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ABSTRACT: The objective of this paper is to formulate an algebraic criterion to analyze stability of two dimensional 

continuous filters arises in testing a driving point impedance reliability condition in power transmission lines and 

lumped reactance. Here the stability can be analyzed with the help of complex polynomials. In the proposed  scheme 

which is  termed as Sign Pair Criterion  (SPC  ), Routh-like array is developed and the elements in the first column are 

utilized to get the stability results. The Routh multiplication rule is applied to find all the elements of the array. This 

criterion is very convenient and simple compared to other available algebraic procedures for stability analysis. 
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I. INTRODUCTION 

 

Stability analysis of two-dimensional linear time-invariant continuous filters arises in testing a driving point 

impedance reliability condition in power transmission lines and lumped reactances as discussed in [1].The polynomials 

in two complex variables occur in continuous systems containing both lumped and distributed elements. The bounded 

input bounded output stability criteria for two dimensional systems using the state-space model is explained by Wu-

Sheng [2]. The analysis of stability can be carried out by the knowledge of root distribution of the characteristic 

equation in the case of a linear invariant continuous system .  

 

To analyse the stability of complex polynomials the generalized Routh-Hurwitz method was investigated in [3] - [7]. 

Frank [3] and Agashe [4] developed a new Routh like algorithm to determine the number of RHP roots in the complex 

case. Benidir and Picinbono [5] proposed an extended Routh table which considers singular cases of vanishing leading 

array element. By adding intermediate rows in the Routh array, Shyan and Jason [6] developed a tabular column ,which 

is also a complicated one. Adel [7] has done the stability analysis of complex polynomials using the J-fraction 

expansion , Hurwitz Matrix determinant and also generalized Routh’s Array. 

 

In the case of  two-dimensional continuous and discrete systems, the complex coefficients exist in the respective 

transformed characteristic equation as presented in [8]-[12].In these situations, to analyze stability, the direct 

application of Routh stability criterion is not possible. The difference between the stability theorems for the two 

dimensional discrete filters and those for the two dimensional continuous filters was pointed out by many authors [13]-

[15]. The stability theorems for the two-dimensional continuous filters break down when the leading coefficients  

becomes zero, unlike the stability theorems for the two-dimensional discrete filters. Ahn [16] describes the reason why 

the stability theorems for the two-dimensional continuous filters encounter difficulties when the leading coefficient 

becomes zero in terms of the Hermite criterion. The Hermite criterion has the same difficulty even in the one 

dimensional filters. The Schur-Cohn criterion does not have this difficulty in the one-dimensional filters. And the 

stability theorems for the two-dimensional discrete filters do not suffer when the leading coefficient becomes zero. 

Here the Routh’s stability criterion is extended to find the stability of two dimensional continuous filters. 

 

II. CONDITION FOR STABILITY 

 

According to Ansell [17] a non-zero real function of two complex variables has two variable reactance property if 

and only if the necessary and sufficient conditions are satisfied. Consider the  characteristic equation given below. 
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𝐶 𝑠1 ,𝑠2 = (𝑠1
𝑛 + 𝑎1𝑠1

𝑛−1 + 𝑎2𝑠1
𝑛−1 + ⋯ )𝑠2

2
+ (𝑠1

𝑛 + 𝑎1𝑠1
𝑛−1 + 𝑎2𝑠1

𝑛−1 + ⋯ )𝑠2 + (𝑠1
𝑛 + 𝑎1𝑠1

𝑛−1 + 𝑎2𝑠1
𝑛−1 +

⋯ ) = 0            (1) 

The necessary conditions for stability are as follows. 

i) Coefficients of 𝐶(𝑠1 , 1) must be positive. 

ii) Roots of 𝐶(𝑠1 , 1) must have negative real parts. 

iii) Coefficients of 𝐶(𝑗𝜔, 𝑠2) must be positive. 

 

The sufficient condition for stability is that the roots of 𝐶(𝑗𝜔, 𝑠2) must have negative real part and it can be checked 

by the proposed Sign pair criterion.  

 

III. PROPOSED METHOD- SIGN PAIR CRITERION 

 

For stability, the real parts of all the roots of the characteristic equation must lie on the left half of ‘s’ plane. If all the 

coefficients are real, Routh-Hurwitz stability test is directly applicable . In the Routh’s table, all the elements in the first 

column computed using Routh’s algorithm should have same sign for stability. If the coefficients are complex numbers, 

‘Sign Pair Criterion is formulated as given below. In this approach, the elements of first column of Routh-like array are 

used to formulate the stability criterion.The characteristic equation with  complex coefficients can be written as shown 

below. 

𝐶 𝑠 =  𝑠𝑛 +  𝑎1 + 𝑗 𝑏1 𝑠
𝑛−1 +  𝑎2 + 𝑗 𝑏2 𝑠

𝑛−2 + ⋯  +  𝑎𝑘 + 𝑗 𝑏𝑘 =  0                (2) 

  

 The first two rows of Routh-like array are written by entering the alternate real and imaginary terms of the 

complex coefficients. Applying the standard Routh multiplication rule, the subsequent elements of Routh-like table are 

computed and the table is as shown . 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Using the first column elements, sign pairs are formed as 

 

1 𝑗𝑏1  𝑎2  𝑗𝑏3  𝑎4  .  .  . 

𝑎1  𝑗𝑏2  𝑎3  𝑗𝑏4  𝑎5  .  .  . 

𝑟31  𝑟32  𝑟34  𝑟35  . . .   

𝑟41  𝑟42  𝑟43  𝑟44  . . .   

𝑟51  𝑟52  𝑟53  . . .   

𝑟61  𝑟62  𝑟63  . . .   

𝑟71  𝑟72  . . .     

𝑟81  . . .       
. . . .   
. . . .   
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 Sign pair criterion can be stated as follows; For an n

th
 order characteristic equation there are 2n  pairs in the 

Routh –like table and each pair carries pure real or pure imaginary terms with same sign when the system is stable. Any 

violation for this  condition indicates unstable situation. If the two elements in any of the pair do not possess same sign 

,the system is unstable. It is ascertained that each element of the  pair has to maintain the same sign for the roots of 

characteristic equation  to lie on the left of s-plane. 

 

IV. RESULTS 

 

A. Example 1. 

Find the stability of system with the following characteristic polynomial  in two variables 𝑠1 and 𝑠2 . 

𝐶(𝑠1 , 𝑠2) =  4𝑠1 + 4 𝑠2
2 +  𝑠1

2 + 5𝑠1 + 1 𝑠 + (𝑠1
2 + 𝑠1 + 4) = 0   [1] 

with 𝑠2 = 1, the necessary condition is tested: 

𝐶(𝑠1 , 1) = 4𝑠1 + 4 + 𝑠1
2 + 5𝑠1 + 1 + 𝑠1

2 + 𝑠1 + 4 = 0 

= 2𝑠1
2 + 10𝑠1 + 9 = 0 

This second degree equation has only positive coefficients and the  roots are  

1)     −3.823  )           2  (−1.177). 

Since both  the roots are on the left-half of 𝑠1-plane , the necessary condition is satisfied .  

Sufficiency Test 

With 𝑠1 = 𝑗𝜔, 

𝐶(𝑗𝜔, 𝑠2) = (4 + 𝑗4 𝜔)𝑠2
2 + (1 − 𝜔2 +  𝑗5 𝜔)𝑠2 + (4 −  𝜔1

2 + 𝑗𝜔 ) = 0 

For a choice of 𝜔 = 0.5, the equation can be written as 

𝐶 𝑗0.5, 𝑠2 =  4 + 𝑗2 𝑠2
2 + (0.75 +  𝑗2.5)𝑠2 + (3.75 + 𝑗0.5 ) = 0 

= 𝑠2
2 + (0.4 +  𝑗0.425)𝑠2 + (0.8 − 𝑗0.275 ) = 0 

The Routh-like table is formed for  𝜔 = 0.5,  

 

+1 𝑗0.425 0.8 

+0.4 −𝑗0.275 0 

+𝑗1.113 0.8  

+𝑗0.0126   

The pairs are formed as follows. 

𝑃1  = (+1, +0.4 ) 

𝑃2 = (+𝑗1.113, +𝑗0.0126) 

Both pairs obey sign pair criterion since two elements in each pair have same sign. Hence, the characteristic 

polynomial 𝐶(𝑠1 , 𝑠2) is Hurwitz. So the system is stable. This condition is in agreement with that given in [1]. 

B. Example I1. 

Find the stability of system with the following characteristic polynomial  in two variables 𝑠1 and 𝑠2 . 

𝐶(𝑠1, 𝑠2) =  (1 + 2𝑠1 + 2𝑠1
2) 𝑠2

2 + (2 + 4𝑠1 + 2𝑠1
2) 𝑠2 + (2 + 2𝑠1 + 𝑠1

2) 

With 𝑠2 = 1,     𝐶(𝑠1) = 5𝑠1
2 + 8𝑠1 + 5. 
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 Since 𝐶(𝑠1) is a second degree polynomial with positive coefficients, the two roots of 𝑠1 lies in the left-half of 

𝑠1-plane.  Thus the necessary condition is satisfied. 

Test for sufficiency: 

With 𝑠1 = 𝑗𝜔 

𝐶 𝑗𝜔, 𝑠2 =  1 − 2𝜔2 +  𝑗2𝜔 𝑠2
2 +  2 − 2𝜔2 +  𝑗4𝜔 𝑠2 +  2 − 𝜔2 +  𝑗2𝜔 = 0 

For a choice of = 0.7 , the equation can be written as  

𝐶 𝑗𝜔, 𝑠2 =  0.02 +  𝑗1.4 𝑠2
2 +  1.02 +  𝑗2.8 𝑠2 +  1.51 +  𝑗1.4 = 0 

= 𝑠2
2 +  2.01 −  𝑗0.7 𝑠2 +  1.015 −  𝑗1.064 = 0 

The Routh-like table is formed as given below. 

+1 −𝑗0.7 1.015  

+2.01 −𝑗1.06 0  

−𝑗0.17 1.015   

−𝑗13       

The sign pairs are formed as 

𝑃1   = (+1, +2.01 ) 

𝑃2 = (−𝑗0.17, −𝑗13) 

Both pairs obey sign pair criterion since two elements in each pair have same sign. Hence, the characteristic 

polynomial 𝐶(𝑠1 , 𝑠2) is Hurwitz. So the system is stable. This condition is in agreement with that given in [18]. 

 

V. CONCLUSION AND FUTURE WORK 

 

 An algebraic criterion is proposed to analyze stability of two dimensional continuous filters. Here the stability can 

be analyzed with the help of complex polynomials. In the proposed  scheme which is  termed as Sign Pair Criterion  

(SPC  ), Routh-like array is developed and the elements in the first column are utilized to get the stability results. The 

Routh multiplication rule is applied to find all the elements of the array. This criterion is very convenient and simple 

compared to other available algebraic procedures for stability analysis. 
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