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I. INTRODUCTION

Recently, Huang and Zhang [5] introduced the notion of cone metric space. They have replaced real number system by
an ordered Banach space and established some fixed point theorems for contractive type mappings in a normal cone
metric space. The study of fixed point theorems in such spaces is followed by some other mathematicians; see [1], [5],
[8], [11], [14]. In 2009, Azam, Arshad and Beg [2] extended the notion of cone metric spaces by replacing the
triangular inequality by a rectangular inequality and they proved Banach contraction Principle in a complete normal
cone rectangular metric space. Several authors proved some fixed point theorems in such spaces see; [6], [9], [10], [12],
[15]. In 2009, Jleli, Samet [6] extended the Kannan’s fixed point theorem in a complete normal cone rectangular
metric space. In 2012, R. A. Rashwan and S. M. Saleh [12] extended Banach contraction principle in cone rectangular
metric space with two self mappings and proved common fixed point theorem for T- contractive condition in cone
rectangular metric space. In 2013, Malhotra et al. [10] generalized the result of Azam et al. [2] in ordered cone
rectangular metric space and proved some fixed point results for ordered Reich type contractions. In this paper, we
prove some common fixed point theorems for two self mappings which satisfy T — Kannan and T — Reich contractive
conditions in cone rectangular metric space. Our results generalize and extend the results of M. Jleli et al. [6] and
Malhotra et al. [10] on cone rectangular metric spaces.

Il. PRELIMINARIES
First, we recall some standard definitions and other results that will be needed in the sequel.

2.1. Definition [5]: A subset P of a real Banach space E is called a ‘cone’ if it has following properties:
(1) Pisnonempty, closed and P = {6} ;

(2) a,beR,a, b>0, x, yeP implies ax+byeP;
(3) Pn(-P)={6}.
For a given cone P — E, we can define a partial ordering < on E with respect to P by x <y if and only if

y—XxeP. We shall write x <y if x<yand x =Y, while x << y will stands for y—x € int(P), where int(P)
denotes the interior of P.
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2.2. Definition [5]: The cone P is called ‘normal’ if there is a number k > 1 such that for all x, y € X
0<x<y implies ||x]| <k]y|.
The least positive number k satisfying the above condition is called the normal constant of P.
2.3. Definition [5]: Let X is a non empty set, E is a real Banach space and P is a cone in E with int P = ®and < isa
partial ordering with respect to P. Suppose the mapping d : Xx X — E satisfies:

(1) 0<d(x,y), forallx,y e X andd (x,y) =0 ifand only if x = y;

(2) d(x,y)=d(y,x),forallx,y e X;

(3) d(x,y)<d(x,z)+d(z,y), forallx,y,ze X.
Then d is called a ‘cone metric’ on X and (X, d) is called a ‘cone metric space’.
2.4. Definition [2]: Let X is a non empty set, E is a real Banach space and P is a cone in E with intP=®and < is a
partial ordering with respect to P. Suppose that the mapping d : Xx X — E satisfies:

(1) 0<d(x,y), forallx,y e X andd (x,y) =0 ifand only if x = y;

(2) d(x,y)=d(y,x),forallx,y e X;

(@) d(xy)<d(x,w)+d(w,z)+d(zy), for all x, y €Xx and for all distinct points w,z e X —{x,y}
[rectangular property].

Then d is called a ‘cone rectangular metric’ on X and (X, d) is called a ‘cone rectangular metric space’.
2.5. Definition [2]: Let (X, d) be a cone rectangular metric space. Let {x} be a sequence in (X, d) and x € X. If for

every C € E, with @ <<c there is n, e N such that for alln >n_, d(x,,x) << c, then {x_} is said to be convergent,

{x,} converges to x and x is the limit of {x_}. We denote this by lim x =x or x — X, asn — .

n—w

2.6. Definition [2]: Let (X, d) be a cone rectangular metric space. Let {x} be a sequence in (X, d). If for every

ceE, with & <<cthere is n,e N such that for all m, n>n;, d(x,,x, )<< c, then {x }is called a Cauchy

sequence in (X, d).

2.7. Definition [2]: Let (X, d) be a cone rectangular metric space. If every Cauchy sequence is convergent in (X, d),
then (X, d) is called a complete cone rectangular metric space.

2.8. Lemma [2]: Let (X, d) be a cone rectangular metric space and P be a normal cone with normal constant k, let

{x,} beasequence in X. Then {x_} converges to x if and only if ||d(x,,x)||—>0, as n— oo.
2.9. Lemma [2]: Let (X, d) be a cone rectangular metric space, P be a normal cone with normal constant k. Let {x_}

be a sequence in X. Then {x_} is a Cauchy sequence if and only if |d (x,, x,)|| >0, as n, m — c.

2.10. Definition [3]: A self map T: X—X on a metric space (X, d) is called ‘Banach contraction” if for all x, y € X,
there exists A € [0, 1) such that,
d(Tx, Ty) <A d(x, y).
2.11. Definition [7]: A self map T: X—X on a metric space (X, d) is called ‘Kannan contraction’ if for all x, y € X,
there exists A € [0, 1/2) such that,
d(Tx, Ty) < A [d(x, Tx) + d(y, Ty)].
2.12. Definition [4]: Let T and S be two self mapping of a metric space (X, d). The self mapping S of X is said to be
a ‘T - contraction’ if for all x, y € X there exists a real number 0 < A < 1 such that
d(TSx, TSy) <A d(Tx, Ty).

2.13. Definition [13]: A self map T: X—X on a metric space (X, d) is called ‘Reich contraction’ if for all x, y € X,
there exists 4, i, ¢ € [0, 1) with 4 + 12 + ¢ <1 such that,

d(Tx, Ty) <Ad(x, y) + ud(x, Tx) + o d(y, Ty).
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1. MAIN RESULTS

First we give definitions of T- Kannan contractive and T-Reich contractive mappings on cone rectangular metric spaces
which are based on the ideas of Morales and Rojas [11].
3.1. Definition: Let (X, d) be a cone rectangular metric space and T, S: X—X two functions:

(i) A mapping S is said to be ‘T — Kannan contraction’, if there is A€ [0, %) such that,

d (Tsx, TSy) <A[d (Tx, TSx) +d (Ty, TSy)],

for allx,y € X.
(ii) A mapping S is said to be ‘T — Reich contraction’, if there is 11, A5, 13> 0 with 1;+ A, + 13 < 1 such that,
d (TSx,TSy) < A,d (Tx, TSx) + 4,d (Ty, TSy) + A,d (Tx, Ty),

forall x,y € X.
3.2. Theorem: Let (X, d) be a cone rectangular metric space, P be a normal cone with normal constant k and let the
mappings S and T: X —X satisfy the following:

d (TSx,TSy) <A[d (Tx,TSx)+d (Ty,TSy)], 1)
for all x, y € X, where A€ [0, ¥4). Suppose T is one to one and T(X) is a complete subspace of X, then the mapping S
has a unique fixed point in X. Moreover, if S and T are commuting at the fixed point of S, then S and T have a unique
common fixed point in X.
Proof: Let xq be an arbitrary point in X. Define a sequence {x,} in X such that x,.; = Sx,, foralln=0,1,2, . ...

If Xm = Xm+1, fOr some m € N, then x,, = Sx,,. That is, S has a fixed point x,,in X.
Assume X, # xp+1, forall n € N. Then from (1) it follows that,

d(Tx ,Tx ,)=d(TSx_,TSX )
<A[d(Tx,_,, TSx ) +d(Tx,,TSx, )]
=A[d(Tx,,, Tx,)+d(Tx,,Tx,,)]

n-1'
n-1'’
which implies that,

A
d(Tx ,Tx ) snd(l'x Tx ), foralln=0,1.2,....

n-17

Thus, d(Tx,,Tx ) < ud(TX _,TX) < gd(TX ,,TX ) <...< x£"d(Tx,, TX), (2)
A
For alln>0, where 4t =——<1.
1-2
From (1), (2) and using the facts A <gand 0 <1 <% <1, we get,
d(Tx ,Tx ,)=d(TSx ,,TSx )
< ﬂ' [d (Txnfl’ TSXn—l ) + d (Txn+l ! TSXn+1 )]
= 2’ [d (Txnfl‘ TXn ) + d (Txn+1’TXn+2 )]

A (g, ) e, T
< p'd (Tx,, Tx,) +p"d (Tx,, Tx,)

=L+ @)u'd (Tx,, Tx), foralln>0 (3)
For the sequence {Tx,} we consider d(Txn, TXn+p) in two cases.
If p is odd say 2m +1, for m > 1, then by using rectangular inequality and (2) we get,
d(Tx ,Tx ) <d(Tx Tx  )+d(Tx _,Tx )+d(Tx X))

n+2m+1 n+2m+1’ n+2m n+2m’ n+2m-1 n+2m-17
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< d (TXn 2m! n+2m+1) + d (Txn+2m 17 n+2m) + d (TXn+2mfl’TXn+2m72)
+d(rxn+2m 2’ n+2m 3)+ +d(TX +2’Txn+1)+d(TX +1’TX )
= d (Txn ’Txn+1) + d (TXn+1’ n+2) +..F d (TXn+2m 1! n+2m) + d (TXn+2m n+2m+1)

< p"d (X, TX) + 2" d (TX, TX) + oo+ 2777 d (T, TX) + 7 77d (X, TX))

<[L4pt gl 440+ ] ud(Tx, TX)

Hence, d(Tx ,Tx , )< £ d(Tx,,Tx), forall n>1,m>1.
1-u
If p is even say 2m, for m > 1, then by using rectangular inequality (2), (3) and the fact that x <1 we get,
d (TXn n+2m) < d (TXn+2m n+2m 1) + d (Txn+2m 1’ n+2m 2) + d (Txn+2m—2 ! TX )
< d (TXn+2m 17 n+2m) + d (Txn+2m 2 ‘ n+2m 1) +..+ d (Txn+4 ' n+3) + d (TXn+3' n+2) + d (TXn+2 ’TXn)
= d (TX n+2) + d (TXn+Z ! TXn+3) + d (TXn+3’ n+4) +ot d (Txn+2m 2 ' n+2m 1) + d (Txn+2m71'TXn+2m)
< (@ )" d (T, Tx) +[ "7 d (T, Tx) + 4" °d (Tx,, Tx,)
o "R (TR, TX) (T, TX) |
< [l+y+,u2 IR ]y"d(TXO,Txl)
Hence, d(Tx ,Tx , ) < d(Tx,,Tx), forall n >1,m >1.
1-u
Thus, combining the above two cases we have,
d(Tx,,Tx,,,) < ~ d(Tx,,Tx), forallne N, p e N.
1-u
Since, P is a normal cone with normal constant k and x <1, we have
o (T, wa)|| <7 ||d(Tx Tx)| -0, asn — oo,
ie., ||d(Tx ,TX )|| —0,asn—>wo, VpeNl.
n n+p (4)
Therefore, {Tx,} is a Cauchy sequence in X.
Since, T(X) is a complete subspace of X, then there exists a point z in T(X) such that
limTx =1limTSx =z (5)

N—o0 n—w

Also, we can find x € X such that z = Tx
We shall show that TSx = z.
Using Rectangular property and (1) we get,
d(z,TSx) <d(z,Tx )+d(Tx ,TSx ) +d(TSx ,TSx)
<d(z,Tx,)+d(Tx,,Tx )+ A[d (Tx,TSx ) +d (Tx,TSx)]
<d(z,Tx,)+d(Tx,,Tx )+ A[d (Tx T, )+d (z,TSx)]
Which implies that,

n+1

n+1 n+1
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), forall n>1.

n+1

1 1+
d(z,TSx) < ——d(z,Tx ) +——d(Tx ,Tx
1-1 1-4
Since, P is a normal cone with normal constant k, using (4) and (5) we get,

142,790 < ——[d (2, Tx, )
1-2

1+
+——K|ld(x,,Tx )
1-2

| - 0,asn — o,

ie., [d(z,TSx)||=0
Therefore, TSx = Tx =z. Since T is one to one, x = SX.
Hence, x is a fixed point of S in X.
Now, we prove the uniqueness of the fixed point of S.
Let y be another fixed point of S, that isy = Sy, then,

d(Tx, Ty) = d(TSx, TSy) < A[d (Tx, TSx)+d(Ty,TSy)]=A[d(Tx, Tx)+d(Ty,Ty)]=#.

Hence, Tx = Ty. Since T is one to one, we conclude that x =y.
Since, S and T are commuting at the fixed point of S, TSx = STx = Tx. Therefore Tx is a fixed point of S. Since S has a
unique fixed point, Tx = x. Hence Tx = Sx = X, X is a unique common fixed point of Sand T in X.
3.3. Corollary [6]: Let (X, d) be a complete cone rectangular metric space, P be a normal cone with normal constant k.
Suppose the mapping T : X — X satisfies the contractive condition:
d(Tx,Ty) < A[d (Tx,x)+d (Ty,y)],

forall x,y € X where 1 € [0, %2). Then T has a unique fixed point in X.
Proof: If we putS = I, in Theorem (3.2), where I is the identity mapping in X, then we obtain the corollary.
3.4. Theorem: Let (X, d) be a cone rectangular metric space, P be a normal cone with normal constant k and let the
mappings S and T: X —X satisfy the following:

d (TSx,TSy) < Ad (Tx,TSx)+ A,d (Ty,TSy) + A4,d (T, Ty), (6)
forall x, y € X and iy, 4, 43 > 0 with 1; + A, + A3 < 1. Suppose T is one to one and T(X) is a complete subspace of X,
then the mapping S has a unique fixed point in X. Moreover, if S and T are commuting at the fixed point of S, then S
and T have a unique common fixed point in X.
Proof: Let xq be an arbitrary point in X. Define a sequence {x,} in X such that x,.; = Sx,, foralln=0,1,2, . ...
If Xy = X +1, fOr some m € N, then x;, = Sx,. That is, S has a fixed point x, in X.
Assume x, # Xn+1, for all n € N. Then from (6) it follows that,

d(Tx ,Tx ) =d(TSx_,,TSx )
<Ad(Tx,,, TS )+ 4,d(Tx,TSx )+ A,d(Tx ,,Tx ),
=2d(Tx ., Tx )+ 4,d(Tx ,Tx )+ 4d(Tx_,,Tx, ),

n-17

n-17 n+l

which implies that,

A+ A,
d(Tx ,Tx ) <——=d(Tx ,,Tx ), for alln=0,1,2,....
1-4,
Thus, d(Tx ,Tx ) <Ad(Tx ,Tx ) <A°d(Tx ,, Tx ) <...<2"d(Tx,,Tx), )
A+ A,
forall n>0, where 1 = <1.
1- 4,

Using the same argument in the proof of theorem (3.2) to prove that {Tx,} isa Cauchy sequence in X.
Since, T(X) is a complete subspace of X, then there exists a point z in T(X) such that limTx  =limTSx =z.

n—w n—w

Consequently, we can find x € X such that z = Tx
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Now consider,
d(z,TSx)<d(z,Tx )+d(Tx ,TSx )+d(TSx ,TSx)

<d(z,Tx)+d(Tx ,Tx ) +[A4d (Tx ,TSx )+ A4,d (Tx, TSx)+ A,d (Tx ,Tx)]
<d(z,Tx)+d(Tx ,Tx ) +[4d(Tx ,Tx )+ 4,d(z,7Sx)+ 4,d (Tx ,z)]
Which implies that,

n+l

1+ 4, 1+4,

d(z,TSx) < d(z,Tx )+

2 2
Since, P is a normal cone with normal constant k, using (7) and (8) we get,

12,70 < 2 K (2,7 + 2k [ Tx, T, )
1-2 1-1

2 2

d(Tx ,Tx_,), forall n>1.

| > 0,asn — oo,

ie., [|d(z,TSx)||=0

Therefore, TSx = Tx =z. Since T is one to one, x = SX.

Hence x is a fixed point of S.

Now, we prove the uniqueness of the fixed point of S.

Let y be another fixed point of S, that isy = Sy, then,
d(Tx,Ty) = d(TSx, TSy)

< 4,d (Tx, TSx) + 4,d (Ty, TSy) + A,d (T, Ty)
< Ad (Tx,Tx)+ A4,d (Ty,Ty) + 4,d (T, Ty)
< A,d(Tx,Ty)

Since, 43< 1, d(Tx, Ty) = © which implies that Tx = Ty. Since T is one to one, we conclude that x =y.
Since, S and T are commuting at the fixed point of S, TSx = STx = Tx. Therefore Tx is a fixed point of S. Since S has a
unique fixed point, Tx = x. Hence Tx = Sx = X, X is unique common fixed point of Sand T in X.

IV.CONCLUSION

In this article we have proved that the existence and uniqueness of common fixed point theorems for T-Kannan and T-
Reich contractions in cone rectangular metric spaces. We note that the results of this paper generalize the results of M.
Jleli et al. [6] and Malhotra et al. [10] on cone rectangular metric spaces.
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