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ABSTRACT: Vector analysis is widely used for the analysis, modeling and control of electrical machines. The
methodmakes use of vector currents, voltages and magnetic variables but does not represent them in an equivalent
circuit of the machine. This paper presents the development of an equivalent circuit for an electromagnetic system
consisting of scalar electrical, vector electrical and vector magnetic sections and shows the production of a vector
current from its scalar counterpart that leads to the production of vector voltages on the magnetic axis of the system.
Resultant current, voltage and magnetic variable vectors associated with a phase winding of a three-phase stator are
also developed together with a single vector voltage equation of the system.
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I.INTRODUCTION

Vector analysis is widely used for the analysis, modeling and control of electrical machines. The method makes use of
vector currents, voltages and magnetic variables and reflects the physical phenomena occurring in the machines. The
application of the vector method to the modeling, analysis and control of electrical machines has many advantages over
other methods, some of which are: a reduction in system equations, easier machine control, a clear conceptualization of
machine dynamics and easier analytical solution of dynamic transients of machine variables [1]. However, the material
presented by Kovacs [2]for the vector analysis of a three-phase stator requires an equivalent circuit to demonstrate the
generation of vector currents and the production of vector voltages to clearly formulate the vector method.

This paper presents the development of an equivalent circuit for an electromagnetic system consisting of scalar
electrical, vector electrical and vector magnetic sections and shows the production of a vector current from its scalar
counterpart that leads to the production of vector voltages on the magnetic axis of the system. A single voltage equation
is also developed to represent all three windings of the three-phase stator.

Il. RELATED WORK

Vector analysis of electrical machines was developed by Kovacs and Racz[3] and is widely used in the modeling,
transient analysis and control of these machines. The vector method has been documented in many books of reputed
authors [4 — 7]and has been employed by Holtz [8 — 10] in the development of vector equations for electrical machines.
However, the above application of the vector method in the analysis of electrical machines utilised vector currents,
voltages and magnetic variables but did not represent them in an equivalent circuit of the machine.

IHH1.LEQUIVALENT CIRCUIT OF A PHASE WINDING OF A THREE-PHASE MOTOR STATOR

A cross section of the stator windings of a two-pole, three-phase machine is shown in Fig. 1. The phase windings are
shown to be displaced from each other by 120° and the positive direction of current flowing through each winding is
upwards through the non-primed side and downwards through the primed side. Using this convention of current flow
through the windings, positive magnetic axes were developed for each phase winding, along which all magnetic
quantities exists.

The analysis of electromagnetic systems has traditionally been performed with the production of two circuits, a scalar
electrical circuit for electrical analysis and a vector magnetic circuit for magnetic analysis [11] as shown in Fig. 2,
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where V, represents supply voltage,i, winding current, R, resistance of winding aa’, L, self inductance of winding
aa',Zthe reluctance, N, number of turns in winding aa', and flux¢gproduced by winding aa'.

However, quantities in the electrical circuit affect quantities in the magnetic circuit and vice versa. As a result of the
dependence of both electrical and magnetic variables on each other, the development of an equivalent circuit containing
both electrical and magnetic quantities would prove to be very useful in the analysis of electromagnetic systems. Since
the three-phase stator is an electromagnetic system, then the development of an equivalent circuit containing both
electrical and magnetic quantities would be a powerful tool in the vector analysis approach of this electromagnetic
system.

+ ve bb \pagnetic axis

+ ve aa’ magnetic axis

N Winding aa’
BN Winding cc’

-+ ve ¢’ magnetic axis Winding bb*

Fig.1 Stator Windings of a Two-Pole, Three-Phase Machine
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Fig. 2. Traditional Electrical and MagneticEquivalent Circuits of Phase Winding aa of The Three-Phase Stator

For this analysis, one phase winding of the three-phase stator, winding aa' was initially selected for analysis. This
winding is represented in Fig. 3(a) by its center conductors and the currentithrough the winding is in the positive
direction. Fig. 3(a) is divided into two sections: electrical quantities are presented in the Scalar Electrical section and
the other section containing the winding with its electricalscalar currenti;and magnetic variables, magnetic field

intensityﬁa, flux density B,, flux $a, flux linkage Xa and current vector faall on the positive (+ ve) magnetic axis of
winding aa'. The electrical scalar current i,, which leaves the Scalar Electrical section of the circuit flows through the

winding and produces vector magnetic field mtensnyHaanng the positive magnetic axis of winding aa'. This vector
magnetic field |nten5|tyHamust be produced by a current vector 1a on the positive magnetic axis of Wlndlng aa', hence,

it can be said that the electrical scalar current i;on passing through winding aa' produces current vector i, on its positive
magnetic axis.

Fig. 3(b) consists of three sections: magnetic processes beginning and ending with current vector fa, a Scalar Electrical
section as described earlier and a Vector Electrical section containing current vector i.separating the above two
sections. The vector electric current i,, on entering the Scalar Electrical section, produces a scalar current i, in the
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Scalar Electrical section, and the scalar electrical current i,on entering the Vector Electrical section, produces a vector
electric current i, on the magnetic axis of winding aa' as shown in Fig. 3(b). Hence the magnetic axis of winding aa’
completes the circuit making i, and |i,] of equal magnitudes.
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Fig. 3. Equivalent Circuit of Three-Phase Stator with Winding aa' Energized(a) Scalar Electrical and Scalar Electrical,
Vector Electrical & Magnetic Sections (b) Scalar Electrical, Vector Electrical Sections and Magnetic Processes (c)
Scalar Electrical, Vector Electrical and Vector Magnetic Sections [12, 13].

The equivalent circuit of the three-phase stator with phase winding aa' energized is obtained by replacing the Magnetic
Processes of Fig. 3(b) with current transformer CT and reluctance 2. as shown in Fig. 3(c). The turns ratio of current

transformer CT is 1:N, and=,is the reluctance to flux Zﬁa. The complete equivalent circuit of the three-phase stator with
phase winding aa' energized as shown in Fig. 3(c) consists of three sections: the Scalar Electrical section, the Vector
Electrical section and the Vector Magnetic section. The current vectorisexists on the positive (+ ve) magnetic axis of
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winding aa' in the Vector Electrical section of the circuit, and the current transformer CT produces the

magnetomotiveforce (mmf) Nafain the Vector Magnetic section that drives the qux?ﬁathrough the magnetic circuit
reluctanceZ.

The voltage equation in the Scalar Electrical section is given by:

. di
VazlaRa+Lad—:. D
The voltages in the Scalar Electrical section of Fig. 3 (c) can be referred to the Vector Electrical section of the circuit
sincei, =|i,] resulting in:

o d
V. =iR +L " )
dt

and producing the equivalent circuit of Fig. 4, with all voltages residing on the positive (+ ve) magnetic axis of winding
aa'. Therefore the equivalent circuit of the three-phase stator with phase winding aa' energized has been represented by
Vector Electrical and Vector Magnetic sections with current vector, voltage vectors and magnetic variables all existing

on the positive (+ ve) magnetic axis of winding aa'.
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Fig. 4. Equivalent Circuit of Three-Phase Stator with Winding aa' Energized with Vector Electrical and Vector
Magnetic Sections

IV. RESULTANT CURRENT VECTOR

If the phase windings aa’, bb', and cc' of Fig. 1 are energlzed Wlth currents i, ipandicrespectively, then using the
equivalent circuit developed in Fig. 3(c), current vectors i,, i, and 1C Would be respectively produced on magnetic axes

aa', bb', and cc' as shown in Fig. 5. These three current vectors 1a, i, and 1C can be vectorially summed resulting in the
resultant current vector 1res[10],

e s s e . - . =2,
1res=1a+1b+1c=1a+alb+alc (3)
whereaand a“are unit vectors representing the position of the positive magnetic axes of windings bb' and cc'

respectively and:
1B, 1B

d=——tj~ a2 4
N a D) 4)

If the three-phase stator is energized with three-phase currents of instantaneous values given by:
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o= ncosfod)
ib= I mCOS[Wt- 120 5)
ic:|mcoS - 240

then, the resultant current vector is obtained by substituting Eq(5) into Eq(3) [10] and given by:

- 3
lres = Elmejmt’ (6)
and the resultant current vector associated with phase windings is given by }p , Where:
. 2. 2 - 2 ;
fp= =3 {fa b+ 275 = 1™ U]

Resolving fpalong each magnetic axis yields the instantaneous values of phase current in Eq(5) [10]. The resultant
current vector associated with phase windings in Eq(7) is of constant magnitudel,, and rotates at a constant angular
velocity of ® rad/s around the stator.

+ve bb” Magnetic

+ve aa” Magnetic
axis

+ve cc” Magnetic
axis

Fig. 5. Resultant Current Vector of a Three-Phase Stator Associated With a Phase Winding

V.RESULTANT MAGNETIC AND ELECTRICAL VECTORS OF A THREE-PHASE STATOR

The application of the equivalent circuit of Fig. 3(c) to each phase winding of the three-phase, two-pole stator shown in
Fig. 1, whose phase windings are displaced from each other by 120°, and energized by three-phase voltages, produces
the magnetic and electrical quantities of each phase winding along the phase magnetic axis as shown in Fig. 6.

Each magnetic or electrical phase variable can now be summed vectorially to produce the resultant of that variable [10].
Hence, the resultant magnetic field intensity ﬁres, flux densityﬁres, flux ?ﬂes, flux linkage Xres, current vector i, and
supply voltage Viesale given by the vector addition of their phase variables shown on the magnetic axes of Fig. 6.
Applying the method utilized earlier to determine the resultant current vector associated with a phase winding to the
above mentioned magnetic and electrical resultant vectors, the resultant magnetic and electrical vectors associated with
a phase winding are given by:
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+ve bl h
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Fig. 6. Magnetic and Electric Quantities of Three-Phase Stator Shown on Magnetic Axes of the Windings [13]

Hp = %ﬁ - %(H +iH, 3 H,) ®
By - %Bres = %(Ba +By+3 B ©)
by 505 (0,430, 40, (10
Vp =§\7rcs=§(Va+aVb+52Vc)' (11)
When only phase winding aa' of the three-phase stator is energized, the self inductance L.of that winding is given by:
(12)

La = LI + Lm
where L;and Lyare the leakage and magnetizing inductances respectively of phase winding aa'. However, when the
three-phase stator is energized with three-phase voltages, the mutual inductance between stator phase windings

is —L,, /2 and both self and mutual inductances are included in the flux linkage A of the phase winding resulting in:
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- 2. 2 - s

}\p=§)\res=§(7\-a+a7\-b+a 7\-0) (13)
Multiplying the vector voltages on each magnetic axis by 2/3 [10] yields:
2 2. + 2d| ,

§Va=§|aRa 3 (14)
%aVb=§5ibRb+§a% (15)
%azvc - %azicRc + %#%- (16)
Summing the voltage on the left of equations (14) to (16) and equating to the sum on the right yields:

%(va +ayy+ Ezvc) = %(iaRa +ajpRp+ ézicRc) +§ dd—xt*‘ + 5%+ 52dd—xt°]- (17

Substituting Equations (7), (11) and (13) in Equation (17) and taking Rs=R.=R,=R.where, Ris the per phase stator
resistance, yields:
L dy
{;p= ipRs+d_tp' (18)
Equation (18) presents a single voltage equation representing all three windings of the three-phase stator and the
voltage equation of any phase winding is obtained by resolving the variables in this equation along the magnetic axis of
the winding.

VI. CONCLUSION

The development of an equivalent circuit for a phase winding of a three-phase stator consisting of scalar electrical,
vector electrical and vector magnetic sections facilitated the referral of scalar electrical voltages to the vector electrical
section of the equivalent circuit due to the equality of scalar and vector current magnitudes. This resulted in voltages
and current coexisting with magnetic variables on the magnetic axis of the phase winding, thereby showing that
electrical variables can be presented as vector quantities on the magnetic axis of the phase winding. The vector
electrical section of the equivalent circuit connected the scalar electrical section to the vector magnetic section,
resulting in a single circuit for analysis of the electromagnetic system. The energization of all three windings of the
three-phase stator by three-phase voltages produced resultant current, voltage, and magnetic vectors associated with a
phase winding and a single vector voltage equation for all three windings. The absence of this single equivalent
electrical circuit of the electromagnetic system and the results derived from it has not inhibited growth in the area of
transient analysis and modeling of electrical machines, however, its introduction reveals the background of the various
phenomena occurring in the machine and shows the development of current and voltage vectors in the electromagnetic
system.
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