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INTRODUCTION

In recent years, the topic of continuous-variable entanglement has received a significant amount of attention as it plays
an important role in all branches of quantum information processing . The efficiency of quantum information schemes highly
depends on the degree of entanglement. A two-mode subharmonic generator at and above threshold has been theoretically
predicted to be a source of light in an entangled state >3- Recently, the experimental realization of the entanglement in two-mode
subharmonic generator has been demonstrated by Zhang et al. ¥ In a two-mode subharmonic generator, a pump photon of
frequency w_ is down converted into highly correlated signal and idler photons with frequencies w, and w, such that w = w, + w,
8- A detailed analysis of the quadrature squeezing and photon statistics of the light produced by a subharmonic generation has
been made by a number of authors 68!, |t has been shown theoretically **?' and subsequently confirmed experimentally 1314 that
subharmonic gen- eration produces a light that has a maximum of 50% squeezing below the coherent state level.

On the other hand, Xiong et al. *5 have recently proposed a scheme for an entanglement based on a non-degenerate
three-level laser when the three level atoms are injected at the lower level and the top and bottom levels are coupled by a strong
coherent light. They have found that a non- degenerate three-level laser can generate light in entangled state employing the
entanglement criteria for bipartite continuous-variable states 9,

Moreover, Tan et al. 1'% have extended the work of Xiong et al. and examined the generation and evolution of the entangled
light in the Wigner representation using the sufficient and necessary in separability criteria for a two-mode Gaussian state
proposed by Dual et al. *5 and Simon 7" Tesfa [*® has considered a similar system when the atomic coherence is induced by
superposition of atomic states and analyzed the entanglement at steady-state. Furthermore, Ooi '* has studied the steady-state
entanglement in a two-mode A laser. More recently, Eyob 2% has studied continuous-variable entanglement in a non-degenerate
three-level laser with a parametric amplifier.
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Even though Einstein, along with his colleagues Podolsky and Rosen, was first to recognize the criterion for analyzing
entanglement condition for a two-mode light beams Y, a significant number of works have not been devoted on a pair of
superposed two-mode light beams.

In this paper, we present slightly modified definitions of entanglement and squeezing for a pair of superposed two-mode
system and new definition for degree of entanglement. Moreover, we also formulate the photon statistics, quadrature squeezing,
the density operator, and the Q function that holds true for all a pair of superposed two-mode photon system. In order to carry out
our analysis, we consider a quantum system with Gaussian variables with zero mean.

The Density Operator

Noat it
Here we seek to determine the density operator for a pair of superposed two-mode light beams. Suppose p (@y,by.0) is the
density operator for a certain two mode light beam. Then upon expanding this density operator in normal order
5t B = c.atrwbtana b
P (al s ’t) z pqrsal (t) 1 (t)al (t)bl (t) (1)
P.q,r,s
and employing the completeness relation for a two-mode coherent-state
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T
one easily finds
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in which &,(t) and b,(¢) are the annihilation operators for the first and second light modes, respectively. This expression can

be rewritten as
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Applying the relation
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one easily obtains
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there follows
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In view of (7), the density operator for the first light beam can be rewritten using the displacement operator as
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in which Py =[04,05)04,0, |.
Now we realize that the density operator for the superposition of the first light beam and another one is expressible as
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so that in view of Eq. (7), we have
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We now define the Q function for the superposition of two-mode light beams as

Q(a,ﬁ,n:ﬁw,a\bm,m. (11)

Then employing Egs. (10) and (11) as well as applying the binomial theorem, the Q function for a pair of superposed two-
mode light beams can be written as
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Furthermore, the expectation value of an operator 2(&f,éf,t) can be expressed in the form
(A(af b)) = Tr(p (1) A(0)) - (13)
Introducing (7) in (13), we find
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in which 4,(a;.5) is the c-number function corresponding to A(a/ b/ in the normal order.

Moreover, we seek to derive an alternative expression for the expectation value of a given operator representing two-mode
light beam. To this end, applying the completeness relation given by Eq. (2) in (1) twice, we have

P d’a, d*B, d*n, d*A .
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This can be rewritten as in the form
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Therefore, in view of (13) and (16), the expectation value of a given operator function A(G/,a;,b,b;,) is expressible as
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where
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with 4,7, 4 e, 4) is the c-number function corresponding to A(a/ b ,a,5,) in the normal order.

On the other hand, it is convenient to write the Q functions of the two separate two-mode sub- harmonic light beams. Thus
with the aid of Kassahun ), the Q function for the first signal-idler modes can be written as
[”12 - vlz]
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And the Q function for the second signal-idler modes can be written as
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Photon Statistics

In this section, we seek to study the statistical properties of a pair of superposed two-mode light beams.
The mean photon number
The mean photon number for a pair of superposed two-mode light beams in terms of density operator can be expressed as
7 = Tr(p(1)é" (0)é(0)) (22)
where ¢ represents the annihilation operator for a pair of superposed two-mode light beams. Thus introducing Eq. (10) into
Eq. (22), we have
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Then on account of Eq. (14), Eq. (23) can be put in the form
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where (af)((a}))and (b)((5])) are the annihilation operators representing the first and the second one-mode light beam of
system one (two), respectively. For the case in which 4;,b,d,, and b, are Gaussian operators with zero mean, we see that

i = (a] (0 (0)) + (B by (6)) +(@d () () + (B ()b (8))

(@] (Ob(0) + (@ by (1)) + (B (0 (0) + (BT (Dar 0)) » (25)
with the commutation relation
[.]1=[b.b]1=5; , (26)

which holds true for a one-mode light beam.

For instance, the mean photon number of a pair of superposed two-mode sub harmonic light beams, at steady-state, turns
out to be
4512 4522

gy = + . 27
* K2—4€12 K2—4€§ (27)

We see that the global mean photon number for a pair of superposed two-mode sub harmonic light beams is the sum of the
mean photon numbers of the separate two-mode sub harmonic light beams. And the plot in Figure 1 shows that maximum mean
photon number is observed when the cavity light operating at threshold.
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Figure 1: A plot of 71 [Eq. 27] versus g, and g, fork = 0.8.
The photon- number variance

We next proceed to determine the variance of the photon number for a pair superposed two- mode light beams. Then we
define the photon-number variance for a pair of superposed two-mode light beams as

an)? =€ 0e?) - em)* - (28)
Now using the commutation relation
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we find

[6,ét=4 (29)
(an)? =20 1) + 4@ ey - @ ey (30)
We note that ¢(¢)is a Gaussian operator with zero mean. Hence we see that

@20 @) =24 0en? + € O3y (31)
Thus one can put Eq. (30) in the form
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Then the annihilation operator representing a pair of superposed two-mode light beams can be written as with the
commutation relation

é=da+b» (33)
[a,a"1=[b,"1=2" (34)

which holds true for a pair of superposed one-mode light beams 22, Applying Eq. (33) and its complex conjugate in Eq. (32),
we obtain
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where 7 is the mean photon number of a pair of superposed two-mode light beams.

Moreover, taking a particular system, the global variance of the photon number for a pair of superposed two-mode sub
harmonic light beams, at steady-state, turns out to be

41(2512 41(2522 16512
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163 165} 16&5
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(36)

This shows that unlike that of the mean photon number, the global variance of the photon number for a pair of superposed
two-mode sub harmonic light beams is not the sum of the global variance of the photon number for the separate two-mode sub
harmonic light beams 23,

Photon number correlation

We next proceed to calculate the photon number correlation for a pair of superposed two-mode light beams. The photon-
number correlation for a pair of superposed two-mode light beams can be defined as

_ @' wamb' by (37)
(@t am)b b))

g(ﬁaaﬁb)

Since a(r) and b(#) are Gaussian variables with zero mean, the photon number correlation can be rewritten as
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Furthermore, the photon-number correlation for a pair of superposed two-mode sub harmonic light beams reduced to

g(ﬁasﬁb)zl

Kle+ & P[* - 455,
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We immediately observe that the photon numbers for a pair of superposed two-mode cavity light beams are highly correlated.
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Quadrature squeezing

Here we determine the quadrature squeezing for a pair of superposed two-mode light beams. We define the quadrature
variance for a pair of superposed two-mode cavity light beams by

and

(Acs)? = (Eu(1),6:(0)) » (40)
e, =cét+e (41)
e =it -¢), (42)

are the plus and minus quadrature operators for the superposed two-mode cavity light. With the aid of the commutation relation
described by Eq. (29), Eq. (40) can be put in the form

(Acy)? =4+ Eu(),80() ) - (43)

We note that 4 being the quadrature variance of a pair of superposed two-mode vacuum state. Then employing Eq. (41) and
Eq. (42), Eq. (43) leads to

(Aes (1)) = 4+[2E e £ @) £ @)
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In view of the fact that ¢”(t) is Gaussian operator with zero mean, Eq. (44) reduces to
(Aes(0)? =4+ 2@ O £ @)] (45)
Applying Eq. (33) in Eq. (45), we have
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At steady state, this expression for a pair of superposed two-mode sub harmonic light beams, turns out to be
(Acy=d3{—t0__, 4% (47)
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It is not hard to see that a pair of superposed two-mode sub harmonic light beams is in two-mode squeezed states and
squeezing occurs in the plus quadrature.

Next we determine the quadrature squeezing for a pair of superposed two-mode light beams relative to the quadrature
variance for a pair of superposed two-mode vacuum state. We define the quadrature squeezing of a pair of superposed two-mode
cavity light beams by

Pl G (48)
* 4

Here we consider a pair of superposed two-mode subharmonic light beams. Then quadrature squeezing, at steady-state,
found to be

1& 2
¢ s 26 (49)
+ 2;(1(4—28[)

This shows that the global quadrature squeezing of a pair of superposed two-mode subharmonic light beams is the average
of the quadrature squeezing of the separate two-mode subharmonic light beams. The plot in Figure 2 shows that the light

generated by a pair of superposed two-mode light beams is in a squeezed state, with maximum quadrature squeezing being 50%
below the coherent level. This occurs when the system under consideration is operating at x =2& and x=2¢,.

Entanglement

In this section we seek to study the entanglement condition for a pair of superposed two-mode light beams. Hence in order
to show the entanglement of a pair of superposed two-mode cavity light beams, we apply the criterion presented in Ref. 1%, On the
basis of this criterion, a pair of superposed cavity light beams is said to be entangled if the sum of the variance of the two EPR-like
operators s” and t~ satisfies the inequality

(As)? + (A2 <4 (50)
where
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Figure 2: A plot of S, [Eq. 49] versus ¢, and g,for k = 0.8.

527@—1&)7 (51)

with
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and
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The variance of the operators s™ and t” can be expressed as

(A5)? = (%) (5)* (57)
and
(At = (%) —(1)*- (58)

In view of the fact that &(t) and E(t) are Gaussian variables with zero mean and employing Egs. (53), (55), and (57), one
can readily obtains

(As)? = %[4 +26atay 42070y + a2y + (62 + 6Ty + (52
—(a'bty—(aby—(a'by—(ab"y —(bta"y - (bay - (btay - ba'y] - (59)
Following the same procedure, we get
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On account of Equations (59) and (60), we see that the sum of the variance of the two EPR-like operators to be
(As)? + (At =4+ 2(a"a) + 206"y —(aTby - (aby —(bTaty — (bay - (61)
Finally, we define the degree of entanglement as
_ (9’ @an? (62)

D
4

For instance, the sum of the variance of the two EPR-like operators for a pair of superposed two- mode sub harmonic light
beams to be

(M) +(AD)? = (Ac,)*- (63)

Moreover, in view of Equations (47) and (63) at steady-state and threshold, the sum of the variance of the two EPR-like
operators to be

(As)? + (A% =2. (64)
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On the basis of the criteria Equation (50), we clearly see that a pair of superposed two-mode sub- harmonic light beams are
entangled at steady-state and the plot in Figure 3 shows that maximum entanglement turned out be observed in the squeezed
photon-state with 50% degree of entanglement when the light operating at steady-state and threshold 24.
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Figure 3: A plot of (As)* + (At)? [Eq. 63] versus ¢,and ¢, for k = 0.8.

CONCLUSION

We have analyzed density operator, Q function, photon statistics, quadrature squeezing, and Cv entanglement that holds
true for a pair of superposed two-mode photon system. We have also presented slightly modified definitions of entanglement and
squeezing for a pair of superposed two-mode cavity light and new definition for degree of entanglement. In order to carry out our
analysis, we considered a quantum system with Gaussian variables with zero mean. It is found that the mean photon number of
a pair of superposed two-mode light beams to be the sum of the mean photon numbers of the constituent light beams. However,
the photon number variance of a pair of superposed two-mode light beams does not happen to be the sum of the photon number
variances of the separate light beams.

Furthermore, applying a slightly modified definition of the quadrature variance, we have obtained that the quadrature vari-
ance of a pair of superposed two-mode light beams to be the sum of the quadrature variances of the individual light beams and
the superposed two-mode light beams are in a squeezed state and the squeezing occurs in the plus quadrature. Moreover, the
quadrature squeezing turned out to be the average of the quadrature squeezing of the component light beams. Besides, our
analysis shows that at steady state and at threshold, the super- posed two-mode light beams have a maximum squeezing of
50% below the two-mode vacuum-states level. We have also clearly shown that a pair of superposed two-mode light beams is
entangled at steady-state and the entanglement turned out to be observed in the highly correlated squeezed photons with 50%
degree of entanglement.

To this end, we would like to mention that the predictions made in this paper concerning the entanglement and quadrature
squeezing to be experimentally verified.

REFERENCES
1. Braunstein SL and van Loock P. Quantum Information Theory with Continuous Variables. Reviews of Modern Physics. 2005;
77:513-573
2. Reid MD and Drummond PD. Quantum Correlations of Phase in Nondegenerate Parametric Oscillation. Phys. Rev. Lett.

1988; 60: 2731
Grangier P et al. Phys. Rev. 1988; A 38: 3132

Dechoum K, et al. Critical fluctuations and entanglement in the nondegenerate parametric oscillator. Phys. Rev. 2004; A
70: 053807

Kassahun F. The Quantum Analysis of Light. Createspace, Independent Publishing Platform. 2012.
Xiao M, et al. Precision measurement beyond the shot-noise limit. Phys. Rev. Lett. 1987; 59: 278

Caves CM. Quantum-mechanical noise in an interferometer. Phys. Rev. 1981; D 23: 1693

O N o O

Daniel A and Fesseha K. The propagator formulation of the degenerate parametric oscillator. Opt. Commun. 1998; 151:
384-394

9. Wu LA, et al. Generation of Squeezed States by Parametric Down Conversion. Phys. Rev. Lett. 1986; 57: 2520
10. Wu LA, et al. J. Opt. Soc. Am. 1987; B 4: 1465

RRJPAP | Volume 3 | Issue 2 | September, 2015 40



11.

12.

13.
14.
15.
16.

17.

18.
19.
20.

21.

22.
23.
24,

Milburn GJ and Walls DF. Squeezed states and intensity fluctuations in degenerate parametric oscillation. Phys. Rev. 1983;
A 27:392

Walls DF and Milburn GJ. Production of squeezed states in a degenerate parametric amplifier. Opt. Commun. 1981; 39:
401-404

Yurke B. Use of cavities in squeezed-state generation. Phys. Rev. 1984; A 29: 408

Chaturvedi S, et al. Limits to squeezing in the degenerate optical parametric oscillator. Phys. Rev. 2002; A 65: 033805
Duan LM, et al. Inseparability Criterion for Continuous Variable Systems. Phys. Rev. Lett. 2000; 84: 2722

Tan HT, et al. Continuous-variable entanglement in a correlated spontaneous emission laser. Phys. Rev. 2005; A 72: 022305
Simon R. Peres-Horodecki Separability Criterion for Continuous Variable Systems. Phys. Rev. Lett. 2000; 84: 2726

Tesfa S. Entanglement amplification in a nondegenerate three-level cascade laser. Phys. Rev. 2006; A 74: 043816
Raymond CHO. Phase Controlled Continuously Entangled Two-Photon Laser with Double $A$ Scheme. 2007

Alebachew E. Continuous-variable entanglement in a nondegenerate three-level laser with a parametric oscillator. Phys.
Rev. 2007; A 76: 023808

Kassahun F. Two-Level Laser Dynamics with a Noiseless Vacuum Reservoir. eprint arXiv:1105.1438v3 quant-ph. 2011;
1357: 284

Einstein A, et al. Can Quantum-Mechanical Description of Physical Reality Be Considered Complete? Phys. Rev. 1835; 47: 777
Kassahun F. Stimulated emission by two-level atoms pumped to the upper level. Opt. Commun. 2011; 284: 1357-1363

Zhang)Y, et al. Experimental generation of bright two-mode quadrature squeezed light from a narrow-band nondegenerate
optical parametric amplifier. Phys. Rev. 2000; A 62: 023813

RRJPAP | Volume 3 | Issue 2 | September, 2015 41



