(fzAfe)=(f4V fz)A[fo for all
fas S5 fe €L . Suppose L is not a modular soft lattice, then there exist elements f,, f5, f- € L such that
fasfeand fuv(fpnfo)<(fuvf)nfc.
Let fp :fB/\fC’ Ix :fAV(fB/\fC)’ Sy =fB’ Iz :(fAVfB)/\fC’ fo=(fav f3)
Let S:{fp’fx’fy’fz’fg}
We claim that S is a soft sublattice of L isomorphic to SN.
By assumption, we have f, < fy < f, < f, and f, < f, < f,.
L fo S f My S Fo A Sy =RV DA fe A fy =(FaN FD A DA o = fy A fe = fir
So fyx NSy =F~ Ty = Fo
2 fo2fav Iy 2SIy = LN AN s = fa vV (fs ATV f5) = faV s = o
So fZVfY=fXVfY=fQ'
Therefore, f, and fQ are the bound elements of the soft sublattice S.

It remains to prove that these five elements f P,fx,fy,fz,fQ are all distinct. (ie),to prove

Copyright to JIRSET WWwWw.ijirset.com 6026



@

1JIR3E] ISSN: 2319-8753

International Journal of Innovative Research in Science,
Engineering and Technology
(An ISO 3297: 2007 Certified Organization)
Vol. 2, Issue 11, November 2013

fPifY’fQifY’fPifX’fQifZ’fXifY’fzifY

Suppose fp, =fy, = fx Ay =/ = fx VI =Sy :>fQ=fX
which is impossible for f, < fy < f, < f,,. Therefore, f,, # f,
Suppose fQ=fz:>szfY:fz =A== =>H=1
which is a contradiction. Therefore, fQ =f,

Suppose fy = fy. Here fo=fy Ay =>fo=finfy = fo=f
which is a contradiction. Therefore, f, # f,

By dualizing the above statement, we get fi, # fy, fo # [y, [, # fy-

These observations lead to the representation of S ={f}, fx, fy, f,»f,} byaHasse diagram given in figure 5.

Jo
fz
fr
fx
fr
Figure 5.

Therefore, S is a soft sublattice of L isomorphic to SN 5, Wwhich is a contradiction.

Hence L isa modular soft lattice.

Lemma 3.14 The soft sublattice (dual) of a distributive soft lattice is distributive.

Proof. Let L be a distributive soft lattice. Then [, A(fzV fo)=(fiAfe)V(fyAfe) for all
Sas o fe €L . Let S be a soft sublattice of L .Take f,, fz,f-€S.Since SCL, f,,fz fc<€L .
Therefore, f, A(fzV o) =(faASfe)V(f4 A fe) is true for all f,, fz, fo €S. Hence the soft sublattice

S is a distributive soft lattice. Therefore, the soft sublattice of a distributive soft lattice is distributive.
Let L be adistributive soft lattice. Then f, A(f5 Vv fc) =(f AfR)V(fin fc) forall f,, f5, fc el .

The dual of L is f, VvV (fz A fc) =(f,vIIA(f,V fc) for all f,, fB,fC € L . Therefore, the dual of
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the distributive soft lattice is distributive.

Lemma 3.15 A soft lattice L is distributive if and only if every one of its triplets has a median. (Or) A soft lattice
L is distributive < (f, V)NV IINS NV D) =UaANTIV e AfINVfenf,) for all
JurSorfc el .

Proof. Let L be a distributive soft lattice.
Let fy. fp. fc €L

SNV ISV FIANSeV D)
={(fu vV IIASs vV fOINfe Vv )
={((fa VI NSV FD NSS4V ) AV DA}
={(fa VI AV FONTIDINAT s ATV DAV [}
={(fuv I AfIVIfan(feV T}
={(Fan IV ATV A FV (Fan Tl
=(fun TV s ATV e ANV (fe AT
=(fan )V (e AFIV e N Fa)

Therefore, if L is a distributive soft lattice then every triplet of elements in L has a median.
Conversely, Suppose that L is a soft lattice in which every triplet of elements has a median.
To prove that L is a distributive soft lattice.

Let f.,fz.fcel .

Jan(fpV I =(fan(fa v TN AV fe)
= fan(fav NSV fe)
=(fanUaV DA ISV fe))
= fa N(Fa ATV (Fan IV s A Te))
= fa NS ATV Fan )V (e A L)

Since, L ismodular, f, = (f, A fz)V (f4 A fr).we get

Jan(fe v f) =T A AT IV A TV (e ATDY
={(fu ASa ATV Ua ATV (FanSe)
=(fanSpV(fanfe)

Hence L is a distributive soft lattice.

Theorem 3.16 A soft lattice L is distributive if and only if it has no soft sublattice isomorphic to SN5 or SMS.

Proof. Let L be a distributive soft lattice. The soft lattice SN is not a modular soft lattice and so it cannot be a
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distributive soft lattice. Consider SM ; in figure 6.

Ja fe

To
Figure 6.
fav(snfd=FaNvIz=Fa s FavIIANSav D=V =1
Therefore, f, Vv (fz Afe)#Z(f4V fz)A(f4V fo). Hence SM, is not a distributive soft lattice.

If L is distributive soft lattice then every soft sublattice of L is also distributive. So L cannot have a soft
sublattice isomorphic to SN5 or SM ;.

Conversely, Suppose that L is a soft lattice which has no soft sublattice isomorphic to SN or SM 3
By theorem 3.13, it is enough if we prove that, a modular soft lattice is non- distributive then it has a soft sublattice
isomorphic to SM;.Let L be a modular non-distributive soft lattice. Then L has a triplet f,, f,, fz of

elements such that (fp A fo) Vv (fo A fR)V (fo A Sp) <(fp vV f) AoV [ ARV Sp)
Let fy =(fp ASIV U ATV AT fy =(Fe VI AoV FI A SRV fp)
Then f, < f, and L is modular soft lattice.
Let f, = fx V(o A ) =Ux VA Sy, fB:fXV(fQ/\fY):(fXVfQ)AfY
fe=FxvUrnf)=Us VDA Ly
Let S={fy,fy»fa> S5 fc}- Weclaimthat S is a soft sublattice of L isomorphic to SM ;.
Toprove fynfp=fonfe=fenfa=Fx and fuvfe=fevic=fcvii=F
Here, fp A Sy = fp AM(fp VI AoV FIAURN )= Fo AfoV fr)

Jornty =fo MUp VI ATV FINr v )= o ARV 1)
Now, fu V [ =[x VIUp AUV DNV (Fo AR TpD} i (1)
nce fo Ao )< fo < o fo
(o AoV DNV o ARV ) =((fp AT V DNV F) ARV 1)

=(fo VU Afo vV DAV 1)
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:(fQVfP)/\(fQ VIRIANSRr N Ip)
Therefore,(1) becomes f, Vv [ = fx V((fo V [ ) AN(foV [ ARV [p))
=fxvii=I
Hence f,V f; = fy.Similarly we prove, fp Vv fo=f-V fa=fy
By the principle of duality, we have f, A fz = fy and fy Afo = fo ANfa=fy
Therefore, f, and f, are the bound elements of the soft sublattice S.

It remains to prove that these five elements fy, f,, fz, fc,f, are all distinct. That is to prove

fX ianfX ifBan ifc’fyifmfyifg’fyifc and fAifB’fBifC’fC;th

Suppose fy = f,

= farnfs=Ia
= faNv =13
==
Now, fy A fe = fa
= fuvie=Tc
=f=r

Therefore, f, = f, A fy = fz A fc = fx whichis a contradiction.Hence f, # f,.
Similarly, we have fy # f5, fx # fc

By the principle of duality, we have f, # f,, fy # fz. fy # fc-

If f,=f3 thenf, = f, A f, = f, whichis a contradiction.Hence f, # f.
Similarly we have f, # fo, fc % f4-

These observations lead to the representation of S ={ fy, f4. f3, fc. fy} by a Hasse diagram given in figure 7.

fy

Ja Je

Sx
Figure 7.
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Therefore, S is a soft sublattice of L isomorphic to SM 3. Thus a modular non-distributive soft lattice has an

isomorphic copy of SM ;. Therefore, if L has no soft sublattice isomorphic to SN or SM, then L is a
distributive soft lattice.

IV.CONCLUSION

In this paper, we have given characterization theorems for modular soft lattices and distributive soft lattices.We are
studying about these soft lattices and are expected to give some more results.
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