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Abstract: In this work, the existence of a unique solution of mixed integral equation (MIE) of the second kind is 

considered, in the space ( ) [0, ]pL C T  , where   in the domain of integration and  [0, ]t T  is the time. The 

kernel of position is considered in a generalized potential form.  A numerical method is used to obtain system of 

Fredholm integral equations (SFIEs). The existence of a unique solution of this system can be proved. Finally, many 

special cases are considered and established from the work and some numerical results are considered.  
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I. INTRODUCTION 

Many problems of mathematical physics, engineering and contact problems in the theory of elasticity, fluid mechanics 

and quantum mechanics lead to one of the form of the integral equations. In [1],  Abdou used the separation of variables 

method to solve the F-VIE of the first kind in the space
2( ) [0, ] , 1L C T T   , where   in the domain of integration 

in position, and  [0, ]t T  is the time. The monographs of [2, 3] contain many spectral relationships which are obtained, 

using the orthogonal polynomial method and potential theory method. In [4], Abdou obtained the spectral relationships 

for the F-VIE of the first kind in three dimensional. The kernel of FI term is considered in a generalized potential form, 

while the kernel of VI term is a continuous function in time.   

 Consider the V- FIE
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 in the space ( ) [0, ]pL C T  .  Here, the kernel of position ( , )k x y    
takes the form of generalized 

potential function and the kernel of VI term ( , )F t   is a positive continuous function belongs to the class [0, ]C T .  The 

free term ( , , )f x y t  is a known function,  ( , , )x y t  is the unknown potential function,   is the domain of position, 

  is called Poisson ratio,  is a constant defines the kind of the IE, and   is a constant, may be complex, and has 

many physical meaning. 

In order to guarantee the existence of a unique solution of Eq. (1) we must assume the following conditions: 

(i) The discontinuous kernel in ( )pL   satisfies 
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(ii) The kernel of time ( , ) [0, ]F t C T   satisfies| ( , ) |F t M  ,M  is a constant. [0, ] , 1t T T   .  

(iii) The given function ( , , )f x y t  with its partial derivatives with respect to ,x y  and t are continuous in the space 

( ) [0, ]pL C T   and for a constant G its norm is defined as  
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(iv) The unknown function ( , , )x y t   satisfies Lipchitz condition for the first and second argument and Holder 

condition for the third argument 

Theorem (1) (without proof):  The IE (1) has an existence and unique solution under the condition   
 
| | | | .M CT   

In the reminder part of this work, we represent the generalized potential function in the form of Weber- Sonien integral 

formula (W-SIf).  Then, we represent the W-SIf as a partial differential equation of the first order of Cauchy type. 

Moreover, the partial second derivatives are represented in the nonhomogeneous wave equation.  

2. Weber-Sonien integral formula (W-SIf): 

In this section, we represent the position kernel in the form of a generalized W-SIf. In this aim, after using the polar 

coordinates in Eqs. (1), (2), we obtain 
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Then, after using the notations  
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The kernel of position of Eq.  (3) becomes, 
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Moreover, using the following three formulas, see Bateman and Ergyli [5, 6], 
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where ( )n  is the gamma function, ( )m  is called Pochammer symbol and 
2 1( , ; ; )F a b c z  is the Gauss 

hypergeometric function, the formula (5) yields  
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Substituting from Eq. (7) and considering the substitution  

( , ) ( , ), ( , ) ( , )m m m mX t t r f r t g r t     ,                                 (8) 

 the formula (3) becomes  
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The position kernel (10) takes a general form of W-SIf.  

 3. On the discussion of the W-SIf: 

 We derive many special and new cases from the W-SIf of   (10)  

 (1)  Logarithmic kernel: Let, in (10)  
1 1

,
2 2

m     , we have 
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Fig. (1) 

 (2) Carleman kernel:  Let in (10) 
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0.5, 0.22m     

                                  

0.5, 0.55m    

 
Fig.(2)

 

From the previous figures of Carleman function we deduced that as   increases the cracks in the material increase. 

(3) Elliptic kernel: Let, in (10), 1
2

0 ,m   , we have the elliptic kernel. The importance of the elliptic kernel 

comes from the work of Kovalenko [7], who developed the FIE of the first kind for the mechanics mixed problem of 

continuous media and obtained an approximate solution of it. 

 
Fig. (3) 

 

(4) Potential kernel: Let, in Eq. (10), 1

2
  , we have the potential kernel   

                    
1
2

0

( , ) 2 ( ) ( )m m mK r r J u r J u du   


  .                     (13) 

In general, we write the kernel ( , )mL r   of Eq. (10) in the Legendre polynomial form. 
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where, ( )m

nP r  is the Legendre polynomial and 1
2
(1 )w    . 

m= 0.7, ν= 0,5                                     0.01, 0.5m    

 
Fig. (4)   

50, 0.5m                                        150, 0.5m    

 
Fig.(5) 

 

General cases: Here, the W-SIf is  representing generalized potential  form , and as special  cases we consider the 

following: 

                 20, 0.7m                                           100, 0.7m    

 
Fig. (6) 

                                            

Theorem (2): The structure of the kernel W –SIf, represents Cauchy problem for the first order and nonhomogeneous 

wave equation for the second order. 

Proof: To prove this we differentiate Eq. (12) with respect to r and respectively, and then adding the result to get 
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(15) 

Using the two famous relations, see Bateman and Ergelyi [6] 
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The formula (17) represents Cauchy problem of the first order in the nonhomogeneous case. 

The second derivatives lead us to the following  
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By using the relations (16), and after some algebraic relations, we obtain
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where 

2 21 1
( ) ( ) ;

4 2
mh x m x m     

The above formula represents a nonhomogeneous wave equation. So, the second derivative of the generalized potential 

kernel represents a nonhomogeneous wave equation when m≠0.5.
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