IJIRSET ISSN: 2319-8753

International Journal of Innovative Research in Science,
Engineering and Technology
(An I1SO 3297: 2007 Certified Organization)
Vol. 3, Issue 4, April 2014

Solving the Systems of Differential Equations
by a Power Series Method

A. Pourhabib Yekta!, A. Khoshkenar®
Department of Mathematics, Sowmesara Branch, Islamic Azad University, Sowmesara, Iran®.

Department of Mathematics, Rasht Branch, Islamic Azad University, Rasht, Iran®

Abstract: In this article power series method, as well-known method for solving ordinary differential equations, has
been employed to solve linear systems of first order differential equations. Theoretical considerations and convergence
of the method for these systems are discussed. Some examples are presented to show the ability of the method for such
systems.
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I. INTRODUCTION

A linear system of first order differential equations can be considered, as:
{ X(t) = A ()X(1) + By ()Y() + C (1)

y(t) = Ay (D)x(t) + By (1) y(t) + C» (1)
With initial conditions X(t,) = X,, Y(t,) =Y, -

@

Where X, y are unknown functions and X,y represent the first derivative of them respect to independent variable t and

also coefficients A, B,,C;, i =1,2 are known functions.

The systems of this type having the greatest significance in both pure and applied mathematics are beyond the reach of
elementary methods and can only be solved by means of power series.

Definition

The t, called an ordinary point of system (1), if all coefficient functions be analytic at t; .[1]

Theorem

Let t, be an ordinary point of the system (1) and let X, and Y, are be arbitrary constants. Then there exist unique

functions X(t) and Yy(t) that are analytic at t, , are solutions of (1) in a certain neighborhood of this point, and satisfy
the initial conditions X(t,) = X,and y(t,) = Yy, . Furthermore, if the power series expansions of A,B,,C,,i=12

are valid on an interval (t0 - R,t0 + R), R > 0, then power series expansions of these solutions are also valid on the

same interval.
Proof
Let

X() = 3%, (t—t)"
@
YO =39, -t)"

and also let
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A =30t t,)"
B.(1)= b (t -t =12 ©

Ct)=Y eVt -t,)"

Substituting from (2) and (3)into (1) we get,

Z(n+1)xn+1(t ty) i{Z(aSka b(lkYk)"‘C(lj(t ty)"

=0

Z(n+1)yn+1(t tp)" —i{Z(a X +bi 5y )+ j(t tp)"

n=0 \ k=0
By comparing the coefficients of the degree on both sides we have
{Xo = X(to)
Yo = Y(to)

and for n=01,2,3,..
(DX = kz ( K By )* ot

4
M+Dypyg = k% ( r(1 )ka +b(2)k Yk )+ Cr(12)

Let r be a number such that 0 < r < R. Since the series (3) converge for t =r +1t,, and the terms of convergent
M

series approach zero and therefor bounded, there exists a constant M >0 such that |a |< — |b I< —
r
. M .
|C,§') I<— .1 =12 foralln.
r

Using these inequalities in (4),we find that
n

(n+1)|x,, < ?"_n(zq X, |+ Y, rt +1}

k=0
and
M [ ‘
(n +1) | Yo |S r_n(Z(l Xy |+ | Y |)r +1}
k=0

We now define z, = max{| X, |,| ¥, [} and z

(n+1)z,,, = Mﬂ(zz z,r* +1}.
r k=0

Then | XO |S Zo, | yo |S ZO and

for n>0 by

n+l

n

02,0~ 3 235 41 30 1y, ) 0401,
k=0

k=0
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Hence | Xn+1 |S Zn+1’| yn+1 |S Zn+1 .Moreover

(n+1z, ., = Mﬂ(zz z,r +1}

k=0
n-1
_1 I\n/l_l {Zszrk +1J+2Mznrj
rur k=0
1
= (nz, +2Mz,r)
1
==(n+2Mr)z,
r
n+l
Therefore |im Zna(t=t) ™ tO)n = |i|’nﬂ|t—t0 |= 1=t | .
n—oo Zn(t_to) n—o Zn r

The seriesZ:Zn(t—to)n therefore converges for [t —t, |[<T , so by the inequalities | X, |< z, and | y, |< Z, and
n=1

comparison test, the series (2) also converge for |t —t, |< r. Since r was an arbitrary positive number smaller than R,
we conclude that series (2) converge for |t —t, |< R and the proof is complete.

By respect to above theorem it is sufficient to consider the solution as (2) and calculate the coefficients by following
relations:

Xy = X(to)
Yo = y(to)
o g S0+, el
nN+1\i>o
n>0
y 1 Zn:(a(z) X, +b y, J+c?
n+l n+1 o n—k "k n-k Jk n (5)

We shall solve these systems of equations with power series method and prove the convergency of solutions[2,3].

Examples

In this part we present some examples. These examples are considered to illustrate the method.
Example 1

In this example we want to find the solution of
X=X-y

{y=x+y—t

With initial conditions X(0) =1, y(0)=0.

By initial conditions and (2), let us X(t) = antn y(t) = z y,t"

n=0 n=0

By (5), we have:
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{ X, =1 { x =0

Yo=0 y.=1

X, =0

Yo =0

Hence the exact solution are X(t) =1, y(t) =t

and forany n>2 {

Example2. Consider the following linear system of differential equations ,with initial conditions x(0)=0, y(0)=0.
X=tx+y-2t*+1
y=X+ty—t°+t

By initial conditions and (2), let us

x(t) = i X, t"
n=0

yt)=> y.t"
n=0

By (5), we have

X, =0 x =1 X, =0 X, =0

R S W
Yo=0 Y, =0 y, =1 Y, =0

Hens exact solutions are X(t) =t, y(x) =t

Example3. Consider the following linear system of differential equations ,with initial conditions

x(0) =1, y(0)=0.
X=tx—y+e'
y=2x+y—e

By initial conditions and (2), let us

X(t) =D xt"
n=0

y)=> y,t"
n=0

« =1
X, =1 " nl
by(5), we have and forany n>1,
yO = O y _ 1
" (n=1!
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Hence exact solutions are

x(t) PSR TCINE TCONE ST
2 6 24

y(t)=0+t+t2+%t3+%t“+...=te‘.

Il. CONCLUSION

Power series method has been known as a powerful device for solving second order linear differential equations. Here
we used this method for solving linear system of first order differential equations. The convergency of solutions has
been shown. We present three examples and as it shown this method has the ability of solving such systems.
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