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Derivatives of increasing functions are similar in nature to increasing functions; and decreasing functions
generate derivatives of decreasing nature-logical, but most of all sensible; It is now also possible to compute
tangent line equations and also of those with vertical asymptotes (11,

Newton’s power rule based on lesser reasoning than required is now extended; summative expressedas a sum
of linear terms; and the difference quotient is logically analyzed linear and directly proportional; flat tangent
line equations of all functions are computed with the “logical derivative”.

Tangent lines for all points on a circle, ellipse, hyperbolas are derived viz. the method presented in my work. A
proof for the interdependency between minimum and maximum points for all curves is employed and readily
available should you ask for it and require publishing. Newton’s hypothesis of “instantaneous rate of change”
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remains the solid scaffold on which all calculus is based. The motivation and obsession for seeking further
precision in Newton’s voluminous and monumental work [2-6],

Newton'’s calculus revised
Logical derivatives
d . .
1. d—(smx) = cosx — Ax * sinx
X

d .
2. d—(cosx) = Ax * cosx — sinx
X

d (cos2x—sin2x)
3. —(tanx) = -
ax COS<X

1

d reio—1.) —
4. dx (511‘1 x) T V1-x2—-Ax-x

d 1N -1
3. dx (COS x) T V1-xZ+Axx
Power rule
d nl-x™ kARt
—(x™) =
dx k!'-(n—k)!

Irrational functions

d {2\ kznn!-xn_k-&xk_lf,xhr:m K!-(m—K)!
ax \X™) T Lk=0" 1) K=0 ipn1.ym-—K.pyK—1

The natural logarithm function

d x+1
—(Lnx) = Ln( )
dx

Convergence of Newton’s decrement
Lot [(X) = sinx

And its derivative of limits:

sin(x+Ax) sin(x) — Ii sinx=cosAx cosx=sinAx sirax
— ] = Mpx_0 [ + — ]
Ax Ax fi% Ax Ax

z Csin(x)) = limg, ol

Rule no. 1
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cosix
Lim —=1=10
Ax—0 Ax

thus, because the

Lim coslx _
Ax—0" 0 T

then,

cosAx =Axand Ax 1 =1

Rule no. 2

a
sinAx . TR (€0sAx) p e ,
llmm_,o— = llmdx_,of = 1. ,because of L'hopita's Rule of Indeterminate forms.

Substltutlon of these values into the difference quotient gives me:

— (sm(x)) = llmﬁPo[M Sm(t]] = cosx + Ax * sinx

Derivative of cos x

Let f(x) = cosx.

And its derivative of limits-

cos[x+ﬂx) cos[x) COS X*COSAX sinx#*sinAx cos x]

d .
a(COSX) = limpy 0 Ax ] = limpy o[ Ax - Ax T Tax

Substitution ofthese valuesinto the difference quotient gives me-

cos(x+4x)  cos [x)

;—x (cosx) = limy,_g[ | = 4Ax * cosx — sinx

Ax
Derivative of tan x
d . [: A ) sinas COS&X cosx=5inAx sinax
sinlx+Ax sinx
g _ A Ax Ax
dx (tanx) = limy, o [cos(x+Ax) cosx ] limuyol CUSx:cosAx slnz; STnA ‘Et!'S_Azx =
>4 X

cosxX * sinx * cosAx | cosx?* sinAx

. N o i o
d (tanx) = lim [ Agx - . Ax _sinx cozsx smx- Smx. sinAx_
dx Ax—0 cosX cosxsinx * sinAx cosXx cosxsinx *#sinAx

Ax Ax Ax Ax

cos?x* sinAx  sin?x * sinAx

Ax — Ax + 2 #sinx * cosx

d
d—(tanx) N I;Lnb[ cos?x

cos2x — sin 2x

d
E(ta“) =1 cos?x

Proof of Newton’s rule

Math induction
Let n be a positive integer. It is required that
dal»my
dx -
Obviously, as n=1, then substitution grants us:

411

d(”” ) (1) 411

For Newton s positive integer of n=1;
For any positive integer n=k+1
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d k+1 d
ae™) _ a r k)
dx dx
Because

4"‘:-i(4']+4'-i(4"‘] =r* 1tk ol =k ok
dx dx
This equals
R - (k+1)=(k+1) &1

And true for all positive integers greater or at most equal to m=1.
The power rule

Let’'s assume
P(x) = »"
It’s first derivative definition expressed as
(r+A) T

d .
—P() =limy,-o [T ~

The expression in brackets, expanded binomially gives me

dP k= —k ’I’"n
— ™ Y=o, k) - A — ——

Further expansion results; thus,

n
d;: = limp_o[ XK= (n, k) - #277K - Akl — 40 L pom1]

Extracting the first term gives me:

D) = iyl R 0 4 B ]

Which simplifies and equals
lim,_o[Ar 7t + (k) XRZG ArF L ik — ot At
First and last terms cancel; thus,

limﬁr—)ﬂ[zﬁzg(n: k) R -’ﬁ’rk_l]

and
(1) -1 Art 4 limy, o [BF2h(n,2) - 7K - Ak

Because Ar=0. However, additional analysis requires increasing our rationale of newton’s logical deductions. |
call this new logic-“The Logical Derivative” which increases the precision of Newton’s overall results. Further
analysis and assuming a convergent value of less than 1 of the decrement due to a geometric expansion with
differences in the computed derivatives grants enough justification to call this new set of rules (Figures 1-7).
The new calculus
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The right side of the expression cancels; thus, we have

d —
L (M) =011
dx
Now, let F (x, Ax) represent the derivative of (x + 4x)™; that is-

d(x+Ax)™

F(x, Ax) = -

A Taylor series representation of the first derivative of x™-
k=oo Ak n—=k
And Taylor series coefficients

k(o
ap(0) = f_k(! )

Let

u = (x + Ax)

And
u" = (x + Ax)"
Factoring Ax™ from inside the parenthesis gives me-
u = Ax"x (14 x+ Ax7H)" = Ax™ + (1 + x)"

Differentiating left and right sides gives me-

d(u)™ — Ax™ % d(1+x)™"

dx dx

=n*Ax"* (1 +x)"?
Setting X=0 gives me

%(x-l—ﬂx)n = n = Ax"

Differentiating successively gives me, generally,

k
%(x"'ﬁx)k =n+*xn—=1)*(n—=2)*.......AxF = nl = Ax*¥

The expression on the right side is proportional to the k — th derivative- it's variance.
Ax was differentiated zero times and thus must be proportional k=n. The Taylor series representation of the
derivative of the n degree curve is therefore,

d(x+Ax)™ Koo =X TR px R

dx T &k=0 Kte(n—k!

The power rule theorem. A logical extension of Newton’s calculus.
The derivative of the natural Log function.
Let é(x) = Ln x with derivative defined as —

lim,,_,q [Ln ((x:xﬂx) —Ln (i)] = lim,,_,, [Ln ([x:ﬂx)]

Extracting the decrement of the numerator gives me-
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= limy, o [Ln (%ﬂx—lﬂ) ] = limy, o [Ln Ax + Ln (@Cx—ﬂ)] =Ln (x;—l)

Because Ln (Ax~1)*"1~0since Ax~! = 0 of above.

Example

Let X[:JL) = \,‘."E.
To find the tangent line at the origin of the graph. Square both sides to get:
X*(x)=x
Differentiating both sides, implicitly for n=2 at the left side between 0 <k <2

d 2 21X 27 %Ax0T 21Xl AxT T 21X 2T 2aAxE T x2
—(x70(0)) =
X

0!=(2—0)! 1l=(2—1)! 21=(2—2)! C Axt
Power rule
First and last terms cancel
Thus,
L (X2(x)) = (2x + Ax) « 2EED (5 4 1) L 2ECD
dx dx dx
Dividing by (2 xs+1) gives me-
d(xx) 1
dx 2x+.1
To compute the tangent line at the origin, we set x=0 and thus, the derivative at the origin becomes-
d(X 1
dEx&) _ 1 _ 4
dx .1

The rate of change at the origin of Vx.
The tangent line equation is expressed as of vx

T(x) = 10x
Newton’s power rule cannot explicitly compute the derivative of x at its origin.
Accordingly, by the power rule theorem.
See graph below.
. . 1 10
At x = 4,the rate of change as described above is equal to 51" 81 ~.125 and thus,

The tangent line at 4 is expressed as

10

—(x—4)+2

81 )

See below with the tangent lines to the graph at x = 0 and x = 4;

Example:
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Figure 1. The tangent lines to the graph at x=0 and x=4.
To find the tangent line at the origin of the graph | square both sides to get:

Y2(x) = x*
Differentiating both sides, implicitly for n=2; at the left side between 0 <k<2
The derivative consists of 4 terms; thus,

d (Yz( )) 4X* 0 Ax® T ALXY R AxT T ALXYT P Ax® T ALXT TeAx® T 4XT aax* Tt X2
— X)) = - —.
dx 0!=(4—0)! 11#(4—1)! 21=(4—2)! 31x(4—3)! 4lx(4—4)! Axt
Power rule
The derivative of Y (x)? is

And thérefore_dividing the left term with the term on the right side gives me

d 43x3 + 6xx2+.042x+.001
pr Yx) = .
x 2+Y+.1
Therefore, the derivative of the parabola at the origin at x=0; y=0;
001 1

d
Z(Yx)) =" =—
dx ( ( )) d 100
The flat-tangent line equation with a rate of change of 1/100 is expressed as:
1
T(x) = Too X graph 2

If x= 2; then, the rate of change at that instantaneous point of the curve is:

34.481
o1 (x—2)+4
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Figure 2. THE instantaneous point of the curve.
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Figure 3. The tangent line at the origin.

Let F(xD) = x3
Cubing both sides, gives me

f@)? =x*
Differentiating implicitly both sides grants a derivative of y on the left side with an explicit derivative of x on the

right side of the function.
That gives me

(3 F()2+.3 % f(x) +.01) * (j—z)) = 4% x3 + .6x2 +.04 + x1 +.001

The derivative
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4xx 4+ 6%x2 +.04+x1+.001
(3=f(x)2+.3+f(x)+.01)

d 4
a(xz) =

Power rule theorem
The tangent line at the origin is equal to

d 2 001 1
—(x3)l=—=-"=1=—
dx \"'° .01 10

Tangent line equation of the irrational function is:

1
T(x)=—x
(x) =15
At x = 2, the tangent line is equal to
4+8+.6+4+.04+2+.001 34.481
it = oo oo = 17398127
3423+ 3423401 19.05+.7588+.01
with tangent line equation
4
G(x) = 1.7398127(x — 2) + 22
4
See graph below for tangent lines of x3
1
=]
S
Y
3
2
1
- I3 -4 =z =1 o ] 2 3 -
-1
-2
-3
-5

Figure 4. Tangeni line equation at x=1.
The derivative of the circle
Let

x2 4+ y2 =16
Differentiating implicitly, the left and right sides, gives me:

(2x+.1)+(2y+.1)*j—i:(}
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Dividing through with (2x + .1) and (2y + .1) gives me,
dy  2x+.1

dx 2v+.1

At (0,4), the ratio of the perpendicular to horizontal equals 1/8.1 with tangent line

T(x)= —(x)+4——x+4

And that’s above the origin; 90 positive degrees from the positive horizontal axis.
At (0,-4) the horizontal measurement equals

2+ (—4)+.1=-7.9

with a similar perpendicular measurement of O, zero.
Thus, the tangent line equation is

1
——(x) 4=—-—x—4

Now, let’'s compute the tangent line at the right and the left edge of the circle: x=4 and at x=-4.
t x=4, the tangent line equation is a vertical asymptote line equation of

T(x) :%(x—ﬁl) :i—l(x—cl)

T(x) = —Lf(erﬁ}) = —?(x+4)

To explain the convergence of the tangent one to the asymptotic line, | assume the ratio of two sides of inverse
tangent angle; that

8.1 ratio of perpendicular
Isiftang =—— — !

1 horizontal

To compute the angle ¢, we compute the inverse tangent of the ratio of the two sides.
tan '(tang) = ¢ = tan! (——) |-1.56°| = 1.56 ¢

Now, we compute the hypotenuse of our right triangle because of the perpendicularity of the vertical asymptote
line:

J(=8.1)2 + (.1)2 =8.1006172

Which is the measurement of the hypotenuse opposite to our perpendicular asymptote line which differs in
measurement equal to .0006172. Thus, the perpendicular of our right triangle equal in measurement to the
hypotenuse by less than .0006172 is equal to the vertical asymptote line with horizontal line equal to .1 units.
Unit-wise the ratio of the two sides is 1:.0125.

Atx—ZT(x)— (x —2)+2+V3andatx=2,T(X) = 22 (x+2) — 2+/3:

V3+.1 4/3+.1

The corresponding tangent lines are graphed on the subsequent graphs following the vertical asymptote lines
of Newton'’s Circle.
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Figure 5.The vertical asymptote lines of Newton’s circle.
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Figure 6. Horizontal tangent lines.
Find the horizonal tangent line equation of
W — 1 ar (1,0)
Squaring both sides gives me;

y2=+vx -1

Differentiating both sides gives me;
dy
+ W
(2y+.1) =1

Dividing through by the term on the left, | get;
dy/dx = 1/2y+.1

At the origin, (1, 0), the tangent line equation is and becomes equal to-

10(x— 1)

And if x=10, the tangent line equation,according to the above rule is and becomes equal to

1
a*(x—3)+3

Below are GeoGebra graphs of the computations.
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Figure 7. The horizontal tangent lines.

Method of solution of n-degree polynomial

Step 1. Square both sides.

Step 2. Implicitly differentiate the left and right side of the equation.

Step 3. Set the left side or the dependent side of the function equal to zero.

Step 4. Determine the solutions of the 2n-1 degree polynomial or the zeroes of the right side of the function of
X.

Step 5. Step 4 determines the minimums and maximums of the n-degree polynomial.

Step 6. Determine the logical derivative of the n-degree function.

Step 7. Plot tangent lines of the minimums and maximums given | step 5.

Horizontal tangent line of irrational functions with no horizontal intercept.

Given a functionlI(x) = Xn, its derivative is computed using the following procedure.
Step 1. Multiply the left and right sides by the lower degree of I(x); n.
Step 2. Implicitly differentiate I(x) on both sides with the Power Rule Theorem.

Step 3. Isolate Z_Z on the left side of the differential equation.

Step 4. Set x = 0 and simplify the value of the quotient.
Stepb. Plot tangent line at x=0.
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